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1. Introduction

Finding the unique decomposition of a polynomial f ∈ C[X1, . . . , Xn] as a prod-
uct of irreducible factors is the problem of factorization. A natural extension
is the problem of finding the irreducible components of the complex zero set
of given polynomials f1, . . . , fr ∈ C[X1, . . . , Xn]. As a prototype of the latter
we focus on the problem of counting the irreducible components. The goal of
this paper is to describe a very efficient algorithm for counting these, that even
allows the input polynomials fi to be given in the powerful datastructure of
straight-line programs (slps). For a fixed number r of polynomials with integer
coefficients, our algorithm works in the Turing model in randomized parallel
polylogarithmic time in the lengths and the formal degrees of the given slps.

In the following let us place this result into the context of the rather large
body of work on factorization. First of all, one has to distinguish between the
problems of rational and absolute factorization. The first asks for the rational
irreducible factors of a given f ∈ Q[X1, . . . , Xn], while the latter seeks the
factorization into irreducible polynomials over the algebraic closure of Q. For
the latter, one has to agree on how to represent these factors. In this paper,
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we are only concerned with the absolute factorization and its generalization to
several polynomials.

1.1. Rational Factorization of Polynomials. This is a widely studied
problem and we refer to the surveys by Kaltofen (1990, 1992) for information
and references. A major result due to Kaltofen (1989) is an algorithm com-
puting the rational factorization of a multivariate rational polynomial encoded
as an slp that works in randomized polynomial time in the formal degree and
the length of the slp. If the formal degree of the slp is not included in the
input size, then the problem becomes at least NP-hard (Plaisted 1977). We
note that it is still unknown whether the rational factorization of a univariate
rational polynomial (even in dense representation) can be computed in parallel
polylogarithmic time, see von zur Gathen (1984). A disturbing fact is that
we do not even know whether the gcd of integers can be computed in parallel
polylogarithmic time.

1.2. Absolute Factorization of Polynomials. Kaltofen (1985b) was the
first to present an efficient parallel algorithm for testing absolute irreducibility.
Bajaj et al. (1993) described a geometric-topological algorithm for computing
the number and degrees of the absolute factors of a rational polynomial in par-
allel polylogarithmic time. An algebraic algorithm for counting absolute factors
(working over C) was given by Bürgisser & Scheiblechner (2007), based on Gao
(2003). For more information on absolute factorization we refer to Chèze &
Galligo (2005).

1.3. Irreducible Components. The first single exponential time algorithms
(in the bit model) for computing both the irreducible and absolutely irreducible
components of an algebraic variety are due to (Chistov 1984; Grigoriev 1984).
Giusti & Heintz (1991) succeeded in giving efficient parallel algorithms, but
only for the equidimensional decomposition due to the lack of efficient parallel
factorization procedures. Bürgisser & Scheiblechner (2007, 2008) used quite
different techniques (algebraic differential forms, triangular sets) to design an
algorithm for counting the irreducible components in parallel polynomial time.
This is used as a basic building block for the algorithms in the present pa-
per. Scheiblechner (2007b) showed that the related problem of counting the
connected components of a complex algebraic variety is PSPACE-hard. It is
unclear whether this extends to irreducible components.

1.4. Main Result. For fixed r ∈ N consider the following problem #IC(r)C:
Given f1, . . . , fr ∈ C[X1, . . . , Xn] encoded as slps and an upper bound on their
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formal degrees in unary, compute the number of irreducible components of their
zero set Z(f1, . . . , fr) ⊆ Cn. We shall denote with #IC(r)Z the restriction of
this problem to polynomials fi with integer coefficients. The complexity class
of functions computable in polynomial time in the Blum-Shub-Smale (BSS)
model over C is denoted FPC. The main result of this paper is

Theorem 1.1. We have #IC(r)C ∈ FPC and #IC(r)Z ∈ FRNC.

Here, FRNC is a new complexity class, which can be seen as a randomized
functional version of the class NC, see Section 3.3 for the definition. In a way
this result can be interpreted as a generalization of Kaltofen’s 1989 result from
one polynomial to a constant number of them. However, we consider absolute
factorization and in turn achieve good parallelization.

1.5. Effective Bertini Theorem. The key idea of all efficient algorithms for
factoring multivariate polynomials is a reduction to a fixed number of variables.
The mathematical result allowing this is an effective version of Hilbert’s irre-
ducibility theorem stating that an irreducible polynomial remains irreducible
when making a generic linear substitution to a bivariate polynomial. Von
zur Gathen (1985); Kaltofen (1985a) provide effective versions of this theorem
that allow to analyze randomized algorithms based on that.

The analogue of Hilbert’s irreducibility theorem in our situation is Bertini’s
theorem stating that the intersection of an irreducible variety V of codimen-
sion r with a generic linear subspace L of dimension r+ 1 remains irreducible.
In Theorem 5.5 we provide an effective version of Bertini’s theorem that gives
an explicit condition for a “good subspace” L. This can be applied for re-
ducing to a fixed number r + 1 of variables. We note that the algorithm of
Bürgisser & Scheiblechner (2008) works a fixed number of variables in parallel
polylogarithmic time.

In order to analyze the resulting algorithm we use the complexity theoretic
framework developed in Bürgisser et al. (2005) for problems from algebraic ge-
ometry, in particular the concept of generic parsimonious reductions, cf. Sec-
tion 3.1. In fact, our explicit Bertini theorem yields a generic parsimonious
reduction to the case of a fixed dimension of the ambient space. A fundamen-
tal result from Bürgisser et al. (2005) says that generic parsimonious reductions
always yield polynomial time Turing reductions in the BSS model, which leads
to the first assertion of Theorem 1.1.

As an analogue for the bit model we define in Section 3.2 the new notion
of randomized parsimonious reductions. The second assertion of Theorem 1.1
then follows with the help of a new transfer principle (Theorem 3.8) stating that
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a generic parsimonious reduction between two counting problems (computable
in parallel polylogarithmic time) yields a randomized parsimonious reduction
between their discrete versions.

1.6. Outline. First we fix notations and collect the necessary prerequisites
in Section 2. In Section 3 we define randomized parsimonious reductions that
work efficiently in parallel and we prove general transfer results from the BSS
to the Boolean model. Section 4 outlines the proof Theorem 1.1. The explicit
genericity condition for Bertini’s Theorem is formulated in Section 5. Finally,
Section 6 contains the proofs of the required results from algebraic geometry.

2. Preliminaries

2.1. Algebraic Geometry. As general references for basic algebraic geom-
etry we refer to Harris (1992); Mumford (1976).

2.1.1. Basic Terminology and Notation. Let C[X] := C[X1, . . . , Xn] de-
note the polynomial ring and An := An(C) the affine space over C. An affine
variety V is defined as the zero set

V = Z(f1 . . . , fr) := {x ∈ Cn | f1(x) = · · · = fr(x) = 0} ⊆ An

of finitely many polynomials f1 . . . , fr ∈ C[X]. In the projective case we set
C[X] := C[X0, . . . , Xn] and denote by Pn := Pn(C) the projective space over C.
The projective zero set of homogeneous polynomials f1 . . . , fr ∈ C[X] is called a
projective variety and it is also denoted by Z(f1 . . . , fr) ⊆ Pn. The (vanishing)
ideal I(V ) of an affine variety V is I(V ) := {f ∈ C[X] | ∀x ∈ V f(x) = 0}.

The varieties form the closed sets of a topology on An (Pn), the Zariski
topology. A subset of An (Pn) is called irreducible iff it is not the union of two
proper closed subsets. Each variety V admits an (up to order) unique irredun-
dant decomposition into irreducible varieties Vi, i.e., V = V1 ∪ · · · ∪ Vt with
Vi * Vj for all 1 ≤ i 6= j ≤ t. This will be called the irreducible decomposi-
tion, and the Vi the irreducible components of V . We will write #ic(V ) for the
number of irreducible components of V . On An there exists a second natural
topology induced by the Euclidean norm. It induces a quotient topology on Pn

with respect to the natural projection π : Cn+1 \ {0} → Pn. We call both of
these topologies the Euclidean topology. By (Mumford 1976, (4.16)) a non-
empty Zariski-open subset of an irreducible variety is connected with respect
to the Euclidean topology. An easy consequence of this is that for constructible
sets (i.e., Boolean combinations of varieties) Zariski-connectedness is equivalent
to Euclidean-connectedness. By (Mumford 1976, (2.33)) a Zariski-open subset
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of an irreducible variety is dense in the Euclidean topology. This implies that
the closures of a constructible set with respect to the two topologies coincide.

