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Abstract

We study two quite different approaches to under-
standing the complexity of fundamental problems in
numerical analysis. We show that both hinge on the
question of understanding the complexity of the follow-
ing problem, which we callPosSLP: Given a division-
free straight-line program producing an integerN , de-
cide whetherN > 0. We show thatPosSLP lies in the
counting hierarchy, and we show that ifA is any lan-
guage in the Boolean part ofPR accepted by a machine
whose machine constants are algebraic real numbers,
thenA ∈ PPosSLP. Combining our results with work
of Tiwari, we show that the Euclidean Traveling Sales-
man Problem lies in the counting hierarchy – the pre-
vious best upper bound for this important problem (in
terms of classical complexity classes) beingPSPACE.

1 Introduction

The motivation for this paper comes from a desire
to understand the complexity of computation over the
reals in the Blum-Shub-Smale model, and more gener-
ally by a desire to understand the complexity of prob-
lems in numerical analysis.

The Blum-Shub-Smale model of computation over
the reals provides a very well-studied complexity-
theoretic setting in which to study the computational
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problems of numerical analysis. We refer the reader to
Blum, Cucker, Shub and Smale [8] for detailed defi-
nitions and background material related to this model;
here, we will recall only a few salient facts. In the
Blum-Shub-Smale model, each machine computing
over the reals has associated with it a finite set of real
machine constants. The inputs to a machine are ele-
ments of

⋃
n Rn = R∞, and thus each polynomial-

time machine overR accepts a “decision problem”
L ⊆ R∞. The set of decision problems accepted by
polynomial-time machines overR is denotedPR.

There has been considerable interest in relating
computation overR to the classical Boolean complex-
ity classes such asP, NP, PSPACE, etc. This is ac-
complished by considering theBoolean partof deci-
sion problems over the reals. That is, given a prob-
lem L ⊆ R∞, the Boolean part ofL is defined as
BP(L) := L ∩ {0, 1}∞. (Here, we follow the nota-
tion of [8]; {0, 1}∞ =

⋃
n{0, 1}n, which is identical

to {0, 1}∗.) The Boolean part ofPR, denotedBP(PR),
is defined as{BP(L) | L ∈ PR}.

By encoding the advice function in a single real
constant as in Koiran [22], one can show that
P/poly ⊆ BP(PR). The best upper bound on the com-
plexity of problems inBP(PR) that is currently known
was obtained by Cucker and Grigoriev [12]:

BP(PR) ⊆ PSPACE/poly. (1)

There has beenno work pointing to lower bounds
on the complexity ofBP(PR); nobody has presented
any compelling evidence thatBP(PR) is not equal to
P/poly.

There has also been some suggestion that perhaps
BP(PR) is equal toPSPACE/poly. For instance, cer-
tain variants of the RAM model that provide for unit-
cost arithmetic can simulate all ofPSPACE in polyno-
mial time [7, 18]. Since the Blum-Shub-Smale model
also provides for unit-time multiplication on “large”
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numbers, Cucker and Grigoriev [12] mention that re-
searchers have raised the possibility that similar argu-
ments might show that polynomial-time computation
overR might be able to simulatePSPACE. Cucker and
Grigoriev also observe that certain na¨ıve approaches to
provide such a simulation must fail.

One of our goals is to provide evidence thatBP(PR)
lies properly betweenP/poly andPSPACE/poly. To-
wards this goal, it is crucial to understand a certain de-
cision problemPosSLP: The problem of deciding, for
a given straight-line program, whether it represents a
positive integer. (For precise definitions, see the next
section.)

The immediate relationship between the Blum-
Shub-Smale model and the problemPosSLP is given
by the lemma below. Following B¨urgisser and
Cucker [10], defineP0

R
to be the class of decision prob-

lems over the reals decided by polynomial time Blum-
Shub-Smale machines using only the constants0, 1.

Lemma 1.1 PPosSLP = BP(P0
R
).

