
Short Course on Parametric Network Flow

S. Thomas McCormick ∗

June 27, 2011

Abstract

There are many important applied problems that can be formulated as max flow/min
cut where the arc capacities depend on a scalar parameter λ. We call this class of problems
parametric network flow for short. Ideally we would like to be able to find an efficient
algorithm that will find a max flow and a min cut for every value of λ. In general this is
not possible as there are too many critical values of λ where the optimal solutions change.
Thus we focus on sub-classes where there are provably a small number of critical values.
In particular we mostly restrict to classes where capacities are linear in λ, and where the
topology of the parametrized arcs guarantees that optimal cuts are nested in λ. (Happily,
such classes include most of the important applications.) For such classes we show how to
adapt the Push Relabel max flow/min cut algorithm such that it can find optimal max flows
and min cuts for all values of λ in the same asymptotic time as a single max flow. If time
permits, we will also consider some extensions of these ideas.

1 Problems

This is an updated and corrected version of what was handed out at the summer-
school, with answers to all the problems. Answers are given in sans-serif font. If
you have any corrections, questions, or further comments about any of this, please
email me at Tom.McCormick@sauder.ubc.ca.

Question 1. Let G = (N,A) be a max flow network with return arc t→ s. Define S = {s→
i ∈ A}, i.e., the subset of arcs with tail s. For F ⊆ S define v(F ) to be the max flow value in
the network with capacities u′a defined by u′a = 0 for a ∈ S − F , and u′a = ua otherwise, i.e.,
we set the capacities of arcs in S − F to zero and otherwise leave the capacities alone. Thus
v(∅) = 0 and v(S) is the optimal max flow value in the original G.

(a) Prove that F1 ⊆ F2 ⊆ S implies that v(F1) ≤ v(F2), i.e., that v(F ) is monotone.

Let x(F ) be a max flow corresponding to v(F ), so that val(x(F )) = v(F ). Since F1 ⊆ F2,
x(F1) is a feasible flow for the F2 network, so v(F2) ≥ val(x(F1)) = v(F2).

(b) Prove that v(F ) is submodular.

We need to show that v(F1) + v(F2) ≥ v(F1 ∪F2) + v(F1 ∩F2). Let x(F1 ∩F2) be a max flow
corresponding to v(F1∩F2). Use any augmenting path algorithm starting from x(F1∩F2) to extend
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it to a max flow x(F1 ∪ F2) corresponding to v(F1 ∪ F2). Note that for s → i ∈ F1 ∩ F2 we must
have x(F1 ∪ F2)si = x(F1 ∩ F2)si, since the optimality of x(F1 ∩ F2) implies that no augmenting
path in the F1 ∪ F2 network can use any arc of F1 ∩ F2. This implies that∑
s→i∈F1

x(F1 ∪ F2)si +
∑

s→i∈F2

x(F1 ∪ F2)si =
∑

s→i∈F1∪F2

x(F1 ∪ F2)si +
∑

s→i∈F1∩F2

x(F1 ∪ F2)si

= v(F1 ∪ F2) + v(F1 ∩ F2).

Now conformal decomposition implies that we can transform x(F1 ∪ F2) into a flow x′(F1)
feasible for the F1 network such that x(F1∪F2)si = x′(F1)si for all s→ i ∈ F1, and similarly we can
transform x(F1∪F2) into a flow x′(F2) feasible for the F2 network such that x(F1∪F2)si = x′(F2)si
for all s→ i ∈ F2. Note that∑

s→i∈F1

x′(F1)si +
∑

s→i∈F2

x′(F2)si =
∑

s→i∈F1∩F2

x(F1 ∩ F2)si +
∑

s→i∈F1∪F2

x(F1 ∪ F2)si

since every s→ i arc is counted exactly the same number of times (0, 1, or 2) on both sides.
Then v(F1) ≥

∑
s→i∈F1

x′(F1)si and v(F2) ≥
∑
s→i∈F2

x′(F2)si, so

v(F1) + v(F2) ≥
∑

s→i∈F1

x′(F1)si +
∑

s→i∈F2

x′(F2)si

=
∑

s→i∈F1∪F2

x(F1 ∩ F2)si +
∑

s→i∈F1∪F2

x(F1 ∪ F2)si

= v(F1 ∪ F2) + v(F1 ∩ F2).

Note that (a) and (b) imply that Q = {y ∈ IRS | y(F ) ≤ v(F ) ∀F ⊆ S} is a polymatroid.
The flow polyhedron is P (G) = {x ∈ IRA | x is a feasible flow in G}. If X ⊆ A is a subset of

arcs, then the projection of P (G) onto X is P (X) = {y ∈ IRX | ∃x ∈ P (G) s.t. ya = xa ∀a ∈ X},
i.e., the linear algebraic projection of P (G) onto the components in X.

(c) We would like to show that Q = P (S), i.e., that the flow polyhedron projected onto the
arcs with tail s is a polymatroid. The only thing left to prove is that every q ∈ Q also belongs
to P (S), i.e., that if q ∈ Q then there is a feasible flow x in G whose projection on S is q. Prove
this.

Let G(q) be the max flow network with usi replaced by qsi for all s→ i ∈ S, let x(q) be a max
flow in G(q), and define S(q) to be a corresponding min cut. If x(q) saturates all arcs in S we are
done, so to get a contradiction assume that there is at least one s→ i ∈ S with x(q)si < qsi. This
implies that the set I = {s→ i ∈ S | i ∈ S(q)} is non-empty.

Now conformally decompose x(q) into flows on s–t paths. Note that any path P whose first
arc s → j is not in I cannot contain any other arc of δ+(S(q)) besides s → j (since it would
then have to also contain an arc of δ−(S(q)), and x(q) is zero on all such arcs). Thus when
we subtract out the flow of all such paths from x(q), we get a new flow x(I) which still satisfies
complementary slackness with S(q), so that x(I) is a max flow in the network corresponding to v(I).
But val(x(I)) <

∑
s→i∈I x(q)si ≤

∑
s→i∈I qsi ≤ v(I) (by feasibility of q for Q), contradicting that

x(I) is a max flow for the v(I) network.