2.1.2. Dimension, Tangent Space, and Smoothness. The dimension
dimV of an algebraic variety V is the maximal (Krull) dimension of its irre-
ducible components. A variety all of whose irreducible components have the
same dimension m is called (m-)equidimensional. By grouping the irreducible
components of equal dimension one obtains the equidimensional decomposition
V = V(0) ∪ · · · ∪ V(n), where V(m) is either m-equidimensional or empty. For
x ∈ An (Pn) we define the local dimension dimx V as the dimension of the union
of all irreducible components of V containing x. We will frequently use the ar-
gument that an irreducible subset Z ⊆ V with x ∈ Z and dimZ = dimx V
must be an irreducible component of V . The Dimension Theorem (Mumford
1976, (3.28)) states that for two subvarieties V,W of An or Pn, each irreducible
component Z of V ∩W satisfies dimZ ≥ dimV + dimW − n. Furthermore,
if V,W ⊆ Pn and dimV +dimW ≥ n, then V ∩W 6= ∅ (Mumford 1976, (3.30)).

The differential of a polynomial f ∈ C[X] at x ∈ An is the linear function
dxf : Cn → C defined by dxf(v) :=

∑
i

∂f
∂Xi

(x)vi. The (Zariski) tangent space
of the affine variety V at x ∈ V is defined as the vector subspace

TxV := {v ∈ Cn | ∀f ∈ I(V ) dxf(v) = 0} ⊆ Cn.

With generators f1, . . . , fr of the ideal I(V ) we have TxV = Z(dxf1, . . . , dxfr).
In general dimTxV ≥ dimx V holds. We say that x ∈ V is a smooth point

of V iff dimTxV = dimx V . Otherwise x is said to be a singular point of V . We
denote the set of smooth (singular) points of V by Reg (V ) (Sing (V )). The set
Sing (V ) is a subvariety of V of lower dimension and Reg (V ) is dense in V .

Let V ⊆ An andW ⊆ Am be affine varieties. A map f : V → W is called reg-
ular iff there exist polynomials f1, . . . , fm such that f(x) = (f1(x), . . . , fm(x))
for all x ∈ V . The differential dxf : TxV → TxW of f is induced by the differ-
entials of the polynomials fi. Following Mumford (1976) we call f smooth at
a point x ∈ V iff x and f(x) are smooth points of V and W respectively, and
its differential dxf : TxV → Tf(x)W at x is surjective. We call f smooth over
y ∈ W iff f is smooth at all x ∈ f−1(y).

Since all these definitions are local, they also apply to projective varieties
V ⊆ Pn working in the affine charts Ui = V ∩{Xi 6= 0}, 0 ≤ i ≤ n. In this case
we also use another version of the tangent space. For its definition we denote
by V c the affine cone of V , i.e., V c = π−1(V ) ∪ {0}, where π : Cn+1 \ {0} →
Pn is the natural projection. The projective tangent space TxV at x ∈ V
is the projective linear subspace of Pn corresponding to the Zariski tangent
space TvV

c, where v ∈ π−1(x) (Harris 1992, pp. 181ff.).
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Now let f : V → W be a surjective regular map between equidimensional
varieties of the same dimension. Assume that f has finite fibers, i.e., for all
y ∈ W the set f−1(y) is finite. Let B := {y ∈ W | f not smooth over y}
the set of branching values of f . Then by the Inverse Function Theorem, f
is on f−1(W \ B) a local diffeomorphism, hence f restricts to a topological
covering map f−1(W \ B) → W \ B (cf. Section 2.2). If furthermore P ⊆ W
is an equidimensional subvariety, then f is transversal to Reg (P ) \ B (i.e.,
im dxf+Tf(x)P = Tf(x)W for all x ∈ f−1(Reg (P )\B)), hence f−1(Reg (P )\B)
is a submanifold of f−1(W \ B) by (Bredon 1997, Theorem 15.2). The same
argument as above shows that f restricts further to a covering f−1(Reg (P ) \
B) → Reg (P ) \B.

2.1.3. Blow-Ups. We will need some elementary facts about blow-ups, see
Harris (1992, pp. 80 ff.) and Mumford (1976, p. 32 and 73 ff.). Let V ⊆ Pn

be a variety and y = (y0 : · · · : yn) ∈ V . Assume w.l.o.g. y0 6= 0. Then the
map py : Pn \ {y} → Pn−1, (x0 : · · · : xn) 7→ (y0x1 − y1x0 : · · · : y0xn − ynx0)

is called a projection centered at y. Let Ṽ be the closure of the graph Γ of
py|V \ {y} in V × Pn−1. The restriction π : Ṽ → V of the projection onto the
first component is called the blow-up of V at y. The inverse image E := π−1(y)

is called the exceptional fiber of the blow-up. It is easy to see that Ṽ is the
disjoint union of Γ and E. It follows that π restricts to a homeomorphism
Ṽ \ E → V \ {y}, whose inverse is given by x 7→ (x, py(x)) for x ∈ V \ {y}.
Furthermore, the complement Ṽ \E = Γ is dense in Ṽ . If V is irreducible, so is

V \ {y}. Hence Ṽ \ E is irreducible and thus its closure Ṽ as well. In general,

we have #ic(V ) = #ic(Ṽ ).

To visualize the blow-up at a smooth point, we first consider the case V =
Pn. Then, denoting for z ∈ Pn−1 by `z the line p−1

y (z) ∪ {y} in Pn, the blow-

up becomes P̃n = {(x, z) ∈ Pn × Pn−1 |x ∈ `z} with exceptional fiber E =

{y}×Pn−1. This means that P̃n is obtained from Pn by replacing y with a copy E
of Pn−1 in such a way that approaching E from different directions one ends
up in different points. Thus P̃n looks like a spiral staircase winding around E.
Harris (1992, p. 83) also gives an analytic construction of the blow-up of a
complex manifold and shows that it is again a manifold. Furthermore, the
blow-up is locally functorial in the sense that a biholomorphic map f : U → U
of a neighborhood U of y with f(y) = y lifts to a biholomorphic map f̃ : Ũ → Ũ .

Now a variety V of dimension m is near a smooth point y a manifold, hence Ṽ
is smooth in all point of E, where it looks locally like P̃m.
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2.1.4. Grassmannians and Degree. The linear subspaces of Pn of dimen-
sion s form an irreducible projective variety Gs(Pn) of dimension (s+1)(n− s)
embedded in P(n+1

s+1)−1 (Harris 1992, Lecture 6). This variety is called the Grass-
mannian. For a linear subspace L ⊆ Pn we also use the notation Gs(L) with
the obvious meaning. We say that a property holds for almost all or generic
x ∈ V iff there exists an open dense subset U ⊆ V such that the property
holds for all x ∈ U . The degree deg V of an irreducible projective variety V of
dimension m is defined as the cardinality of V ∩L for a generic L ∈ Gn−m(Pn),
see (Mumford 1976, §5A) or (Harris 1992, Lecture 18). We define the degree
deg V of a reducible variety V to be the sum of the degrees of all irreducible
components of V .

Bézout’s Theorem implies a well-known bound on the degree of a variety
in terms of the degrees of its defining polynomials (cf. Scheiblechner (2007a)).
Let V ⊆ An (Pn) be a variety defined by (homogeneous) polynomials of degree
at most d. Then deg V ≤ dn. An obvious but important observation is that
the number of irreducible components of V is also bounded by dn.

2.2. Topology. We will use some topological arguments concerning cover-
ings, fibrations, and fiber bundles. Algebraic varieties with the Euclidean topol-
ogy are locally conic (Dimca 1992, Theorem (1.5.1)). It follows that they are
locally contractible, paracompact, and Hausdorff. In this section all maps are
assumed to be continuous and space means topological space.