Proof. (Sketch) It is clear thatPosSLP is in BP(P0
R
).

To show the other direction, assume we have a poly-
nomial time machine overR using only the constants
0, 1. On input a bit string, we simulate the computa-
tion by storing the straight-line program representation
of the intermediate results instead of their values. The
outcome of testsN > 0 is obtained by oracle calls to
PosSLP. �

Our first main result is a strengthening of this con-
nection. DefinePalgebraic

R
to be the class of deci-

sion problems over the reals decided by polynomial
time Blum-Shub-Smale machines using onlyalge-
braic constants. In§3, using real algebraic geometry,
we prove:

Theorem 1.2 PPosSLP = BP(Palgebraic
R

).

As already mentioned, by encoding the advice func-
tion in a single real constant, one can show that
P/poly ⊆ BP(PR). The proof in fact shows even
PPosSLP/poly ⊆ BP(PR). The real constant encod-
ing the advice function, will, of course, in general be
transcendental. Thus, there is a strong relationship be-
tween non-uniformity in the classical model of com-
putation and the use of transcendental constants in the

Blum-Shub-Smale model. We conjecture that this re-
lationship can be further strengthened:

Conjecture 1.3 PPosSLP/poly = BP(PR)

The Blum-Shub-Smale model is a very elegant one,
but it does not take into account the fact that actual
numerical computations have to deal with finitely rep-
resented values. We next observe that even if we take
this into account, thePosSLP problem still captures
the complexity of numerical computation.

Let u 6= 0 be a dyadic rational number. Thefloat-
ing point representation ofu is obtained by writing
u = v2m wherem is an integer and12 ≤ |v| < 1.
The floating point representation is then given by the
sign of v, and the usual binary representations of the
numbers|v| andm. The floating point representation
of 0 is the string0 itself. We shall abuse notation and
identify the floating point representation of a number
with the number itself, using the term “floating point
number” for the number as well as its representation.

Let u 6= 0 be a real number. We may writeu as
u = u′2m where 1

2 ≤ |u′| < 1 andm is an integer.
Then, we define afloating point approximation ofu
with k significant bitsto be a floating point number
v2m so that|v − u′| ≤ 2−(k+1).

A (somewhat simplistic) view of the work per-
formed by numerical analysts is this: Given a func-
tion to compute, first devise a way to compute it (per-
haps approximately) in an ideal model of computa-
tion that can be modeled by an arithmetic circuit with
operations+,−, ∗,÷. Second, perform the computa-
tion devised using floating point arithmetic. We shall
formalize this second part.The generic task of nu-
merical analysis: Given an integerk in unary and a
straight-line program (with÷) taking as inputs float-
ing point numbers, with a promise that it neither evalu-
ates to zero nor does division by zero, compute a float-
ing point approximation of the value of the output with
k significant bits.

Note that this definition lies entirely within the dis-
crete realm, and thus differs quite fundamentally from
the approach taken in the Blum-Shub-Smale model.

The numerical analyst will solve the generic task of
numerical analysis for concrete instances by consid-
ering the numerical stability of the computation and,
in case of instability, devising an equivalent but sta-
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ble computation. In general, such considerations are
highly non-trivial (and might not succeed).

We show that the generic task of numerical analysis
is equivalent in power toPosSLP. (To model more
general computations in numerical analysis that in-
volve branching after testing inequalities, we can sim-
ilarly reduce this toPosSLP, by queryingPosSLP to
simulate branch tests.)

Proposition 1.4 The generic task of numerical analy-
sis is polynomial time Turing equivalent toPosSLP.

Proof. We first reducePosSLP to the generic task
of numerical analysis. Given a straight-line program
representing the numberN , we construct a straight-
line program computing the valuev = 2N − 1. The
only inputs0, 1 of this program can be considered to be
floating point numbers and this circuit clearly satisfies
the promise of the generic task of numerical analysis.
ThenN > 0 if v ≥ 1 andN ≤ 0 if v ≤ −1. Deter-
mining an approximation ofv to one significant bit is
enough to distinguish between these cases.