(d) Note that S = δ+({s}). This makes it tempting to conjecture that if C = δ+(T ) for some
s–t cut T , then P (C) is also a polymatroid. Prove that this is true or give a counterexample
showing that this conjecture is false.
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The conjecture is false: Consider the network in Figure 1 with N = {s, 1, 2, t}, A = {s→ 1, s→

27sa.eps

Figure 1: Counterexample for #27 (a)

2, 1 → t, 2 → t, 1 → 2}, and u = (4, 10, 10, 4, 1). Let T = {s, 1} so that C = {s → 2, 1 →
2, 1 → t}. Put X = {s → 2, 1 → 2} and Y = {1 → 2, 1 → t}, so that X ∩ Y = {1 → 2} and
X ∪ Y = {s → 2, 1 → 2, 1 → t}. Then v(X) = v(Y ) = 4, v(X ∩ Y ) = 1, and v(X ∪ Y ) = 8, so
that v(X) + v(Y ) = 4 + 4 6≥ 1 + 8 = v(X ∩ Y ) + v(X ∪ Y ). Thus v is not submodular, so P (C) is
not a polymatroid.

Question 2. Consider the special case of min-cost flow on a max flow network where ca = 0
for all a ∈ A (including t→ s) except for arcs with tail s, where csi ≤ 0. Thus we are essentially
looking for an s–t flow that maximizes

∑
i |csi|xsi. Use Question 1 to solve this min-cost flow

problem in O(1) max flows time.

Question 1 (c) showed that the feasible flows projected onto the arcs with tail s form a polyma-
troid, so we can optimize via the Greedy Algorithm. Re-number the nodes i such that s→ i ∈ A as
1, 2, . . . , k so that we have cs1 ≤ cs12 ≤ . . . ≤ csk. In this case the Greedy Algorithm amounts to
temporarily setting the capacities of all s→ i arcs to zero. Then we loop for i = 1, 2, . . . , k, where
at iteration i we have already restored capacities us1, us2, . . . , us,i−1 and we additionally restore
capacity usi. We then compute a max flow for this new capacity starting from the max flow for the
previous version of the capacities.

Note that all capacities at s are monotone non-decreasing, and capacities at t are constant,
throughout this algorithm, so this falls into the GGT framework. Thus we can solve this problem in
O(1) max flows time.

Question 3. A common situation in practice is that we have a finite set N of objects, and
the benefit of selecting object i is bi; if bi < 0, then |bi| is the cost of selecting b. We want to
select the subset of N of maximum benefit. This is easy: just select the subset of N of elements
i with bi > 0.

What makes the problem complicated is that there are precedence constraints represented
by a set A of arcs on N , so that if i→ j ∈ A and we select element i, then we must also select
element j. Then subset C ⊆ N is feasible iff for all i ∈ C and i → j ∈ A, we also have j ∈ C;
such a subset is called a closure. The problem we want to solve is the max closure problem:
maxC a closure b(C), i.e., the net benefit of a closure.

Examples of this:

1. Open-pit mining: N is blocks of earth, bi is the net profit/cost of mining block i,
i→ j ∈ A if we need to mine block j to get at block i.

2. Vacation problem: N = G ∪ B, where G is a set of “good” items with benefits bi > 0,
and B is a set of “bad” items with costs cj > 0. To bring good item i on your vacation,
it is necessary to bring the subset of bad items {j ∈ B | i→ j ∈ A}.

3. Assigning residues to protein positions: N = P ∪ B, where P is a set of positions
on the backbone of a protein chain, and B is a set of pairs of positions (bonds). We are

3



selecting the subset of positions that will be filled with polar residues. There is a cost cj
for putting a polar residue in position j, but if we put polar residues in both positions
i and j where (i, j) ∈ B, then we get a benefit b(i,j). (This comes from a paper by Jon
Kleinberg.)

Construct a max flow network from (N,A) as follows. Define P = {i ∈ N | bi > 0} and
M = {j ∈ N | bj < 0}. Add a source s and a sink t. For each node i ∈ P , make an arc s → i
with usi = bi. For each node j ∈M , make an arc j → t with ujt = |bj |. For each arc i→ j ∈ A,
put uij = +∞. Prove that C is a feasible closure iff C+s is a finite capacity cut in this network,
and that minimizing the capacity of C+s is equivalent to maximizing b(C). What is the relation
between the objective value of the max flow problem and the objective value of the max closure
problem?

Note that C is a feasible closure iff δ+(C) = ∅ (w.r.t. (N,A)). Thus the only arcs in δ+(C + s)
(w.r.t. the max flow network) are arcs s → i with i /∈ C, and arcs j → t with j ∈ C, and all these
arcs have finite capacity, so C + s is a finite capacity cut.

Conversely, if C + s is a finite capacity cut, then there cannot exist any a ∈ A∩ δ+(C), else this
a would make cap(C + s) = +∞, so C is a closure.

Now for C a closure, cap(C + s) = u(P − C) + u(M ∩ C) = b(P − C) − b(M ∩ C) =
b(P )− b(P ∩C)− b(M ∩C) = b(P )− b(C). Therefore minC cap(C + s) = minC(b(P )− b(C)) =
b(P ) − maxC b(P ), so minimizing cap(C) does indeed maximize b(C). The relation between the
two objective values is that their sum is b(P ), a constant.

Question 4. Consider the open-pit mining problem formulated as an optimal closure problem
as in Question 3, keeping the same notation.

(a) Recall that a min cut in the constructed max flow problem identifies an optimal closure.
Thus if there are multiple min cuts, there are multiple optimal closures. In practice, the miners
would like us to report an optimal closure with a minimum number of nodes (because in any
larger optimal closure, the additional blocks will only break even for us instead of making us
money). Once we’ve computed a max flow, show that there is a unique such optimal closure
with a minimum number of nodes, and show how to compute it in O(m) time.

The lecture showed that there is a unique minimal min cut (i.e., the intersection of all min cuts),
which can be computed in O(m) time via breadth-first search from s of the residual graph w.r.t. any
max flow.

In practice the miners are even more picky than this. There is a huge fixed cost to starting a
new mine that is paid for by impatient investors who want to be paid back as soon as possible.
To keep them happy we must identify a closure whose ratio of net benefit to number of blocks
is as high as possible, i.e., that maximizes b(C)

|C| .
A standard technique to deal with such ratio problems is to parametrize the denominator.

That is, we consider the parametric problem where we maximize the (linear) objective b(C) −
λ|C|. Define b(λ) = maxC a closure b(C) − λ|C|, the maximum value of the parametric function
over any closure.

