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� Not a path! �
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� A cycle �
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� Not connected! �
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� A directed graph �
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� The underlying undirected graph �
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� A path �
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� A different path! �

5 7

1

(1,2)

(1,4)

(4,3)

(4,5)

(5,7)

(5,6) (6,7)

4

(2,4)
2

(2,3)

3

(3,8)

8

(8,6)
6

(6,8)

4, (2, 4), 2, (2, 3), 3, (3, 8), 8, (8, 6), 6



� A directed path �

5 7

1

(1,2)

(1,4)

(4,3)

(4,5)

(5,7)

(5,6) (6,7)

2

(2,3)

3

(3,8)

8

(8,6)
6

(6,8)

(2,4)

4

2, (2, 3), 3, (3, 8), 8, (8, 6), 6



� A cycle �
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� Also a cycle! �
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� A tree �
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� Leaves of a tree �
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� A spanning tree �
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� Spanning tree of a directed graph �
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� A network �
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� A cycle �
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� A cycle �
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� Simple circulation of a cycle �
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� Obtaining a tree solution �

8

3 6

5 72

4

1
2

1

2
2

1

2



� Obtaining a tree solution �

8

3 6

5 72

4

1
2

1

2
2

1

2



� Obtaining a tree solution �
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� Obtaining a tree solution �
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� Obtaining a tree solution �

8

3 6

5 72

4

1
2

1

2
2

1

2

0

0

0

0

0

2

2

1 02

2

1



� detB = ±1 �

8

3 6

5 72

4

1

2

43

76

5

1



� detB = ±1 �

8

3 6

5 72

4

1

2

43

76

5

1

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 −1 1 0 −1

0 0 0 0 −1 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A



� detB = ±1 �

8

1

2

43

76

5

1

5 3

6 7

4

2

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 −1 1 0 −1

0 0 0 0 −1 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A



� detB = ±1 �

8

1

2

43

76

5

1

5 3

6 7

4

2

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 −1 1 0 −1

0 0 0 0 −1 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

↓

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 −1 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 0 0 −1 1 0 −1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A



� detB = ±1 �

8

1

2

76

1

5 3

6 7

4

2

5 3 4

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 −1 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 0 0 −1 1 0 −1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A



� detB = ±1 �

8

1

2

76

1

5 3

6 7

4

2

5 3 4

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 −1 0 0

−1 0 1 0 0 0 0

0 −1 −1 0 0 1 0

0 0 0 −1 1 0 −1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

↓

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 −1 0 0 0

−1 0 0 0 1 0 0

0 −1 0 0 −1 1 0

0 0 −1 1 0 0 −1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A



� Computing the dual vector �
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� Computing the reduced costs �
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