Conversely, suppose we have an oracle solving
PosSLP. Given a straight-line program with inputs
being floating point numbers, we first convert it to a
straight-line program with the only input1; it is easy to
see that this can be done in polynomial time. By stan-
dard techniques we move all÷ gates to the top, so that
the program computes a valuev = v1/v2, wherev1, v2

are given by division-free straight-line programs. We
can use the oracle to determine the signs ofv1 andv2.
Without loss of generality assume thatv is positive.
Next we use the oracle to determine ifv1 ≥ v2. Sup-
pose this is indeed the case (the opposite case is han-
dled similarly).

We then find the leastr, so that2r−1 ≤ v < 2r,
by first comparingv1 with v222i

for i = 0, 1, 2, 3, ...,
using the oracle, thus finding the minimumi so that
v < 22i

and afterwards doing a binary search, again
using the oracle to comparev1 to v22r for various val-
ues ofr. This takes polynomial time.

The desired output is the floating point number
u = u′2r, where |v − u| ≤ 2−(k+1). To obtainu′

we first want to find the integerw between2k and
2k+1 − 1 so thatw/2k+1 ≤ v/2r < (w + 1)/2k+1.
Sincew/2k+1 ≤ v/2r < (w + 1)/2k+1 iff w2rv2 ≤
v12k+1 < (w + 1)2rv2, we can determine this by an-
other binary search, usingO(k) calls to the oracle. We

then output the sign ofv, the binary representation of
the rationalw/2k+1, and the binary representation of
r, together forming the desired floating point approxi-
mation ofv. �

We consider Proposition 1.4 to be evidence for the
computational intractability ofPosSLP. If PosSLP
is in P/poly then there is a polynomial-sized “cook-
book” that can be used in place of the creative task of
devising numerically stable computations. This seems
unlikely.

The generic task of numerical analysis is one way
of formulating the notion of what is feasible to com-
pute in a world wherearbitrary precisionarithmetic is
available for free. In contrast, the Blum-Shub-Smale
model can be interpreted as formulating the notion of
feasibility in a world whereinfinite precisionarith-
metic is available for free. According to Proposi-
tion 1.4 and Theorem 1.2, both of these approaches are
equivalent(and captured byPPosSLP) when only alge-
braic constants are allowed in the Blum-Shub-Smale
model. Conjecture 1.3 claims that this is also true
when allowing arbitrary real constants.

As another demonstration of the computational
power ofPosSLP, we show in§2 that the problem of
determining the total degree of a multivariate polyno-
mial over the integers given as a straight-line program
reduces toPosSLP.

The above discussion suggests thatPosSLP is not
an easy problem. Can more formal evidence of this
be given? Although it would be preferable to show
thatPosSLP is hard for some well-studied complexity
class, the best that we can do is observe that a some-
what stronger problem (BitSLP) is hard for#P. This
will be done in§2.

The above discussion also suggests that non-trivial
upper bounds forPosSLP are of great interest. Prior
to this paper, the best upper bound wasPSPACE. Our
second main result is an improved upper bound: We
show, based on results on the uniform circuit com-
plexity of integer division and the relationship between
constant depth circuits and subclasses ofPSPACE
[3, 19], thatPosSLP lies in the counting hierarchyCH,
a well-studied subclass ofPSPACE that bears more or
less the same relationship to#P as the polynomial hi-
erarchy bears toNP [34, 36].