(b) Show that the parametric max flow network corresponding to the parametric objective
b(C) − λ|C| is a (reverse) GGT-type network (which may have piecewise linear capacity func-
tions).
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For each i ∈ N define bλi = bi − λ, so that b(C)− λ|C| = bλ(C). Construct the usual max flow
instance corresponding to the closure problem with benefits bλ in place of b as in Question 3.

To show that this parametric network belongs to the GGT framework, consider the effect on
capacities at s and t when we change from λ = λ1 to λ = λ2 with λ1 < λ2. If we had bλ1

i < 0,
then bλ2

i < bλ1
i so we get that uit(λ2) = |bλ2

i | > |b
λ1
i | = uit(λ1), so the parametric capacity at t

has increased. If we have bλ1
i > bλ2

i ≥ 0, then usi(λ2) = bλ2
i < bλ1

i = usi(λ1), so the parametric
capacity at s has decreased. If we have bλ1

i ≥ 0 ≥ bλ2
i , then usi(λ2) = 0 ≤ bλ1

i = usi(λ1), and
uit(λ2) = |bλ2

i | ≥ 0 = uit(λ1), so the parametric capacity at s has decreased and the parametric
capacity at t has increased. This all satisfies the (reverse) GGT framework. Note that the capacities
are now piecewise linear, as the capacity switches from s → i to i → t when bi − λ goes from
positive to negative; alternatively, one could get rid of these piecewise linear capacities by adding a
large constant to the capacities usi and uit for all i 6= s, t, thereby moving all the parameters to the
s→ i arcs.

Assume that there is at least one closure with b(C) > 0, so that b(0) > 0. As λ→∞, for any
closure C with C 6= ∅, b(C)− λ|C| becomes negative. Since this is a parametric linear program,
we know that b(λ) is piecewise linear, so it is continuous, so there must exist some λ > 0 with
b(λ) = 0. Since C = ∅ is a closure with b(∅) = 0 = |∅|, once b(C) − λ|C| hits zero it stays at
zero. Define λ∗ = min{λ | b(λ) = 0}, so that λ∗ > 0.

(c) Prove that λ∗ = maxC a closure b(C)/|C|.

Let C∗ be a closure solving maxC a closure b(C)/|C| with objective value z∗ = b(C∗)/|C∗|. Now
b(C∗) − z∗|C∗| = 0. If there was some closure C ′ with b(C ′) − z∗|C ′| > 0 for λ = z∗, then
b(C ′)/|C ′| > z∗ = b(C∗)/|C∗|, contradicting the optimality of C∗. Thus λ∗ ≤ z∗. For λ < z∗,
b(C∗)− λ|C∗| > b(C∗)− z∗|C∗|, so that b(λ) > 0, and so λ∗ ≥ z∗, and so λ∗ = z∗.

Here is a reasonable algorithm for computing λ∗. Start with λ0 = 0 and compute a max flow;
if there are no closures with positive net benefit we stop here. Otherwise we find closure C1. To
get b(λ) ≤ 0 we in particular need b(C1)− λ|C1| ≤ 0, or λ ≥ b(C1)/|C1| = λ1. Compute a new
max flow for λ1 (using reverse GGT; note that the slope of a cut changes whenever bi−λ crosses
zero, and so we might have to have O(n) more steps in our GGT where we stop at one of these
capacity function breakpoints, but this does not change the complexity of GGT). If there are no
closures with positive net benefit in this network, then we know from (c) that λ∗ = λ1 and that
the corresponding max ratio closure is C1. Otherwise we get an optimal closure C2 for λ1 and
compute a new lower bound b(C2)/|C2| = λ2 on λ, and we continue like this. [This algorithm is
sometimes called Dinkelbach’s Algorithm, or (discrete) Newton’s Algorithm. This algorithm can
also apply to non-GGT parametric max flow, and non-max flow parametric problems, but the
GGT version works out especially nicely as indicated below.]

(d) Prove that λh > λh−1 for h > 1.

We know that b(Ch)− λh−1|Ch| > 0, else we would have stopped the algorithm. Then we get
that λh = b(Ch)/|Ch| > λh−1.

(e) Prove that Ch ⊂ Ch−1 for h > 1 (a strict subset). [This implies that this algorithm
performs at most n−1 iterations. Since we are solving a GGT parametric max flow network for
a monotone sequence of λ, we can do the whole algorithm in the time of O(1) max flows. This
is a fairly typical example of how the on-line capability of GGT is used in practice.]
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From the lecture we already know that Ch ⊆ Ch−1, the only question is whether the inclusion is
strict. If we had Ch = Ch−1, then we would have that λh−1 = b(Ch−1)/|Ch−1| = b(Ch)/|Ch| = λh,
contradicting (d).

Question 5. Here is a non-obvious application where we want to know all breakpoints and
the corresponding min cuts of a GGT parametric max flow capacity function cap(λ). We have
a max flow network with k arcs with tail s, and we name the nodes so that these k arcs are
s→ s1, s→ s2, . . . , s→ sk. The importance of having flow in arc s→ si is given by its weight
wi (given data). Then if x is a feasible flow, the goodness of flow on s→ si is xs,si/wi (so a big
wi means that xi must be bigger to be good).

Intuitively we want a flow x that is good on all s → si arcs simultaneously. A very strong
way to enforce this is to ask that

[1] x be a max flow. Subject to [1], we ask that

[2] the minimum xs,si/wi over all i is as large as possible. Subject to [1] and [2], we ask that

[3] the next largest xs,si/wi over all i is as large as possible. . . . Subject to [1]–[j] we ask that

[j + 1] the jth largest xs,si/wi over all i is as large as possible. . . . Subject to [1]–[k] we ask
that

[k + 1] the largest xs,si/wi over all i is as large as possible.

Such a flow is called a lexicographic max flow.
We attack this problem by considering the GGT max flow network with capacities us,si(λ) =

wiλ.

(a) As a warm-up, let’s solve the problem of finding a max flow subject to [1] and [2] only,
called maximin flow sharing. Define lmin to be the smallest breakpoint of cap(λ) that is larger
than zero. Define a non-parametric network Gl with lower bounds wilmin on each s → si, and
the other data being the same. Prove that an optimal flow x(lmin) for the lmin network gives a
feasible flow for Gl. (Note that x(lmin) will usually be fractional.)