A covering is a map p : T → B with the property that each b ∈ B has an
open neighborhood U such that p−1(U) is the disjoint union of open subsets
of T each of which p maps homeomorphically onto U . Coverings have the
important path lifting property: Given a path c : [0, 1] → B and e ∈ T with
p(e) = c(0), there exists a path c̃ : [0, 1] → T with c̃(0) = e and c = p ◦ c̃. This
follows from the fact that coverings are fibrations (see below). If B is connected,
then p : T → B is a covering iff there exists a discrete space D such that each
b ∈ B has an open neighborhood U and a homeomorphism ϕ : p−1(U) →
U × D with pr1 ◦ ϕ = p. As a generalization one obtains the definition of a
fiber bundle by replacing the discrete space D by an arbitrary space F . Since
all fibers p−1(b) of a fiber bundle p : T → B are homeomorphic to F , it is
called the fiber of p. The simplest example of a fiber bundle is the trivial or
product bundle pr1 : B × F → B. In this sense one says that fiber bundles are
locally trivial and can be seen as twisted products. A more flexible homotopy-
theoretic generalization of fiber bundles are fibrations. A fibration is a map
p : T → B which has the homotopy lifting property with respect to all spaces X.
This means that for all maps f̃ : X → T and homotopies H : X × [0, 1] → B,
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(x, t) 7→ Ht(x), with H0 = p ◦ f̃ there exists a homotopy H̃ : X × [0, 1] → T

with H̃0 = f̃ and H = p ◦ H̃. By (Spanier 1966, Theorem 2.2.3) coverings
are fibrations. More generally, fiber bundles over paracompact and Hausdorff
base spaces are fibrations (Spanier 1966, Corollary 2.7.14). Fibrations are in
a homotopy-theoretic sense locally trivial. Let pi : Ti → B, i ∈ {1, 2}, be two
fibrations. A map f : T1 → T2 is called fiber-preserving iff p1 = p2 ◦ f . A
fiber-preserving map f : T1 → T2 is called fiber homotopy equivalence iff there
exists a fiber-preserving map g : T2 → T1 such that f ◦ g and g ◦ f are both
homotopic to the identity via homotopies H such that Ht is fiber-preserving
for all t. It follows from (Spanier 1966, Corollary 2.8.15) that fibrations over
locally contractible base spaces are locally fiber homotopy equivalent to a trivial
fibration. In particular, any two fibers of a fibration over a path-connected
base space are homotopy equivalent (Spanier 1966, Corollary 2.8.13). One
advantage of working with fibrations is that the composition of fibrations is
a fibration (Spanier 1966, Theorem 2.2.6). This statement is false for fiber
bundles or coverings (Spanier 1966, Example 2.2.8). Later we will use the easy
to see argument that if f : X → Y is a homotopy equivalence and Z ⊆ Y is a
path component (i.e., a maximal path connected subspace), then f−1(Z) is a
path component of X.

2.3. Complexity Theory.

2.3.1. Models of Computation. Our model of computation is that of al-
gebraic circuits, cf. Blum et al. (1998); von zur Gathen (1986). Let k be a field.
We set k∞ :=

⊔
n∈N k

n and call |x| := n the size of the input x ∈ kn. Recall
that the size of an algebraic circuit C is the number of nodes of C, and its depth
is the maximal length of a path from an input to an output node. An algebraic
circuit containing only the constants 0 and 1 is called constant-free. A circuit
without division nodes is called division-free.

We call a division-free algebraic circuit without sign nodes an arithmetic
circuit or straight-line program (slp for short). We note that the usual definition
of straight-line programs as a sequence of arithmetic instructions is essentially
equivalent to ours. Detailed information on slps can be found in Bürgisser et al.
(1997). We define the formal degree deg C of an slp C by assigning the degree 1
to constant and input nodes. The degree of an arithmetic node from {+,−}
({×, /}) is the maximum (sum) of the degrees of its parents. The degree of
an output node is the degree of its parent. The degree of the circuit C is then
defined as the maximal degree of its nodes. It is clear that the degree of a
polynomial computed by an slp is bounded by its formal degree. Furthermore,
the formal degree also controls the bit-size of the computation of an slp on
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integer inputs. In particular, the bit-size of the output of an slp C of depth t
on inputs of bit-size at most ` is at most O(`t deg C).

2.3.2. Complexity Classes. We say that a function f : k∞ → k∞ can
be computed in parallel time d(n) and sequential time s(n) iff there exists a
polynomial-time uniform family of algebraic circuits (Cn)n∈N over k of size s(n)
and depth d(n) such that Cn computes f |kn. In the case d(n) = (log n)O(1)

we require logspace-uniformity. The function f is called computable in paral-
lel polynomial (polylogarithmic) time iff f can be computed in parallel time

nO(1) ((log n)O(1)) and sequential time 2nO(1)
(nO(1)). The set of functions

f : k∞ → k∞ with |f(x)| = |x|O(1) which are computable in parallel poly-
nomial (polylogarithmic) time is denoted with FPARk (FNCk). A function is
called computable in polynomial time iff it can be computed in sequential time
nO(1). The class FPk consists of all functions computable in polynomial time.

The decisional version C of one of the above functional classes FC is defined
as the set of all languages A ⊆ k∞ whose characteristic function lies in FC .

Next we define the polynomial hierarchy. For m ∈ N define Σm
k to be the

class of all languages A ⊆ k∞ such that there exist polynomials p1, . . . , pm and
a language B ∈ Pk with

x ∈ A ⇐⇒ Q1y1 ∈ kp1(n) · · ·Qmym ∈ kpm(n)(x, y1, . . . , ym) ∈ B,

for all x ∈ k∞ with n = |x|, where Q1, . . . , Qm is an alternating sequence of
quantifiers ∃ and ∀, and Q1 = ∃. One important special case is NPk := Σ1

k.
The polynomial hierarchy is defined by PHk :=

⋃
m∈N Σm

k .
A Boolean combination of polynomial equations over k is called a quantifier-

free formula over k. A first-order formula over k is a formula of type

Q1y1 ∈ k · · ·Qmym ∈ k F (x, y1, . . . , ym),

where the Qi are quantifiers and F (x, y1, . . . , ym) is a quantifier-free formula
over k. It is a well-known fact that for a language A ∈ Pk there exists a
polynomial p and a sequence Fn(x, y) of quantifier-free formulas of polynomial
size, such that for all n ∈ N and all x ∈ kn we have

x ∈ A ⇐⇒ ∃y ∈ kp(n)Fn(x, y).

To be more precise, let α1, . . . , αt be the constants of the circuit family de-
ciding A. Then the formulas Fn(x, y) can be chosen to be conjunctions of
polynomially many equations of constant degree, whose coefficients are integer
polynomials of constant bit-size in α1, . . . , αt (Blum et al. 1998). It follows
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that a language A ∈ PHk can be described by a family of first-order formulas
of polynomial size over k.

For any of the classes defined so far there is also a constant-free version,
where the corresponding circuits are required to be constant-free. For a class C
its constant-free version is denoted by C 0.

In the case k = F2 algebraic circuits are equivalent to Boolean circuits and
we retrieve the versions of the above complexity classes in the bit model, which
we write in sans serif, e.g. FNC. The class PARF2 is denoted by PSPACE, since
it coincides with the class of all languages decidable by a polynomial-space
Turing machine (Borodin 1977).

A classical randomized complexity class is RNC (Johnson 1990), which is
defined as the set of languagesA ⊆ {0, 1}∞ such that there exists a polynomial p
and a language B ∈ NC with

x ∈ A ⇒ Pr
(
{y ∈ {0, 1}p(n) | (x, y) ∈ B}

)
≥ 1

2
,

x /∈ A ⇒ Pr
(
{y ∈ {0, 1}p(n) | (x, y) /∈ B}

)
= 1,

for all n ∈ N and x ∈ {0, 1}n.
The concept of reductions is fundamental in complexity theory. We recall

the notion of Turing reductions. An oracle for a function g is a black box
which on input x outputs g(x) in one time-step. Now let f, g : k∞ → k∞ be
two functions. A Turing reduction from f to g is a polynomial time algorithm
computing f with an oracle for g.

3. Transfer, Generic, and Randomized Reductions

3.1. Generic Parsimonious Reductions. Constructions in algebraic ge-
ometry often rely on generic choices in the sense of Section 2.1.4. Informally, a
generic parsimonious reduction as defined by Bürgisser et al. (2005) is a parsi-
monious reduction, in whose computation generic choices are allowed, provided
that the genericity condition can be expressed by formulas of moderate size.

We call a relation R ⊆ C∞ × C∞ balanced with associated polynomial p iff
for all u, a ∈ C∞ satisfying R(u, a) we have |a| = p(|u|). By identifying Cm

with R2m and thus C∞ with R∞ it makes sense to say that a relation R is in
the constant-free polynomial hierarchy over R. Recall the notion N = N∪{∞}.

Definition 3.1. Let ϕ, ψ : C∞ −→ N. A generic parsimonious reduction
from ϕ to ψ is a pair (π,R), where π : C∞ × C∞ −→ C∞ is in FPC and R is a
balanced relation in PH0

R with associated polynomial p, such that for all n ∈ N:
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(a) ∀u ∈ Cn ∀a ∈ Cp(n)
(
R(u, a) ⇒ ϕ(u) = ψ(π(u, a))

)
,

(b) ∀u ∈ Cn {a ∈ Cp(n) |R(u, a)} is Euclidean dense in Cp(n).

We write ϕ �∗ ψ iff there exists a generic parsimonious reduction from ϕ to ψ.

The following theorem from (Bürgisser et al. 2005, Theorem 4.4) essentially
states that for u ∈ C∞, witnesses a satisfying R(u, a) can be computed in
polynomial time over C.

Theorem 3.2. Let ϕ, ψ : C∞ −→ N. If ϕ �∗ ψ, then ϕ Turing reduces to ψ.