Theorem 1.5 PosSLP is in PPPPPPP

.
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We suspect thatPosSLP lies at an even lower level
of CH. We leave as major open problems the ques-
tion of providing better upper bounds forPosSLP and
the question of providing any sort of hardness the-
orem, reducing a supposedly intractable problem to
PosSLP. We also believe that it would be very in-
teresting to verify Conjecture 1.3, as this would give a
characterization ofBP(PR) in terms of classical com-
plexity classes. But in fact, it would be equally in-
teresting to refute it under some plausible complex-
ity theoretic assumption, as this would give evidence
that the power of using transcendental constants in the
Blum-Shub-Smale model goes beyond the power of
non-uniformity in classical computation.

1.1 Applications

The Sum-of-square-roots problemis a well-known
problem with many applications to computational ge-
ometry and elsewhere. The input to the problem is a
list of integers(d1, . . . , dn) and an integerk, and the
problem is to decide if

∑
i

√
di ≥ k. The complex-

ity of this problem is posed as an open question by
Garey, Graham and Johnson [16] in connection with
the Euclidean traveling salesman problem, which is
not known to be inNP, but which is easily seen to
be solvable inNP relative to the Sum-of-square-roots
problem. See also O’Rourke [27, 28] and Etessami
and Yannakakis [15] for additional information. Al-
though it has been conjectured [26] that the problem
lies in P, it seems that no classical complexity class
smaller thanPSPACE has been known to contain this
problem. On the other hand, Tiwari [32] showed that
the problem can be decided in polynomial time on an
“algebraic random-access machine”. In fact, it is easy
to see that the set of decision problems decided by
such machines in polynomial time is exactlyBP(P0

R
).

Thus by Lemma 1.1 we see that the Sum-of-square-
roots problem reduces toPosSLP. Theorem 1.5 thus
yields the following corollary.

Corollary 1.6 The Sum-of-square-roots problem and
the Euclidean Travelling Salesman Problem are inCH.

2 Preliminaries

Our definitions of arithmetic circuits and straight-
line programs are standard. Anarithmetic circuit is a

directed acyclic graph with input nodes labeled with
the constants0, 1 or with indeterminantsX1, . . . ,Xk

for somek. Internal nodes are labeled with one of the
operations+,−, ∗,÷. A straight-line programis a se-
quence of instructions corresponding to a sequential
evaluation of an arithmetic circuit. If it contains no÷
operation it is said to bedivision free. Unless other-
wise stated, all the straight-line programs considered
will be division-free. Thus straight-line programs can
be seen as a very compact representation of a poly-
nomial over the integers. In many cases, we will be
interested in division-free straight-line programs using
no indeterminants, which thus represent an integer.

By the n-bit binary representation of an integerN
such that|N | < 2n we understand a bit string of
lengthn+1 consisting of asign bitfollowed byn bits
encoding|N | (padded with leading zeroes, if needed).

We consider the following problems:

EquSLP Given a straight-line program represent-
ing an integerN , decide whetherN = 0.

ACIT Given a straight-line program representing a
polynomialf ∈ Z[X1, . . . ,Xk], decide whether
f = 0.

DegSLP: Given a straight-line program represent-
ing a polynomialf ∈ Z[X1, . . . ,Xk], and given
a natural numberd in binary, decide whether
deg f ≤ d.

PosSLP Given a straight-line program represent-
ing N ∈ Z, decide whetherN > 0.

BitSLP Given a straight-line program representing
N , and givenn, i ∈ N in binary, decide whether
theith bit of then-bit binary representation ofN
is 1.

It is not clear that any of these problems is inP,
since straight-line program representations of integers
can be exponentially smaller than ordinary binary rep-
resentation.

Clearly, EquSLP is a special case ofACIT.
Schönhage [30] showed thatEquSLP is in coRP, us-
ing computation modulo a randomly chosen prime.
Ibarra and Moran [20], building on Schwartz [31] and
Zippel [37], extended this to show thatACIT lies
in coRP. The problemACIT has recently attracted
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much attention due to the work of Kabanets and Im-
pagliazzo [21] who showed that a deterministic al-
gorithm for ACIT would yield circuit lower bounds.
As far as we know, it has not been pointed out be-
fore thatACIT is actually polynomial time equivalent
to EquSLP. In other words, disallowing indetermi-
nates in the straight-line program given as input does
not makeACIT easier. Or more optimistically: It is
enough to find a deterministic algorithm for this spe-
cial case in order to have circuit lower bounds.