Since a min cut associated with λ = 0 is {s}, the cut {s} is also the min cut associated with the
interval [0, lmin]. Breakpoint lmin is determined by a new cut S1 such that the capacity of S1 at lmin

equals the capacity of {s} at lmin. Since {s} is the min cut associated with the interval [0, lmin],
every max flow for every λ ∈ [0, lmin], including λ = lmin, must saturate every arc of δ+({s}), i.e.,
x(lmin)s,si = wilmin for all i, so that x(lmin) is indeed feasible for the lmin network.

(b) Continuing with (a), consider a residual max flow network Gr w.r.t. x(lmin) where rs,si =
∞ and rsi,s = 0 for all i, and we have the usual rij otherwise. Compute a max flow y in Gr.
Prove that x(lmin) + y solves the maximin flow sharing problem. [Warning, this is described
wrong in the GGT paper, which contains a few other (known) errors.]

Note that mini x(lmin)s,si/wi = lmin, so we are claiming that lmin is the optimal objective value
of [2] for maximin flow sharing. To get a contradiction, suppose that there is some other flow x′ with
mini x′s,si/wi > lmin. Recall from (a) that x(lmin) was complementary slack with both cuts {s} and
S1. Set S′1 = S1 − s. By conservation we know that x(lmin)(δ+(S′1)) = x(lmin)(δ−(S′1)), by com-
plementary slackness with {s} we know that x(lmin)(δ+(S′1)) = u(lmin)(δ+(S′1)) = lminw(δ+(S′1)),
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and by complementary slackness with S1 we know that x(lmin)(δ−(S′1)) = u(δ−(S′1)). This gives
that lminw(δ+(S′1)) = u(δ−(S′1)).

Our assumption on x′ implies that x′(δ+(S′1)) > lminw(δ+(S′1)), and feasibility of x′ implies
that x′(δ−(S′1)) ≤ u(δ−(S′1)). Together these give x′(δ+(S′1)) > x′(δ−(S′1)) contradicting that x′

satisfies conservation. Thus lmin is indeed the optimal value of [2] among max flows.
Now changing from x(lmin) to x(lmin) + y keeps the property of having objective value lmin for

[2], and changes to a max flow, so this must be an optimal solution to maximin flow sharing.

(c) Now consider the full lexicographic problem. Use GGT to compute all of the breakpoints
of cap(λ). For each si there is some corresponding breakpoint λ(si) such that si moves from
the t side of the parametric min cut to the s side of the parametric min cut at breakpoint λ(si).
Now define a non-parametric max flow problem with capacities u′, where u′s,si = wiλ(si), and
u′a = ua otherwise. Prove that any max flow in this non-parametric max flow network must be
a lexicographic max flow. [All of this can be computed in O(1) max flows time via GGT.]

Let’s proceed by induction on the breakpoints. Part (b) establishes the base of the induction for
the first breakpoint lmin. Now construct an inductive network G1 as follows. Start with the residual
network w.r.t. x(lmin), and delete all the nodes in S′1 (leaving the capacities of the remaining s→ si
arcs as wiλ). Note that deleting the nodes in S′1 does not really affect max flows in G1 since no
residual s–t path can exit S′1 since it is a min cut for x(lmin). Now in G1 we have regained the
property that the cut {s} is a min cut at λ = 0, and now the first breakpoint in G2 will be λ2− lmin

(where λ2 is the second breakpoint for the original network), determined by the next min cut S3.
So, by the same reasoning as in (b), a max flow x(2) in G2 must saturate all remaining s→ si

arcs, so that x(lmin)+x(2) satisfies [2] and [3]. Now construct G3 as the residual network of G2 w.r.t.
x(2) minus the nodes of S′3 = S3− s and get a max flow x(3) in G3 such that x(lmin) +x(2) +x(3)
satisfies [2]–[4], etc.

We end up with a max flow x∗ that satisfies [1]–[k+ 1] and which saturates all s→ si arcs w.r.t.
capacities u′. We see that x∗ satisfies [1] (is a max flow) because no feasible flow can put any more
flow through each S′i than x∗ does. Conversely, any max flow w.r.t. u′ must saturate each S′i, and
so also satisfy [2]–[k + 1], so any max flow w.r.t. u′ is an optimal lexicographic max flow.

Question 6. This problem shows that some parametric optimization problems are so special
that we can solve them even faster than by using GGT.

We say that set function f : 2E → IR is of type 2 if we can determine the value of f on any
set based on knowing only its values on the empty set, singletons, and sets of size two. It can
be shown that submodular set functions of type 2 are precisely the submodular functions that
are min cut functions of max flow networks.

Here’s an example of a submodular set function of type 2 that is not obviously a network
function: Suppose that we want to schedule n jobs on a single machine where once we start a job
we can’t interrupt it (no preemption), and job j has processing time pj > 0. Let J = {1, 2, . . . , n}
denote the set of jobs.

Define Cj to be the completion time of job j. We want to find constraints characterizing Q,
the convex hull of {C ∈ IRn | Cj is a set of feasible completion times} (why do we need convex
hull here? Because this set is not even connected, and so is not convex). For S ⊆ J let’s consider
the possible constraint

∑
j∈S pjCj ≥ g(S) for Q for some as-yet unknown RHS g(S). Clearly

the best possible RHS is g(S) = minC∈Q
∑
j∈S pjCj . Furthermore, it is clear that this minimum

will be attained by a schedule that puts all jobs in S first with no idle time, i.e., as soon as one
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job finishes, the next one starts. Define s = |S|. Such a schedule is uniquely determined by a
permutation π where π1 is the first job, π2 is the second job, . . . , πn is the last job, and where
S = {π1, . . . , πs}.

(a) Compute Cπj for all j, and use this to figure out what g(S) is.

We have Cπ1 = pπ1 , Cπ2 = Cπ1+pπ2 = pπ1+pπ2 , . . . , Cπn = Cπn−1+pπn = pπ1+pπ2+. . .+pπn .
Therefore for this π the value of

∑
j∈S pjCj is pπ1pπ1+pπ2(pπ1+pπ2)+. . .+pπs(pπ1+pπ2+. . .+pπs) =

1
2

((∑
j∈S pj

)2
+
∑
j∈S p

2
j

)
. Since this expression is independent of π, it must equal g(S).

(b) Prove that g(S) is supermodular.

Now g(S + k + l)− g(S + l) = 1
2(p2

k + pkp(S + l)) ≥ 1
2(p2

k + pkp(S)) = g(S + k)− g(S), and
so g is supermodular.