3.2. Randomized Parsimonious Reductions. One may interpret the sec-
ond condition in Definition 3.1 by saying that for each u ∈ Cn, a randomly
chosen a ∈ Cp(n) satisfies R(u, a) almost surely. Following (Bürgisser et al.
2005, Remark 6.7) we give now a definition of a randomized reduction in the
discrete setting. We require that this reduction works efficiently in parallel.

Definition 3.3. Let ϕ, ψ : {0, 1}∞ → {0, 1}∞. A randomized parsimonious
reduction from ϕ to ψ is a function π : {0, 1}∞ × {0, 1}∞ −→ {0, 1}∞ in FNC
such that there exists a polynomial p and a constant 0 < q < 1 such that for
all n ∈ N and all x ∈ {0, 1}n

(3.4) Pr
(
{y ∈ {0, 1}p(n) |ϕ(x) 6= ψ(π(x, y))}

)
≤ qn.

We write ϕ �R ψ iff there exists a randomized parsimonious reduction from ϕ
to ψ.

In (Bürgisser et al. 2005, Lemma 4.3) it is shown that the generic parsimo-
nious reduction is transitive. The same holds for the randomized reduction.

Lemma 3.5. The relation �R is transitive.

Proof. Let ϕ, ψ, χ : {0, 1}∞ → {0, 1}∞ with ϕ �R ψ via π1 and ψ �R χ
via π2. Let p1, p2 be the corresponding polynomials and 0 < q1, q2 < 1 the
corresponding constants such that (3.4) holds. Set p := p1 + p2 and define
π(x, y) := π2(π1(x, y1), y2) for x ∈ {0, 1}n, y = (y1, y2) ∈ {0, 1}p(n). Then
clearly π ∈ FNC. To prove the probability estimate, we write Pry for the
probability with randomly chosen y, where its range is clear from the context.
For each x ∈ {0, 1}n we have

Pry(ϕ(x) 6= χ(π(x, y))) = Pr(y1,y2)(ϕ(x) 6= χ(π2(π1(x, y1), y2)))

≤ Pry1(ϕ(x) 6= ψ(π1(x, y1))) + Pr(y1,y2)(ψ(π1(x, y1)) 6= χ(π2(π1(x, y1), y2))).
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The first of these probabilities is at most qn
1 . To bound the second one, consider

for fixed y1 the conditional probability Pry2(ψ(π1(x, y1)) 6= χ(π2(π1(x, y1), y2))),

which is bounded by q
|π1(x,y1)|
2 ≤ qn

2 , since w.l.o.g. |π1(x, y1)| ≥ n. This holds
for all y1, therefore the second probability is bounded by qn

2 . Hence Pry(ϕ(x) 6=
χ(π(x, y))) ≤ qn

1 + qn
2 . Any q with max{q1, q2} < q < 1 satisfies qn

1 + qn
2 ≤ qn

for sufficiently large n, hence (3.4) holds for such q. One can easily modify π
on a finite number of instances such that this holds for all n ∈ N. �

3.3. The Complexity Class FRNC. Recall the well-known parallel random-
ized complexity class RNC of decision problems (cf. Section 2.3.2). We aim at
defining a parallel randomized class of functional problems by allowing errors
for any result.

Definition 3.6. We denote by FRNC the class of all functions ϕ : {0, 1}∞ →
{0, 1}∞ such that there exists a polynomial p, a constant 0 < q < 1 and a
function ψ : {0, 1}∞ × {0, 1}∞ → {0, 1}∞ in FNC, such that for all x ∈ {0, 1}∞
with n = |x|

Pr
(
{y ∈ {0, 1}p(n) |ϕ(x) 6= ψ(x, y)}

)
≤ qn.

To motivate this definition we note that in the context of decision problems,
it is common to require a failure probability bounded by a constant. This
probability can then be made exponentially small by repeating the algorithm
polynomially often. Since it is not clear how to do this for functional problems,
we have chosen the above definition.

We also note that (Johnson 1990, p. 133) has a definition of a similar, but
a bit more restricted class. For our purposes we need the above definition.

Lemma 3.7. (i) The class FRNC consists of all ϕ : {0, 1}∞ → {0, 1}∞ such
that there exists ψ : {0, 1}∞ → {0, 1}∞ in FNC with ϕ �R ψ. Hence
FRNC is the closure of FNC with respect to randomized reductions.

(ii) The class FRNC is closed under �R.

(iii) NCRNC ⊆ FRNC.

Proof. (i) Let ϕ ∈ FRNC and ψ ∈ FNC according to Definition 3.6. Then ψ
defines a randomized reduction from ϕ to the identity. On the other hand, if
ϕ �R ψ via π and ψ ∈ FNC, then ψ ◦ π ∈ FNC, hence the function ψ̃ := ψ ◦ π
satisfies Definition 3.6.

(ii) Let ϕ �R ψ and ψ ∈ FRNC. By (i) there exists χ ∈ FNC with ψ �R χ.
Transitivity implies ϕ �R χ, thus ϕ ∈ FRNC by (i) again.
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(iii) This is clear by definition. �

3.4. A Transfer Theorem for Counting Problems. Let ϕ : C∞ → C∞

be a function. If ϕ maps Z∞ to Z∞, we define ϕZ : {0, 1}∞ → {0, 1}∞ to
be the restriction of ϕ to Z∞, using a common binary encoding of tuples of
integers. For counting functions ϕ : C∞ → N := N ∪ {∞}, we similarly define
ϕZ : {0, 1}∞ → {0, 1}∞.

The following transfer principle is the main result of this section.

Theorem 3.8. Let ϕ, ψ : C∞ → N with ϕ �∗ ψ via (π,R), where πZ is defined
and lies in FNC. Then ϕZ �R ψZ.

Proof. Let p be the polynomial associated to R. Since R ∈ PH0
R, we have

for all n ∈ N and all (u, a) ∈ Cn × Cp(n) ' R2n × R2p(n)

(3.9) R(u, a) ⇐⇒ Q1z1 ∈ Rp1(n) · · ·Qmzm ∈ Rpm(n)Fn(u, a, z1, . . . , zm),

where Q1, . . . , Qm is an alternating sequence of quantifiers ∃ or ∀, p1, . . . , pm

are polynomials, and Fn(u, a, z1, . . . , zm) is a conjunction of polynomially many
equations of constant degree with integer coefficients of constant size (cf. Sec-
tion 2.3.2). By quantifier elimination there exists a quantifier free formula
Φn(u, a) in disjunctive normal form

∨I
i=1

∧Ji

j=1 hij∆ij0, where ∆ij ∈ {≤, <,=
, 6=}, which is equivalent to (3.9). Note that the hij are nonzero integer poly-
nomials in the real and imaginary parts of u and a. The bounds on efficient
quantifier elimination of Renegar (1992) imply that there exists such a for-
mula Φn(u, a) having M =

∑
i Ji atomic predicates with integer polynomials

of degree D and bitsize L, where M , D, and L are all bounded by 2nO(1)
.

Now for u ∈ Cn let Wu := {a ∈ Cp(n) |R(u, a)} = {a ∈ Cp(n) |Φn(u, a)}
be the set of its witnesses. By definition, Wu is Euclidean dense in Cp(n). We
claim that

Uu := {a ∈ Cp(n) |
∧
i,j

hij(u, a) 6= 0} ⊆ Wu.

Otherwise there would exist a ∈ Uu \Wu. Since the sign of hij does not change
in a small neighbourhood of a, the complement of Wu would contain a ball
around a, a contradiction to Wu being dense.

Setting fu :=
∏

ij hij(u, ·) we can write Uu = {fu 6= 0}. By the above

bounds we have deg fu ≤ MD ≤ 2nO(1)
. Now let En := {1, . . . , cn} with some

integer cn ∈ N and sample a witness a ∈ E
2p(n)
n uniformly at random. Then
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Uu∩E2p(n)
n is a set of “good” witnesses. The Schwartz-Zippel Lemma (Schwartz

1980, Lemma 1) implies

(3.10) Pr
(
{a ∈ E2p(n)

n | fu(a) = 0}
)
≤ deg fu

cn
.

Hence for cn ≥ 2n deg fu, which is of order 2nO(1)
, the failure probability (3.10)

is bounded by 2−n. By encoding the samples in set E
2p(n)
n as bitstrings of

fixed length O(p(n) log cn) = nO(1) it follows that πZ defines a randomized
parsimonious reduction from ϕZ to ψZ. �

We finish this section with another transfer result. The Boolean part of
a decisional complexity class C in the BSS-model is defined as BP(C ) :=
{A∩{0, 1}∞ |A ∈ C }, see Blum et al. (1998). It is not clear whether BP(NCC)
is contained in FNC. However, we can prove the following.

Theorem 3.11. We have BP(NCC) ⊆ NCRNC ⊆ FRNC.