Proposition 2.1 ACIT is polynomial-time equivalent
to EquSLP.

Proof. We are given a straight-line program of size
n with m indeterminatesX1, . . . ,Xm, computing the

polynomial p(X1, . . . ,Xm). Define Bn,i = 22in2

.
Straight-line-programs computing these numbers us-
ing iterated squaring can easily be constructed in poly-
nomial time, so given a straight-line-program forp,
we can easily construct a straight-line program for
p(Bn,1, . . . , Bn,m). We shall show that forn ≥ 3,
p is identically zero iffp(Bn,1, . . . , Bn,m) evaluates
to zero.

To see this, first note that the “only if” part is triv-
ial, so we only have to show the “if” part. Thus, as-
sume thatp(X1, . . . ,Xm) is not the zero-polynomial.
Let m(X1, . . . ,Xm) be the largest monomial occur-
ing in p with respect to inverse lexicographic order1

and letk be the number of monomials. We can write
p = αm +

∑k−1
i=1 αimi, where(mi)i=1,... ,k−1 are the

remaining monomials. An easy induction in the size
of the straight line program shows that|αi| ≤ 222n

,
k ≤ 22n

and that the degree of any variable in anymi

is at most2n.
Now, our claim is that the absolute value

|αm(Bn,1, . . . , Bn,m)| is strictly bigger than the ab-
solute value|∑k−1

i=1 αimi(Bn,1, . . . , Bn,m)|, and thus
we cannot have thatp(Bn,1, . . . , Bn,m) = 0.

Indeed, since the monomialm was the biggest in the
inverse lexicographic ordering, we have that for any
other monomialmi there is an indexj so that

m(Bn,1, . . . , Bn,m)
mi(Bn,1, . . . , Bn,m)

≥ 22jn2

∏j−1
l=1 22ln2 ·2n

> 22n2−1
,

1Xα1
1 · · ·Xαm

m is greater thanXβ1
1 · · ·Xβm

m in this order iff
the right-most nonzero component ofα − β is positive, cf. Cox,
Little and O’Shea [11, p. 59].

so we can bound

|
k−1∑

i=1

αimi(Bn,1, . . . , Bn,m)|

≤ 22n
222n | k−1

max
i=1

mi(Bn,1, . . . , Bn,m)|

≤ 22n
222n

2−2n2−1 |m(Bn,1, . . . , Bn,m)|
< m(Bn,1, . . . , Bn,m) ≤ |αm(Bn,1, . . . , Bn,m)|,

which proves the claim. �

The problemDegSLP is not known to lie inBPP,
even for the special case of univariate polynomials.
Here, we show that it reduces toPosSLP.

Proposition 2.2 DegSLP polynomial time many-one
reduces toPosSLP.

Proof. We first show the reduction for the case of uni-
variate polynomials (i.e., straight-line-programs with
a single indeterminate) and afterwards we reduce the
multivariate case to the univariate case.

Let f ∈ Z[X] be given by a straight-line pro-
gram of lengthn. To avoid having to deal with the
zero polynomial of degree−∞ and to ensure that
the image of the polynomial is a subset of the non-
negative integers, we first change the straight-line pro-
gram computingf into a straight-line program com-
putingf1(X) = (Xf(X) + 1)2 by adding a few extra
lines. We can check if the degree off is at mostd by
checking if the degree off1 is at mostD = 2(d + 1)
(except ford = −∞ in which case we check if the
degree off1 is at mostD = 0).

Let Bn be the integer22n2

. As in the proof of
Proposition 2.1, we can easily construct a straight-line
program computingBn and from this a straight-line
program computingf1(Bn).