(c) Prove that g(S) is of type 2.

Now g0 = 0, g1
j = p2

j , and g2
ij = p2

i + p2
j + pipj , and so ĝ0 = 0, ĝ1

j = p2
j , and ĝ2

ij = pipj . Then
it is easy to verify that for any S, g(S) = ĝ0 +

∑
i∈S ĝ

1
i +

∑
{i,j}∈(S2)

ĝ2
ij and so g is of type 2. [This

also gives an easier, alternate proof that g is supermodular, as this is equivalent to ĝ2
ij ≥ 0.]

Suppose that we have some (possibly fractional) point x̄ (probably coming from the LP
relaxation of some more complicated scheduling formulation) and we want to determine whether
x̄ ∈ Q or not. Then we would like to solve the separation problem

min
S⊆J

∑
j∈S

pj x̄j − g(S)

 ,
which is Submodular Function Minimization (SFM) since g is supermodular. That is, if the
answer to this problem is non-negative, this proves that x̄ ∈ Q, and it not, an optimal S gives
a constraint violated by x̄.

(d) Prove that we can assume w.l.o.g. that x̄j ≥ pj .

If not, then for S = {j}, the constraint pj x̄j ≥ p2
j is already violated, and these are easy to

check in linear time.

(e) Now show how to use max flow/min cut to solve this separation problem (here we are
taking advantage of the fact that this is a special type of submodular function to solve the
problem much faster than general SFM).

Let’s use x̂ for the type 2 parameters for the SFM function
∑
j∈S pj x̄j − g(S). Then x̂0 = 0,

x̂1
j = pj(x̄j − pj) (which we can assume is non-negative by (d)), and x̂2

ij = −pipj , which is non-
positive, as required. Now we just construct the selection max flow problem as usual, with capacities
csj = pj(x̄j − pj) on the left, and cij,t = pipj on the right.

[Note: this doesn’t quite match what Ridha and I derived in Paris, which had just pj x̄j as
capacities on one side. But the only real difference is that the other part of the term, −p2

j , got
moved onto an “ii” node on the other side.]

Now just to be annoying, let’s figure out a much simpler and faster separation algorithm.

(f) Suppose that S∗ minimizes
∑
j∈S pj x̄j − g(S). Prove that j ∈ S∗ iff x̄j ≤ p(S∗).
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Define D(S) =
∑
j∈S pj x̄j−g(S). Notice that for j ∈ S∗, D(S∗)−D(S∗−j) = pj(x̄j−p(S∗)).

Since S∗ minimizes, we have x̄j ≤ p(S∗).
Conversely, suppose that k /∈ S∗. Similarly, D(S∗ + k) −D(S∗) = pk(x̄k − (p(S∗) + pk)), and

since S∗ minimizes, x̄k − pk ≥ p(S∗), or x̄k > p(S∗).

(g) Now use (f) to design a fast and simple algorithm for solving the separation problem.
How fast is your algorithm?

From (f), if j ∈ S∗, then every k with x̄k ≤ x̄j must also be in S∗. Thus it suffices to sort the
x̄j (which takes O(n log n) time) and to check each set of the k smallest values of x̄j to see if it
violates. This all takes O(n log n) time.

[This comes from Section 5 of M. Queyranne “Structure of a simple scheduling polyhedron”,
Math. Prog., 58, 263–285 (1993), from an idea of P. Tseng.]

Note: It’s pretty easy to prove that for and submodular function of type 2, if f̂2
ij = −pipj for

numbers pi > 0, then the same algorithm works (using χk = (f̂1
k + p2

k)/pk for the sorting, with
essentially the same proof. It’s not so clear in the other direction: for such pj to exist, would need

to have pj =
√
f̂1
jif̂

1
jk/f̂

1
ik for all i, j, k, but then what?

Define tmax to be the largest value of t such that all of these constraints are satisfied if we
start everything at t instead of at 0, i.e., the largest t such that x̄j − t satisfies all constraints
(note that tmax may be negative). Thus tmax is an upper bound on how late we could start
and still feasibly schedule all the jobs (tmax is not exact, because, e.g., for the instance with
J = {1, 2}, p = (1, 1), and x̄ = (1.5, 1, 5), it is easy to see that tmax = 0, but in fact we would
have to choose t = −0.5 to get a feasible schedule). This is a parametric min cut problem that
is easily seen to fit into the GGT framework, and so we could solve it that way.

(h) Instead of using GGT, use (g) to design a fast and simple algorithm for computing tmax.
How fast is your algorithm?

Note that tmax equals maxt{t | minS(
∑
j∈S pj(x̄j − t) − g(S)) ≥ 0}. From (g) we know that

minS(
∑
j∈S pj(x̄j − t)− g(S)) is attained at the set Sk consisting of the k smallest values of x̄j − t

for some k; note that the Sk are independent of t.
Thus we can sort the x̄j just one time (costing O(n log n)) and use this to generate the n sets Sk.

Each Sk generates a line in the space with x-coordinate t and y coordinate
∑
j∈Sk pj(x̄j− t)−g(Sk).

Define tk as the x intercept of this line, i.e., where
∑
j∈Sk pj(x̄j − tk) − g(Sk) = 0 (so that tk =

[
∑
j∈Sk pj x̄j − g(Sk)]/p(Sk)). Then clearly tmax = mink tk.
Compute the partial sums P1 = p1 and X1 = p1x̄1, then Pk = Pk−1+pk and Xk = Xk−1+pkx̄k,

k = 2, . . . , n in O(n) time. Then compute g(S1) = p1P1, g(S2) = g(S1) + p2P2, . . . , g(Sn) =
g(Sn−1) + pnPn again in O(n) time. Then tk = [Xk − g(Sk)]/Pk, k = 1, . . . , n, and tmax can also
be computed in O(n) time. Thus the whole algorithm takes O(n log n) time.