The proof is a variation of some well known techniques. Consider the prob-
lem ACIT of deciding whether the polynomial computed by a given constant-
free arithmetic circuit C on the input variables c1, . . . , cp equals zero. It is well
known that ACIT lies in coRP (Ibarra & Moran 1983). Consider now the
subproblem ACITk consisting of those arithmetic circuits C having depth at
most (log size(C))k, where k denotes fixed constant. An analysis of the proof
of Ibarra & Moran (1983) shows that ACITk lies in coRNC.

Proof (Theorem 3.11). (Sketch) Let (Cn)n be a uniform family of algebraic
circuits of depth (log n)O(1) and size nO(1) using complex constants c1, . . . , cp.
By a well-known construction (Blum et al. 1998, §7.2) we may assume that the
constants c1, . . . , cp are algebraically independent over Q.

We simulate the algebraic circuit Cn on input x ∈ {0, 1}n by a Boolean
circuit of depth (log n)O(1) and size nO(1). The point is to represent the inter-
mediate results, which are polynomials in Z[c1, . . . , cp], by the slps computing
them. To test such a polynomial for zero, we use the fact that ACITk lies
in coRNC. �

Note that even when there are no constants, it is not clear how to avoid
randomization, since the integers computed by the slps might have quasipoly-
nomial bitsize in n.

Likewise as above we can show the following result, which is very similar to
the result BP(PAR=

R ) = PSPACE proved by Cucker et al. (1995).
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Corollary 3.12. We have BP(PARC) = PSPACE.

Cucker & Grigoriev (1997) showed the related result BP(PAR0
R) = PSPACE

over R.

4. Outline of Proof of Main Result

Recall the problem #IC(r)C of computing the number of irreducible compo-
nents of Z(f1, . . . , fr) ⊆ An for polynomials f1, . . . , fr ∈ C[X] given as slps
together with an upper bound on their formal degrees in unary. We denote
by #ProjIC(r)C the corresponding projective version of the problem, where
the input polynomials are assumed to be homogeneous and their zero set is
considered in Pn. The restriction of this problem to input polynomials with
integer coefficients is denoted by #ProjIC(r)Z.

It is easy to reduce #IC(r)C to #ProjIC(r)C by homogenizing the given
polynomials of degree at most d with respect to degree d + 1. Then the hy-
perplane at infinity becomes an irreducible component of the resulting variety,
and so the number of irreducible components increases exactly by one.

For proving the main Theorem 1.1 it will be therefore sufficient to prove an
upper bound for #ProjIC(r)C. Let #ProjIC(r, n)C denote the restriction
of #ProjIC(r)C to varieties in Pn, i.e., the dimension n of the ambient affine
space is fixed. As above, #ProjIC(r, n)Z denotes its restriction to polynomi-
als with integer coefficients. For this problem efficient parallel algorithms are
essentially known.

Proposition 4.1. (i) We have #ProjIC(r, n)C ∈ FNCC.

(ii) We have #ProjIC(r, n)Z ∈ FRNC.

Proof. Suppose the input polynomials have degree at most d.
(i) Given slps encoding a polynomial system with zero set V , we first com-

pute their dense representation by interpolation. For the evaluation we use the
efficient parallel algorithm of Miller et al. (1988). Then we use the algorithm
of Bürgisser & Scheiblechner (2008) to compute the number of irreducible com-

ponents of V by uniform algebraic circuits of size dnO(1)
and depth (n log d)O(1).

Since n is fixed, this is an FNCC-algorithm.
(ii) We believe one could avoid randomization by analysing the growth of

bitsize in the algorithm of part (i). However, this is not essential so that we
argue more conveniently using our general transfer principles. The zero set of
the given polynomials has at most dn irreducible components (cf. Section 2.1.4).
Hence the output size of #ProjIC(r, n)Z is logarithmic in the input size.
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We now observe that for any function ϕ : C∞ → N such that ϕZ has loga-
rithmic output size, ϕ ∈ FNCC implies ϕZ ∈ FRNC. Indeed, suppose that for
inputs x of bitsize m, ϕZ(x) has bitsize ` = O(logm). On input x we check in
parallel for all nonnegative integers y of bitsize ` whether y = ϕ(x). Clearly,
this describes an algorithm implementable in FNCC. The assertion follows now
from Theorem 3.11. �

The crucial step in the proof of Theorem 1.1 is the generic parsimonious
reduction stated below.

Proposition 4.2. We have #ProjIC(r)C �∗ #ProjIC(r, r + 1)C via a re-
duction map π such that πZ is defined and lies in FNC.

We postpone the proof and discussion of this proposition and continue with
the proof of Theorem 1.1

Proof (Theorem 1.1). Proposition 4.2 combined with Theorem 3.2 yields
a Turing reduction from #ProjIC(r)C to #ProjIC(r, r + 1)C. Together
with Proposition 4.1(i) this proves #ProjIC(r)C ∈ FPC.

Proposition 4.2 combined with Theorem 3.8 yields a randomized reduc-
tion from #ProjIC(r)Z to #ProjIC(r, r + 1)Z. Since FRNC is closed un-
der randomized parsimonious reductions (Lemma 3.7), this implies together
with Proposition 4.1(ii) that #ProjIC(r)Z ∈ FRNC. �

5. Explicit Genericity Condition for Bertini

The geometric idea behind Proposition 4.2 is Bertini’s Theorem (Mumford
1976, (4.18)). In this version it says that an irreducible projective variety V of
dimension m and a generic linear subspace L of codimension m− 1 meet in an
irreducible curve. It follows that if V is m-equidimensional, then the number
of irreducible components is preserved under intersections with generic linear
subspaces of codimension m− 1. For the general case assume that V is defined
by r polynomials. Then the dimension of each of its irreducible components
is at least n − r, hence the intersection of V with a generic linear subspace L
of dimension r + 1 preserves the number of irreducible components. To turn
this idea into a generic parsimonious reduction, we have to identify an explicit
condition on L under which V ∩ L has the same number of components as V .
This condition will consist of a combinatorial and a geometric part.

Recall that Gr+1(Pn) denotes the Grassmannian consisting of all linear sub-
spaces of dimension r+ 1. Let Vi denote the irreducible components of the va-
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riety V ⊆ Pn. The combinatorial genericity condition CV (L) on L ∈ Gr+1(Pn)
expresses that for i 6= j, no irreducible component of Vi ∩L is contained in Vj.

To explain the meaning of this, let Vi∩L =
⋃

j Zij denote the decomposition
of Vi∩L into irreducible components. Then, if CV (L) holds, the union V ∩L =⋃

ij Zij is irredundant and hence is the decomposition of V ∩L into irreducible
components. In particular, we have

#ic(V ∩ L) =
∑

i

#ic(Vi ∩ L).

For the formulation of the geometric genericity condition we need an ap-
propriate notion of transversality, which we define here for a lack of reference.
Our definition modifies the one of (Mumford 1976, pp. 80-81) to the case where
one variety is reducible and the other one is linear. Recall that we say that a
statement holds for almost all x in a variety V iff it holds for all x in an open
dense subset of V .

Definition 5.1. Let V ⊆ Pn be a projective variety and L ⊆ Pn be a
linear subspace. We say that V and L are transversal in x ∈ V ∩ L, written
V tx L, iff x is smooth in V , and dim(TxV ∩ TxL) = dimTxV + dimTxL− n.
Moreover, V and L are said to be transversal, V t L, iff we have V tx L for
almost all x ∈ V ∩ L.

We note that disjoint varieties are transversal by definition.
The following example shows that for Bertini’s Theorem it is not sufficient

to require transversality.

Example 5.2. Let V = Z(X0X3 −X2
1 ) ⊆ P3 be the cylinder over a parabola,

and consider the plane L = Z(X0−X3). Then V is irreducible and V t L, but
V ∩L = Z(X1+X3, X0−X3)∪Z(X1−X3, X0−X3) is reducible (cf. Figure 5.1).

♦

We need some further notations. Let M ∈ Gn−m−1(Pn) be defined by the
linearly independent linear forms α0, . . . , αm on Pn. Then a projection centered
at M is defined by

pM : Pn \M −→ Pm, x 7→ (α0(x) : · · · : αm(x)).

Notice that we have abused notation here, since pM depends on the choice of
the linear forms α0, . . . , αm. The map pM is surjective and the closure of its
fibers are projective linear spaces of dimension n−m. We note that if r ≥ n−m
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Figure 5.1: The plane L cuts V into two components.

and L ∈ Gr+1(Pn) is a linear space containing M , then pM(L) := pM(L \M) is
a linear subspace of Pm of dimension r + 1− (n−m) ≥ 1.

