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Exercise 50. 4 points

Let X be a contractible space and Y a retract of X, that is, a subspace of X such
that there exists a map r : X — Y with r|y =idy. Prove that Y is contractible.

Exercise 51. 4 points

Let X be a space. Show that CX is contractible.

Exercise 52. 4 points

Let p, : S™ — RP"™ the quotient map from the definition of the projective space RP".
Show that RP is a space containing only one point, and RP"* ~ RP" U, D"*!

Exercise 53. 4 points

Consider S! x St ¢ S* x D? and the mappings
i St xSt — Stx D? t: St xSt — St x D?
(z,y) = (2,9), (@, y) = (y, 7).
Show:
(a) St x D?U; St x D? ~ S x %,
(b) S* x D?U; ST x D? ~ S3.

Hint: Exercise 3.
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Exercise 54. (Tutorial)
Let X be the subspace of R? defined by

X = (({% | neN\{O}}u{0}> ><I> U (I x {1})

Let 2 := (0,0) € X. Show that idx =~ ¢,, but idyx % ¢, rel {zo}.

Exercise 55. (Tutorial)

For k > —1, a space X is called k-connected, if every continuous map S¢ — X,
—1 < ¢ <k, can be extended to a continuous map D! — X.

(a) Show that if X # () is contractible then X is k-connected for all k.

(b) For which k& do you think S™ is k-connected?

Exercise 56. (Tutorial)
Let X, Y be spaces, A C X, A# (), p: X — X/A the quotient map, {zq} = p[A]

and yo € Y. Show that there is a bijection between the sets of equivalence classes

{f: X =Y | f continuous, f[A] ={yo}}/fugcfgrea

and
{f: X/A—=Y | f continuous, f(z0) = Yo} /g frgrel{zo}-
Remark: Tmportant special cases are X = D", A= S""1and X =1, A={0,1}.