Question 7. Let’s suppose that we want to solve the special case of parametric GGT Max
Flow/Min Cut where the network is bipartite (N = {s} ∪ {t} ∪ L ∪ R with all arcs in (s, L),
(L,R), and (R, t)) and capacities are constant everywhere except that usi = λ for all i with
s → i ∈ A. (This special structure is reasonably common in applications; the results in this
problem can be extended to more general kinds of parametric GGT problems, or even to Max
Flow in general.) Roughly speaking, this kind of parametric max flow is asking us to find a max
flow such that the flows on the arcs out of s are as equal as possible.
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To make this more precise, suppose that we consider the network where everything is the
same except that we replace capacities u with û, where û matches u except that ûsi =∞ for all
s → i ∈ A. Suppose that x̂ is some max flow in the û network. Suppose that we have i, j ∈ L
and k ∈ R such that i → k, j → k ∈ A, x̂si < x̂sj (i and j are “unbalanced”), and x̂ik < ûik,
x̂jk > 0 (we can feasibly push flow forward around the cycle s → i → k ← j ← s). Then we
could push min(ûij − x̂ij , (x̂sj − x̂si)/2) flow around this cycle and make x̂ “more balanced”.
Notice that repeating such steps will produce fractional flows.

Let’s totally ignore the complexity of doing such balancing steps and consider only the end
result. We call a max flow x̄ balanced if for each triple i, j, k with i, j ∈ L, k ∈ R, i → k,
j → k ∈ A and x̄si < x̄sj , we have that either x̄ik = ûik, or x̄jk = 0. The amazing fact that we
are going to prove here is that a balanced flow in a sense represents max flows and min cuts for
all values of λ ≥ 0 simultaneously.

Suppose that we want a max flow and min cut for value λ̄ ≥ 0. Define S(λ̄) = {i ∈ L |
x̄si < λ̄}, T (λ̄) = {k ∈ R | ∃i ∈ S(λ̄) with i → k ∈ A and x̄ik < ûik}, S̄(λ̄) = L − S(λ̄), and
T̄ (λ̄) = R − T (λ̄). Define a flow x(λ̄) by reducing flow on paths s → i → k → t with i ∈ S̄(λ̄)
and k ∈ T̄ (λ̄) until x(λ̄)si = λ̄ for all i ∈ S̄(λ̄).

(a) Prove algorithmically that such an x(λ̄) exists, and give the running time of your algorithm
for computing x(λ̄).

For i ∈ S̄(λ̄), let s → i → k → t be a path with positive flow passing through i. If k ∈ T (λ̄),
then there is some j ∈ S(λ̄) with x̂jk < ĉjk, and so s→ j → k ← i← s is an unbalanced cycle that
we could push flow around and make x̂sj < λ̄ closer to x̂si ≥ λ̄, contradicting that x̄ is balanced.
Thus k ∈ T̄ (λ̄). When we find such a path we can reduce flow in each arc by min(x̂si− λ̄, x̂ik, x̂kt).

It takes O(m) time to build the subnetwork of arcs that can participate in such paths. Then we
could do, e.g., DFS on this graph. Each time we discover a path (O(1) work), at least one arc is
eliminated from this subnetwork, and so there is only O(m) total work.

(b) Prove that x(λ̄) is a max flow for the original capacities when λ = λ̄, and that C =
{s} ∪ S(λ̄) ∪ T (λ̄) is a min cut.

Since x(λ̄)si ≤ λ̄ for all i ∈ L and u matches û elsewhere, x(λ̄) is feasible. Now it suffices to
show complementary slackness between x(λ̄) and C.

We must show that x(λ̄)si = usi = λ̄ for each i ∈ S̄(λ̄), but this is clear from the construction.
We must show that x(λ̄)jk = 0 for j ∈ S̄(λ̄) and k ∈ T (λ̄). But k ∈ T (λ̄) because there exists
i ∈ S(λ̄) with i → k ∈ A and x̄ik < ûik. But this must imply that x̄jk = 0, else we could balance
around s→ i→ k ← j ← s. We must show that x(λ̄)ik = ûik for i ∈ S(λ̄) and k ∈ T̄ (λ̄), but this
is clear because k ∈ T̄ (λ̄) because all such x(λ̄)ik = ûik. Finally, we must show that x̄kt = ûkt for
k ∈ T (λ̄). If not, then there would be an augmenting path s → i → k → t with i ∈ S(λ̄) w.r.t.
x(λ̄); this would also be augmenting for x̄, contradicting that it is a max flow.

[Taken from “Balancing Applied to Maximum Network Flow Problems (Extended Abstract)”,
Tarjan, Ward, Zhang, Zhou, Mao, HP Labs.]

Notice that this immediately gives an alternate proof that min cuts for different values of λ
are nested.

(c) In many situations we don’t care about the max flows, but we only want the min cuts.
Give an algorithm that can read out the O(n) different min cuts from the x̄ flow. What is the
running time of this algorithm?
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First the algorithm sorts the i ∈ L by their x̄si values. Suppose that we find that the distinct
values of x̄si are 0 = λ0 < λ1 < λ2 < . . . < λk where k = O(n). Then use the ordering to compute
the level sets Sh = {i ∈ L | x̄si ≤ λh}. Then Sh is the L-side of the min cut for the interval
[λh, λh+1]. This takes O(n log n) time.

Now for each k ∈ R run through all the i → k ∈ A and label k with the largest λh such that
there is some i → k with x̄ik < ûik, and then sort the k ∈ R by these labels. The complements of
the similar level sets on the R-side give the T̄h which are the R-sides of the min cut for the same
interval. This takes O(n log n) time for the sort, and O(m) time to run through all the arcs, for a
total of O(m+ n log n) time.

Question 8. This problem shows that GGT-type parametric flow can be seen as a special
case of a more general parametric optimization theory due to Topkis.

Suppose that E is a finite ground set and that g(S, λ) is a function where S ⊆ E and λ
is a scalar parameter. One example would be where E is N − {s, t} in a parametric max flow
network with capacities uij(λ), and g(S, λ) is the value of cut S + {s} w.r.t. λ.

We suppose that g(S, λ) is submodular in S for each fixed value of λ, and that it satisfies
the following Decreasing Differences property for each S ⊆ T and λ′ ≥ λ:

g(T, λ)− g(S, λ) ≥ g(T, λ′)− g(S, λ′). (1)

(a) Prove that the following weaker version of (1) implies (1): For all e ∈ E, S ⊆ E, and
λ′ ≥ λ,

g(S + e, λ)− g(S, λ) ≥ g(S + e, λ′)− g(S, λ′). (2)

Enumerate T − S as {e1, e2, . . . , ek}. Then using (2) repeatedly we get g(T, λ) − g(S, λ) =
(g(S + {e1, e2, . . . , ek}, λ) − g(S + {e1, e2, . . . , ek−1}, λ)) + (g(S + {e1, e2, . . . , ek−1}, λ) − g(S +
{e1, e2, . . . , ek−2}, λ)) + . . . + (g(S + {e1}, λ) − g(S, λ)) ≥ (g(S + {e1, e2, . . . , ek}, λ′) − g(S +
{e1, e2, . . . , ek−1}, λ′))+(g(S+{e1, e2, . . . , ek−1}, λ′)−g(S+{e1, e2, . . . , ek−2}, λ′))+ . . .+(g(S+
{e1}, λ′)− g(S, λ′)) = g(T, λ′)− g(S, λ′).