Let V be an m-equidimensional variety and M ∈ Gn−m−1(Pn) be disjoint
to V . Denote the restriction of pM to V by p : V → Pm. Then by the Noether
Normalization Lemma (Mumford 1976, (2.29)), p is a closed surjective map
with finite fibers. We define the set of branching values (cf. Section 2.1.2)

BM(V ) := {y ∈ Pm | p is not smooth over y}.

Note that BM(V ) depends on the choice of the linear forms definingM , whereas
the set p−1(BM(V )) does not. It follows from (Mumford 1976, (3.6)) that
BM(V ) is a variety, and from the algebraic version of Sard’s Lemma (Mumford
1976, (3.7)) that BM(V ) 6= Pm.

We note the following: if ` ⊆ Pm is a line, then ` t BM(V ) means that `
avoids the singular part of BM(V ) and meets the smooth part of BM(V )
transversally in finitely many points of BM(V ).

Now let n−m ≤ r < n. We define the geometric genericity condition GV (L)
on the linear space L ∈ Gr+1(Pn) as follows:

(5.3) ∃M ∈ Gn−m−1(L) ∃` ∈ G1(pM(L)) : M ∩ V = ∅ ∧ ` t BM(V ).

Note that condition (5.3) is well-defined: the existence of ` ∈ G1(pM(L)) with
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` t BM(Vm) is independent of the choice of the linear forms αi defining M .
Furthermore, G∅(L) is defined to be always true.

Example 5.4. (continued) The condition GV (L) states that there exists a
point M in the plane L outside of V such that the line ` = pM(L) is transversal
to B := BM(V ). However, one can show that for each M ∈ L \ V the set of
branching values B is the union of two lines meeting in some point of `. Since
` meets B in a singular point, they are not transversal, hence GV (L) is violated
(cf. Figure 5.2). On the other hand, the plane L′ := Z(X0 +X2−X3) satisfies
GV (L′) (cf. Figure 5.3). ♦

Figure 5.2: The line pM(L) meets B in a singular point.

Now let V ⊆ Pn be defined by r homogeneous polynomials, and V =
V(n−r) ∪ · · · ∪ V(n) be its decomposition into equidimensional components. We
define the genericity condition BV (L) on L ∈ Gr+1(Pn) as

CV (L) ∧
n∧

m=n−r

GV(m)
(L).

Theorem 5.5. Let the variety V ⊆ Pn be defined by r < n homogeneous
polynomials. Then, for each L ∈ Gr+1(Pn) satisfying the condition BV (L), the
intersection V ∩ L has the same number of irreducible components as V .
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Figure 5.3: For the plane L′ we have pM(L′) t B.

6. Proofs

6.1. Genericity of BV (L). We first prove some basic facts about transver-
sality.

Lemma 6.1. Let V ⊆ Pn be a variety and L ⊆ Pn be a linear subspace.

(i) If V tx L holds in x ∈ V ∩ L, then x is smooth in V ∩ L and we have
Tx(V ∩ L) = TxV ∩ TxL.

(ii) The set {x ∈ V ∩ L | V tx L} is open in V ∩ L.

(iii) If V t L, then we have dimx(V ∩ L) = dimx V + dimL − n for all
x ∈ V ∩ L. This conclusion also holds under the assumption that all
irreducible components Vi of V are transversal to L.

Proof. (i) By the Dimension Theorem we have for all x ∈ V ∩ L

(6.2) dimx(V ∩ L) ≥ dimx V + dimL− n.

Now let V tx L. We have dimTxV = dimx V since x is smooth in V . Hence

dimx(V ∩ L) ≤ dimTx(V ∩ L) ≤ dim(TxV ∩ TxL)

= dimTxV + dimTxL− n = dimx V + dimL− n.
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Equality follows with (6.2), which proves (i).
(ii) This follows easily from the upper-semicontinuity of the dimension.
(iii) Assume V t L. Let x ∈ V ∩ L and Z be an irreducible component

of V ∩ L of maximal dimension with x ∈ Z. By (ii), V t L implies that
U := {y ∈ V ∩ L |V ty L} is open and dense in V ∩ L. Hence U ∩ Z is
nonempty. By the upper-semicontinuity of the local dimension, the set U ′ :=
{y ∈ V | dimy V ≤ dimx V } is open in V . Hence U ′ ∩ Z is open in Z and
nonempty, as it contains x. Therefore, U ∩ U ′ ∩ Z contains a points y. By the
proof of (i), (6.2) is satisfied with equality in the point y. Hence

dimx(V ∩ L) = dimZ ≤ dimy(V ∩ L) = dimy V + dimL− n

≤ dimx V + dimL− n.

Together with (6.2), this proves the first assertion. The simpler proof of the
second assertion is left to the reader. �

Now we present some facts about the combinatorial condition CV (L).

Lemma 6.3. Let V ⊆ Pn be an algebraic variety with irreducible compo-
nents Vi and let L denote a linear subspace in Gr+1(Pn).

(i) If CV (L) holds, then V t L iff Vi t L for all i.

(ii) We have V t L for almost all L.

(iii) The condition CV (L) is satisfied for almost all L.

Proof. (i) Put V o
i := Vi \

⋃
k 6=i Vk. Then Reg (V ) ∩ Vi = Reg (Vi) ∩ V o

i . For
x ∈ V o

i we have TxV = TxVi, and hence V tx L iff Vi tx L.
Consider the open subsets T := {x ∈ V ∩ L | V tx L} and Ti := {x ∈

Vi ∩ L | Vi tx L}, cf. Lemma 6.1(ii). Then T ∩ Vi ⊆ Ti. Let Zij denote the
irreducible components of Vi ∩ L. We suppose that CV (L) holds. Then V t L
iff T ∩ Zij 6= ∅ for all i, j. Similarly, Vi t L iff Ti ∩ Zij 6= ∅ for all j. Since
T ∩ Zij ⊆ Ti ∩ Zij, it follows that V t L implies Vi t L for all i. For the other
direction assume by way of contradiction that Ti ∩ Zij 6= ∅ but T ∩ Zij = ∅.
As T ∩ V o

i = Ti ∩ V o
i by the reasoning at the beginning of the proof, we have

Ti ∩ Zij ⊆
⋃

k 6=i Vk. Hence Zij ⊆ Vk for some k 6= i, which contradicts CV (L).
(ii) If V is irreducible, this is a slight generalization of (Mumford 1976,

p. 70), that is proved in essentially the same way. The general case follows by
combining this with (i) and (iii).

(iii) Part (ii) for irreducible varieties implies that almost all L ∈ Gr+1(Pn)
are transversal to Vi and to all the irreducible components of Vi ∩ Vj, for all
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i 6= j. It is therefore sufficient to show that such a linear space L satisfies
the condition CV (L). Suppose by way of contradiction that there exists an
irreducible component Z of Vi∩L that is contained in Vj, for some i 6= j. Choose
x ∈ Z such that dimx(Vi ∩ L) = dimZ. Then we have dimx(Vi ∩ Vj ∩ L) ≥
dimZ = dimx(Vi ∩ L). On the other hand, using the transversality of L and
applying Lemma 6.1(iii) twice, we get

dimx(Vi∩Vj∩L) = dimx(Vi∩Vj)+r+1−n < dimVi +r+1−n = dimx(Vi∩L),

which is a contradiction. �

Lemma 6.4. Suppose V is m-equidimensional and let L ∈ Gr+1(Pn), where
n−m ≤ r < n. Then GV (L) implies V t L.

Proof. Let M be as in (5.3), and set p := pM |V , L′ := pM(L), B := BM(V ),
and U := p−1(L′ \B). By the definition of transversality it suffices to show

1. V tx L for all x ∈ U , and

2. U is dense in p−1(L′) = V ∩ L.

1. By definition of B, each x ∈ U is a smooth point of V , and the differential
dxp : TxV → Tp(x)Pm is an isomorphism. So dxp maps TxV ∩ TxL injectively
into Tp(x)L

′, hence dim(TxV ∩TxL) ≤ dimL′ = m+r+1−n. Since the opposite
inequality is trivial, equality follows. Hence V tx L.

2. We have dim(B ∩L′) < dimL′ (otherwise ` ⊆ L′ ⊆ B, which is impossi-
ble). Since p : V → Pm has finite fibers it follows that

dim p−1(B ∩ L′) = dim(B ∩ L′) < dimL′ = m+ r + 1− n ≤ dimZ

for each irreducible component Z of V ∩ L. Hence U ∩ Z = Z \ p−1(B ∩ L′) is
not empty. Thus U is dense in V ∩ L. �

Lemma 6.5. Let V ⊆ Pn be defined by r < n polynomials. Then almost
all L ∈ Gr+1(Pn) satisfy the condition BV (L).

Proof. According to Lemma 6.3(iii) it is sufficient to prove that the geo-
metric condition GV (L) holds for almost all L, where V is m-equidimensional.