(b) Suppose that Q minimizes g at λ and Q′ minimizes g at λ′. Prove that Q ∩ Q′ also
minimizes g at λ, and Q ∪Q′ minimizes g at λ′.

Using respectively the optimality of Q, submodularity of g, (1), and optimality of Q′ we get
0 ≥ g(Q,λ)− g(Q∩Q′, λ) ≥ g(Q∪Q′, λ)− g(Q′, λ) ≥ g(Q∪Q′, λ′)− g(Q′, λ′) ≥ 0. Thus we get
equality everywhere, and so we have that g(Q,λ) = g(Q∩Q′, λ) (i.e., Q∩Q′ is optimal for λ), and
g(Q,λ′) = g(Q ∪Q′, λ′) (i.e., Q ∪Q′ is optimal for λ′).

(c) Prove that the parametric cut function is submodular and satisfies (1) when the uij(λ)
satisfy the GGT axioms.

We already know that the cut function is submodular for each fixed λ, so by (a) we need only
verify (2). The only terms that do not cancel out are uet(λ) from g(S + e, λ), use(λ) from g(S, λ),
uet(λ′) from g(S + e, λ′), and use(λ′) from g(S, λ′). The GGT axioms say that use(λ′) ≥ use(λ)
and uet(λ′) ≤ uet(λ), or uet(λ)− use(λ) ≥ uet(λ′)− use(λ′), which is (2).

(d) It is well-known that the intersection and union of min cuts are again min cuts (if you
don’t know this, you should prove it for yourself). From this it follows that there is a unique
minimal min cut Smin(λ) (i.e., the intersection of all min cuts) and maximal min cut Smax(λ)
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(i.e., the union of all min cuts) for each λ. Use (b) to give a non-algorithmic proof that if λ ≤ λ′
that Smin(λ) ⊆ Smin(λ′) (and similarly for maximal min cuts), i.e., minimal/maximal min cuts
are nested in λ.

Recall that Smin(λ) is the intersection of all min cuts for λ, and is the unique minimal min cut
for λ. From (b), Smin(λ) ∩ Smin(λ′) is also a min cut for λ, and it is a subset of Smin(λ), and so
Smin(λ) ∩ Smin(λ′) = Smin(λ), implying that Smin(λ) ⊆ Smin(λ′) (and similarly for Smax(λ)).

(e) It is tempting to think that if Q is a min cut for λ and Q′ is a min cut for λ′ with λ′ > λ,
that we must have that Q ⊆ Q′. Construct a counterexample to this conjecture.

Take any non-parametric max flow network with two non-nested min cuts Q and Q′, and consider
the capacities usi to be the parametric functions usi + 0 · λ. Then Q is a min cut for any λ, and Q′

is a min cut for any λ′ > λ, and they are not nested.

(f) Consider now the following strict version of (1): For S ⊂ T and λ < λ′

g(T, λ)− g(S, λ) > g(T, λ′)− g(S, λ′). (3)

Prove that when (3) is true that if Q is a min cut for λ and Q′ is a min cut for λ′ with λ′ > λ,
that Q ⊆ Q′. (Thus with (3), every min cut for λ is nested with every min cut for λ′.)

If Q 6⊆ Q′, then Q′ ⊂ Q′ ∪ Q and so (3) applies to S = Q′ and T = Q ∪ Q′. Then as in (b)
we get 0 ≥ g(Q,λ) − g(Q ∩ Q′, λ) ≥ g(Q ∪ Q′, λ) − g(Q′, λ) > g(Q ∪ Q′, λ′) − g(Q′, λ′) ≥ 0, a
contradiction. Hence we must have that Q ⊆ Q′. [Could further ask whether all GGT-type networks
satisfy (3) (no they don’t, as in (e)), and what further conditions would guarantee that a GGT-type
network would satisfy (3) (e.g., having usi = ai + biλ and uit = fi − giλ with max{bi, gi} > 0 for
all i).]

Question 9. Let’s try to generalize GGT Max Flow/Min Cut. Notice that the key observation
that leads to being able to solve the parametric problem for the sequence of values λ1 < λ2 <
. . . < λk in the same asymptotic time as a single max flow/min cut is this: Suppose that we
have preflow x1 and distance labels d optimal for λ1. Then we developed an O(m) Flow Update
subroutine which computes an initial flow x′ such that (1) x′ is feasible to u(λ2); (2) x′ is still
a pre-flow; and (3) d is still a valid labeling w.r.t. x′. Then we could continue Push-Relabel
starting from x′ and d, and the same complexity analysis holds for the whole sequence as holds
for a single max flow.

Here is another setting (due to Fleischer, coming from an application of flows over time)
where the same trick can be used, but with non-GGT parametric capacities. We are given a
parametric max flow/min cut network as usual, and a fixed cut Q containing s but not t. There
is no arc i→ j with i /∈ Q and j ∈ Q. Every arc i→ j with i, j ∈ Q has capacity uij(λ) = aijλ
for some aij > 0, and other capacities are constant. Note that as long as Q 6= {s} this does not
fall into the GGT class of parametric flow.

(a) Develop a Flow Update subroutine that runs in O(m) time that achieves (1)–(3) above
(and hence that shows that min cuts are again nested here, and can be computed in the same
asymptotic time as a single min cut).

Consider the update x′ij = (λ2/λ2)x1
ij for i, j ∈ Q, and x′ij = x1

ij otherwise. It is clear that this
satisfies (1). Due to the lack of arcs into Q, it is clear that (2) is also satisfied. Finally, since the
flow update keeps saturated arcs saturated, and zero-flow arcs zero-flow, (3) is also satisfied.
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(b) Prove or disprove (via constructing a counterexample) that the class of parametric flow
problems considered here satisfies the Decreasing Differences property (1) of Question 8.

This class does not satisfy (1); see, e.g., the GMQT paper Figure 6/Example 4 for a counterex-
ample.

Question 10. The point of this problem is that there are important parametric flow problems
that do not fall into the GGT class, but that can be solved efficiently anyway.

Suppose that we are given a network (N,A) with lower bounds l and upper bounds u, and
we are interested in whether there exists a feasible flow x with l ≤ x ≤ u. Suppose that S ⊂ N
is a node subset. Then we define the value of S to be V (S) = l(δ−(S))− u(δ+(S)). Recall that
Hoffman’s Circulation Theorem (HCT) says that a feasible x exists iff there does not exist any
S with V (S) > 0. Further recall that we can check whether a feasible x exists by using a “Phase
I Max Flow” subroutine, which produces some S with V (S) > 0 when it cannot find a feasible
flow.

Some strongly polynomial min-cost flow algorithms depend on computing max mean cuts:
The mean value of a cut is its value divided by the number of arcs that cross the cut. Thus our
numerator is V (S) = l(δ−(S))− u(δ+(S)), and our denominator is |δ(S)|. We want to compute
µ∗ = maxS V (S)/|δ(S)|, and an associated max mean cut S∗ with V (S∗)/|δ(S∗)| = µ∗. We
assume that there is at least one cut with V (S) > 0 (the data l, u are infeasible), so that µ∗ > 0.
For δ ≥ 0 we define G(δ) to be the network with data l − δ and u + δ, i.e., where we relax the
bounds by δ, and so make it easier for the network to have a feasible flow.

(a) Define Vδ(S) to be the value of S in G(δ). Prove that Vδ(S) = V (S)− δ|δ(S)|.

We have Vδ(S) = (l− δ)(δ−(S))− ((u+ δ)(δ+(S)) + d(S)) = l(δ−(S))− (u(δ+(S)) + d(S))−
δ(|δ−(S)|+ |δ+(S)|) = V (S)− δ|δ(S)|.

(b) Define δ∗ to be the smallest value of δ such that G(δ) is feasible. Prove that δ∗ = µ∗.

If δ < µ∗, then Vδ(S∗) = V (S∗) − δ|δ(S∗)| = µ∗|δ(S∗)| − δ|δ(S∗)| > 0, so G(δ) is infeasible,
implying that δ∗ > δ.

Now suppose that δ > µ∗ but that G(δ) is infeasible. Then there is some cut T with Vδ(T ) > 0,
or V (T )− δ|δ(T )| > 0, or δ < V (T )/|δ(T )|, contradicting that µ∗ is the max mean cut value. Thus
G(δ) must be feasible, and we are done.

(c) Suppose that we run Phase I Max Flow on G(δ), getting min cut S(δ). If we found that
G(δ) was infeasible, then we recall from the proof of Hoffman’s Circulation Theorem (HCT)
that we have Vδ(S(δ)) > 0. Prove that in fact we have Vδ(S(δ)) = maxS Vδ(S), i.e., that S(δ) is
a most positive cut (MPC) in G(δ).

The proof of HCT shows that for any cut S, Vδ(S) = e(E) − cap(S). Since e(E) is constant,
maximizing Vδ(S) is equivalent to minimizing cap(S), so a min cut of the max flow network is a
most positive cut of G(δ).

Here is a natural algorithm based on (b) and (c):
This is the same algorithm we saw in Question 4, but in a non-GGT context (GGT can’t be

used here since there are parameters on all the arcs, not just the arcs at s and t).
Define ηi = |δ(Si)| and vi = Vδi(Si). Then Figure 2 illustrates how the algorithm works:

Since Vδ(Si) = V (Si)− δηi, the graph of Vδ(Si) as a function of δ is a line decreasing at slope ηi,
and we choose δi+1 as the point at which this line hits zero. This implies that δi+1 − δi = vi/ηi.
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(Discrete) Newton’s Algorithm for Max Mean Cut

Set i = 0, δ0 = 0 and run Phase I Max Flow on G(δ0) getting MPC S0.
While Vδi(Si) > 0

Compute δi+1 = V (Si)/|δ(Si)|, set i← i+ 1.
Run Phase I Max Flow on G(δi) getting MPC Si.

Now µ∗ = δi and Si−1 is a max mean cut.

We want to analyze k, the number of iterations of this algorithm. [Note that this algorithm
applies to any ratio problem where we can optimize a parametric objective.]

(d) Use (b) to prove that if the algorithm terminates, it does so with a correct answer for µ∗

and S∗.

The algorithm terminates with a value δk such that G(δk) is feasible, so from (b) we know that
µ∗ ≤ δk. But we also know that δk = V (Sk−1)/|δ(Sk−1)| so we must have µ∗ ≥ δk, so δk = µ∗,
and µ∗ = V (Sk−1)/|δ(Sk−1)|, so Sk−1 is a max mean cut.

(e) Prove that for 0 ≤ i < k, we have vi+1

vi
+ ηi+1

ηi
≤ 1. Hint: Use (c) and consider Si+1 as a

cut in G(δi).

By (c) Si is a MPC in G(δi) so we have Vδi(Si) ≥ Vδi(Si+1). Now l−δi+1 = l−(δi+(δi+1−δi)) =
l − (δi + vi/ηi) and similarly for u. Thus

vi = Vδi(Si) ≥ Vδi(Si+1)
= (l − δi)(δ−(Si+1))− ((u+ δi)(δ+(Si+1)) + d(Si+1))
= (l − δi+1)(δ−(Si+1))− ((u+ δi+1)(δ+(Si+1)) + d(Si+1)) + (vi/ηi)ηi+1

= vi+1 + (vi/ηi)ηi+1.

Re-arranging this gives 1 ≥ vi+1/vi + ηi+1/ηi, as desired.

(f) Define U = maxa max{|la|, |ua|}. Use (e) to prove a bound of O(min(m, log(nU))) on k.

Each iteration clearly strictly decreases ηi, so since η0 ≤ m and ηk−1 ≥ 1 we must have k ≤ m.
From (e), each iteration must either cut vi in half or ηi in half. There can be at most logm

iterations that cut ηi in half. Each vi is a ratio of integers with numerator between 1 and 2mU
and denominator between 1 and m, so 1/m ≤ vi ≤ 2mU , so that vi can be cut in half at most
O(log(nU)) times. [This analysis was first given by Ervolina and Mc.; a more careful accounting

gives the better bound k = O(min(n, log(nU)
1+log log(nU)−log logn)) (Radzik).]
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