Put Gk := Gk(Pn) and G′
k := Gk(Pm). For dimension reasons, almost

all M ∈ Gn−m−1 satisfy M ∩ V = ∅. By Lemma 6.3(ii) for each such M ,
almost all lines ` ⊆ Pm meet BM(V ) transversally. Hence the set D of all
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(M, `) ∈ Gn−m−1 × G′
1 satisfying M ∩ V = ∅ and ` t BM(V ) is dense in

Gn−m−1 ×G′
1. The morphism

ϕ : Gn−m−1 ×G′
1 → Gn−m+1, (M, `) 7→ p−1

M (`)

is easily seen to be surjective. It follows that ϕ(D) is dense in Gn−m+1. From
this it is not hard to deduce that the set of all L ∈ Gr+1 satisfying GV (L) is
dense. �

6.2. Proof of Theorem 5.5. This result is shown via connectivity proper-
ties. For this purpose we need two lemmas. The first one relates the connected
components of a dense subset of a variety with its irreducible components.

Lemma 6.6. Let V be an algebraic variety and U an open dense subset of V
with U ⊆ Reg (V ). Then the number of irreducible components of V equals
the number of connected components of U .

Proof. Let V = V1∪· · ·∪Vt be the irreducible decomposition of V . Since U is
dense in V , U meets each Vi. Since U ⊆ Reg (V ), each point of U lies in exactly
one Vi. Hence, U =

⋃t
i=1(U ∩ Vi) is a disjoint decomposition into nonempty

closed subsets. Since U ∩ Vi is open in Vi, it is connected (cf. Section 2.1.1). It
follows that U has t connected components. �

The second lemma is a purely topological statement about the relation of
the number of connected components of the total space of a fibration with that
of its fibers. Recall from Section 2.2 that a fibration π : E → B over a locally
contractible base space is locally fiber-homotopically trivial. A section of π is
a continuous map s : B → E with π ◦ s = idB.

Lemma 6.7. Let π : T → B be a fibration with T locally path-connected and B
locally contractible and connected. Let T = T1 ∪ · · · ∪ Tt be the decomposition
into connected components. Assume that for each 1 ≤ ν ≤ t there exists a
section sν : B → Tν . Then each fiber of π has t connected components.

Proof. Fix ν. For y ∈ B let π−1(y)1 denote the connected component of
π−1(y)∩ Tν containing sν(y), and set π−1(y)2 := (π−1(y)∩ Tν) \ π−1(y)1. Then

Tν =
( ⋃

y∈B

π−1(y)1

)
∪

( ⋃
y∈B

π−1(y)2

)
is a disjoint union, whose first set we denote by Aν and the second by Bν . We
now prove that Aν is open.
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For that purpose, let (Ui)i∈I be an open covering of B over which π is
fiber-homotopically trivial, i.e., for each i there exists F and a fiber homotopy
equivalence ϕ : π−1(Ui) → Ui × F such that the diagram

π−1(Ui)
ϕ−→ Ui × F

↘ π ↙ pr1

Ui

commutes. We can assume Ui to be non-empty and connected. Then pr2 ◦ ϕ ◦
sν(Ui) is also connected, hence lies in a connected component F1 of F . By a
remark at the end of Section 2.2 it follows that π−1(y)1 = ϕ−1({y} × F1) for
all y ∈ Ui. Thus Aν ∩ π−1(Ui) =

⋃
y∈Ui

π−1(y)1 = ϕ−1(Ui × F1) is open. Since
this holds for all i, we conclude that Aν is open. Analogously one sees that Bν

is open.
The connectedness of Tν implies Bν = ∅. Hence π−1(y) =

⋃
ν(π

−1(y) ∩ Tν)
is the decomposition into connected components, for y ∈ B. Therefore π−1(y)
has exactly t connected components. �

Now we are able to prove Theorem 5.5. We follow the lines of Fulton &
Lazarsfeld (1981).

Figure 6.1: Proof of Theorem 5.5.
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Proof (Theorem 5.5). As before let V =
⋃n

m=n−r V(m) denote the equidi-
mensional decomposition of V ⊆ Pn. We first show that the V(m) ∩ L are
the equidimensional components of V ∩ L. By Lemma 6.4, GV(m)

(L) implies
V(m) t L. Using Lemma 6.1(iii) we see that V(m) ∩ L is equidimensional of di-
mension m+ r+1−n. Furthermore, CV (L) implies that V ∩L =

⋃
m(V(m)∩L)

is irredundant (cf. Section 5), hence it is indeed the equidimensional decompo-
sition. Now we have to show that

(6.8) #ic(V(m) ∩ L) = #ic(V(m)) for all m,

since then we can conclude

#ic(V ∩ L) =
∑
m

#ic(V(m) ∩ L) =
∑
m

#ic(V(m)) = #ic(V ),

which is the claim of the theorem.
To prove (6.8), we can fix m and assume V to be m-equidimensional. Fur-

thermore, the first interesting case is m ≥ 2.
By condition GV (L) there exists a linear space M ∈ Gn−m−1(L) disjoint

to V and a line ` ⊆ pM(L) transversal to B := BM(V ) (cf. Figure 6.1). With
p := pM |V denote V o := p−1(Pm \ B) = V \ p−1(B). Then V o is a dense
open subset of V contained in Reg (V ). Let V have t irreducible components.
Then V o has also t irreducible components. We consider the commutative
diagram

(6.9)
p−1(` \B) ⊆ V o

↓ ↓
` \B ⊆ Pm \B.

By the remarks at the end of Section 2.1.2 the downwards maps are coverings.
We show that

(6.10) p−1(` \B) has t connected components.

Choose a point y0 ∈ `\B and let q : Pm \{y0} → Pm−1 be a projection centered
at y0. Now denote by B0 ⊆ Pm−1 the set of branching values of q|B. Then q|B
restricts over Pm−1 \B0 to a covering map. Furthermore, each line through y0

has the form `z := q−1(z) for some unique z ∈ Pm−1. It is easy to see that
`z t B if and only if z ∈ Pm−1 \ B0. Hence for all z ∈ Pm−1 \ B0 we have
|`z ∩B| = e, where e is the degree of the (m− 1)-dimensional component of B
(which could be empty). Thus the fibers of q|(Pm \ B) over Pm−1 \ B0 are
2-spheres with a continuously varying set of e points removed.
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Now we consider the blow-up of Pm \B at y0 (cf. Section 2.1.3)

P := {(y, z) ∈ (Pm \B)× Pm−1 | y ∈ `z}.
The projection pr2 : P → Pm−1 restricts over Pm−1 \B0 to a fiber bundle whose
fiber is a 2-sphere with e points removed.

The blow-up of V o at the points of p−1(y0) can be identified with the set

V ∗ := {(x, z) ∈ V o × Pm−1 | p(x) ∈ `z}.
The map p × id : V ∗ → P is a covering. This is clear over the complement
of the exceptional fiber {y0} × Pm−1 of P . On the other hand, if ϕ is a local
inverse of p near x ∈ p−1(y0), then ϕ × id is a local inverse of p × id near all
points in the exceptional fiber {x} × Pm−1 of V ∗.

Since fiber bundles are fibrations, it follows that the restriction of the com-
position pr2 ◦ (p× id) : V ∗ → Pm−1 to T := {(x, z) ∈ V ∗ | z /∈ B0} is a fibration

π : T → Pm−1 \B0.

As a blow-up, V ∗ has the same number t of irreducible components as V o,
and as an open and dense subset of V ∗, T has also t irreducible components.
Since T is smooth, T has also t connected components. Now choose points
x1, . . . , xt ∈ p−1(y0), one in each connected component of V o. This is possible,
since p maps each irreducible component Vi of V surjectively onto Pm, and y0

does not lie in the set of branching values of Vi. Then the maps sν : Pm−1\B0 →
T , sν(z) := (xν , z), 1 ≤ ν ≤ t, are sections of π into each connected component
of T . Lemma 6.7 implies that each fiber π−1(z) has t connected components,
in particular p−1(` \B), which proves (6.10).

Now let L′ := pM(L). We prove that

(6.11) U := p−1(L′ \B) = (V ∩ L) \ p−1(B) has t connected components.

Let V = V1 ∪ · · · ∪ Vt be the irreducible decomposition of V . Since by (6.10)
the set p−1(` \ B) ∩ Vi is connected, for (6.11) it suffices to show that each
point in U ∩ Vi can be connected by a path with a point in that set. So let
x ∈ U ∩ Vi and y := p(x). As a non-empty open subset of L′ the set L′ \ B is
connected (cf. Section 2.1.1). Hence there exists a path c in L′ \B connecting y
with a point in ` \ B. From the path lifting property applied to the covering
p|U : U → L′ \ B we obtain a path c̃ in U ∩ Vi with c̃(0) = x (cf. Section 2.2).
This path obviously connects x with a point in p−1(` \B) ∩ Vi.

Finally, in the proof of Lemma 6.4 it was shown that U is a dense open
subset of V ∩ L in which the intersection is transversal. Lemma 6.1(i) implies
that U is contained in Reg (V ∩ L). From (6.11) it follows with Lemma 6.6
that V ∩ L has t irreducible components. �
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6.3. Proof of Proposition 4.2. We represent an slp of length s with n+ 1
input variables in some standard way as a complex vector. Let Sn,s denote the
set of encodings obtained this way. Accordingly, we will encode polynomial
systems by vectors γ = (γ1, . . . , γr) ∈ Sr

n,s and write Vγ ⊆ Pn for the projective
variety defined by the polynomials encoded by the slps γi, provided that these
polynomials are homogeneous. (We note that the homogeneous parts of a
polynomial encoded by an slp can be computed in parallel polylogarithmic
time, cf. Scheiblechner (2007a).)

Let Mr,n denote the set of matrices in C(n−r)×(n+1) having full rank. The
kernel of a matrix α ∈ Mr,n is a linear subspace in Cn+1 of dimension r + 1,
and will be interpreted as a projective linear subspace Lα ⊆ Pn of dimension r.

Lemma 6.12. Given γ ∈ Sr
n,s and α ∈ Mr+1,n, one can express the condi-

tion BVγ (Lα) by a first order formula in PH0
R.

We postpone the proof of this lemma to the remainder of this section and
continue with the proof of Proposition 4.2.

Proof (Proposition 4.2). We have to set up a generic parsimonious reduc-
tion (π,R) from #ProjIC(r)C to #ProjIC(r, r+1)C. The condition BVγ (Lα)
defines the required relation R, which is in PH0

R according to Lemma 6.12. The
reduction map π maps (γ, α) to a suitable encoding of the intersection Vγ ∩Lα.
More precisely, given γ encoding a homogeneous polynomial system and a ma-
trix α defining Lα ∈ Gr+1(Pn), we express the slps in homogeneous coordinates
of Lα ' Pr+1 to define Vγ∩Lα. These new slps constitute π(γ, α). Theorem 5.5
and Lemma 6.5 imply that (π,R) is a generic parsimonious reduction.

We still have to check that πZ is computable in FNC. This follows since
linear algebra over Q can be done in FNC (Berkowitz 1984; von zur Gathen
1986). Furthermore, the output of πZ can be made integral by multiplying
with a common denominator. Note that multiplying a matrix with a scalar
does not affect its kernel or image. �

In the following we express conditions on varieties Vγ by first order formulas.
An important feature of these formulas is that the only way Vγ appears therein
is as a predicate expressing membership to Vγ. We call a formula using such
a predicate an enhanced formula. Note that if a property of Vγ is expressed
by enhanced formulas in PH0

R, and if the predicate x ∈ Vγ is also expressed
by formulas in PH0

R, then by replacing all the predicates with the appropriate
formula one obtains usual first order formulas in PH0

R. In the following we will
freely use this fact.
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Lemma 6.13. Given γ ∈ Sr
n,s, α ∈Mn−m,n, and x, v ∈ Pn, one can express the

following properties by enhanced formulas in PH0
R.

(i) dimx Vγ = m,

(ii) dimx Vγ = m ∧ Vγ tx Lα,

(iii) x is a smooth point in Vγ,

(iv) x ∈ (Vγ)(m),

(v) x ∈ Vγ is smooth and v ∈ TxVγ.

Proof. (i) follows from (Bürgisser & Cucker 2007, Proposition 3.1).

(ii) is a consequence of (Bürgisser & Cucker 2006, Lemma 5.8), which char-
acterizes transversality of Lα to Vγ in x by the property that each sufficiently
small perturbation of Lα meets Vγ locally in exactly one point.

(iii) Smoothness at x means
∨

m

(
∃α ∈Mm−n,n dimx Vγ = m ∧ Lα tx Vγ

)
.

(iv) Let W := {x ∈ Vγ | dimx Vγ = m}. The Zariski closure W of W equals
the m-equidimensional component (Vγ)(m) of Vγ. Since W is constructible,
its Zariski closure coincides with its Euclidean closure (cf. Section 2.1.1). If
W c ⊆ Cn+1 denotes the affine cone of W , we have

W
c
= W c = {x ∈ Cn+1 | ∀ε > 0∃y ∈ Cn+1 y ∈ W c ∧ ‖x− y‖ < ε},

where ‖ ‖ denotes the Euclidean norm on Cn+1. The assertion follows by
combining this insight with Part (i).

(v) If x is an isolated point of Vγ, then TxVγ = {x}. Since this case can
easily be tested by enhanced formulas in PH0

R, we can assume dimx Vγ > 0. If
furthermore x ∈ Vγ is smooth, we have v 6∈ TxVγ iff∨

m

(
∃α ∈Mn−m,n x, v ∈ Lα ∧ dimx Vγ = m ∧ Vγ tx Lα

)
. �

Lemma 6.14. Let V ⊆ Pn be defined by r < n equations. Let V(m) for n −
r ≤ m ≤ n denote its m-equidimensional component, and let L ∈ Gr+1(Pn).
Assume that GV(m)

(L) holds for allm. Then the condition CV (L) is equivalent to
dimx(V(m)∩V(m′)∩L) < dimx(V(m)∩L) for allm < m′ and all x ∈ V(m)∩V(m′)∩L.
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Proof. We first note that GV(m)
(L) implies V(m) t L by Lemma 6.4. Using

Lemma 6.1(iii) we see that V(m)∩L is equidimensional of dimensionm+r+1−n.
Denote by Vi the irreducible components of V .

Assume that CV (L) is violated. Then there exists an irreducible compo-
nent Z of Vi ∩ L that is contained in Vj for some i 6= j. Let m := dimVi

and m′ := dimVj. Since V(m) ∩ L is equidimensional of the right dimension,
Z must be an irreducible component of V(m) ∩ L. We have dimx(V(m) ∩ L) =
dimZ ≤ dimx(V(m) ∩ V(m′) ∩ L) for any x ∈ Z and now need to show that
m < m′. By the observation at the beginning of the proof, V(m′) ∩ L is equidi-
mensional of dimension m′ + r + 1 − n and contains Z. Hence m ≤ m′.
Note that U := {x ∈ V(m) ∩ L | V(m) tx L} ⊆ Reg (V(m)) meets Z since
V(m) t L. Hence Z ∩ Reg (V(m)) 6= ∅. This implies m 6= m′, since otherwise
Z ⊆ Vi ∩ Vj ⊆ Sing (V(m)), which is a contradiction.

For the converse we assume that there exist m < m′ and x ∈ V(m)∩V(m′)∩L
such that dimx(V(m) ∩ V(m′) ∩ L) = dimx(V(m) ∩ L). Let Z be an irreducible
component of V(m)∩V(m′)∩L through x of maximal dimension. Then dimZ =
dimx(V(m)∩V(m′)∩L) = dimx(V(m)∩L) and hence Z is an irreducible component
of V(m) ∩L. Thus Z is an irreducible component of Vi ∩L for some i. But Z is
also contained in some irreducible component Vj of V(m′). Since dimVi = m <
m′ = dimVj, it follows i 6= j, hence CV (L) is violated. �

Proof (Lemma 6.12). Lemma 6.13 and Lemma 6.14 imply that the combi-
natorial part CV (L) can be expressed in PH0

R, if this is true for the geometric
part GV(m)

(L).
For γ ∈ Sr

n,s and fixed m we write V := (Vγ)(m). Denote L = Lα for
α ∈Mr+1,n. It remains to express the geometric condition GV (L):

∃β ∈Mn−m−1,n ∃` ∈ G1(pLβ
(L)) : Lβ ⊆ L ∧ Lβ ∩ V = ∅ ∧ ` t BLβ

(V )

The only non-trivial part is to express ` t BLβ
(V ). Denote p = pLβ

|V . We
have y ∈ BLβ

(V ) iff

∃x ∈ Pn
(
x ∈ V ∧ p(x) = y ∧ (x singular in V ∨ dxp not surjective)

)
.

We use Lemma 6.13 to express the condition that x is singular in V in PH0
R.

It remains to express the condition that dxp is not surjective. This condition
has to be checked only for smooth points x ∈ V , and in this case dxp is not
surjective iff it is not injective, i.e.,

∃ v ∈ TxV (v 6= x ∧ pM(v) = pM(x)).
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Here we used that the derivative of a linear map is the linear map itself.
Lemma 6.13(v) implies that one can express y ∈ BLβ

(V ) by enhanced formulas

in PH0
R. To express the transversality ` t BLβ

(V ), we use Lemma 6.13(ii). �
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