Now, suppose thatdeg f1 ≤ D. Using the same
bounds on sizes of the coefficients as in the proof of
Proposition 2.1 and assuming without loss of general-
ity thatn ≥ 3, we then have

f1(Bn) ≤
D∑

i=0

222n
Bi

n < (2n + 1)222n
BD

n

≤ (22n
+ 1)222n−2n2

BD+1
n < BD+1

n /2.
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On the other hand suppose thatdeg f1 ≥ D + 1.
Then we have

f1(Bn) ≥ (Bn)D+1 −
D∑

i=0

222n
Bi

n ≥

BD+1
n − 22n

222n
2−2n2

BD+1
n > BD+1

n /2.

Thus, to check whetherdeg f1 ≤ D, we just need to
construct a straight-line-program for2f1(Bn)−BD+1

n

and check whether it computes a positive integer. This
completes the reduction for the univariate case.

We next reduce the multivariate case to the uni-
variate case. Thus, letf ∈ Z[X1, . . . ,Xm]
be given by a straight-line program of lengthn.
Let f∗ ∈ Z[X1, . . . ,Xm, Y ] be defined by
f∗(X1, . . . ,Xm, Y ) = f(X1Y, . . . ,XmY ). We

claim that if we letBn,i = 22in2

as in the proof of
Proposition 2.1, then, forn ≥ 3, the degree of the uni-
variate polynomialf∗(Bn,1, . . . , Bn,m, Y ) is equal to
the total degree off . Indeed, we can writef∗ as a
polynomial inY with coefficients inZ[X1, . . . ,Xm]:

f∗(X1, . . . ,Xm, Y ) =
d∗∑

j=0

gj(X1, . . . ,Xm)Y j

whered∗ is the degree of variableY in the polyno-
mial f∗. Note that this is also the total degree of the
polynomialf . Now, the same argument as used in the
proof of Propostion 2.1 shows that sincegd∗ is not the
zero-polynomial,gd∗(Bn,1, Bn,2, . . . , Bn,m) is differ-
ent from0. �

As PosSLP easily reduces toBitSLP, we obtain
the chain of reductions

ACIT≤p
mDegSLP≤p

mPosSLP≤p
mBitSLP.

In §4 we will show that all the above problems in fact
lie in the counting hierarchyCH.

The complexity ofBitSLP contrasts sharply with
that ofEquSLP.

Proposition 2.3 BitSLP is hard for#P.

Proof of Proposition 2.3. The proof is quite similar to
that of Bürgisser [9, Prop. 5.3], which in turn is based
on ideas of Valiant [35]. We show that computing the

permanent of matrices with entries from{0,1} is re-
ducible toBitSLP.

Given a matrixX with entriesxi,j ∈ {0, 1}, con-
sider the univariate polynomial

fn =
∑

i

fn,iY
i =

n∏

i=1

( n∑

j=1

xi,jY
2j−1)

which can be represented by a straight-line program
of sizeO(n2). Thenfn,2n−1 equals the permanent of
X. Let N be the number that is represented by the
straight-line program that results by replacing the in-
determinateY with 2n3

. It is easy to see that the bi-
nary representation offn,2n−1 appears as a sequence
of consecutive bits in the binary representation ofN .

�

3 Algebraic Constants

The goal of this section is to show that realalge-
braic constants do not add to the power of a polyno-
mial time real Turing machine on discrete inputs.

For fixed a1, . . . , ak ∈ R consider the
problem SignSLP(a1, . . . , ak) of deciding
whether f(a1, . . . , ak) > 0 for a polynomial
f ∈ Z[X1, . . . ,Xk] given by a straight-line program.
Clearly, this is a generalization ofPosSLP. The
problem can be solved in polynomial time by a
machine overR using the real constantsa1, . . . , ak:
the machine just evaluates the straight-line program to
obtainf(a1, . . . , ak) and then checks the sign. Thus
SignSLP(a1, . . . , ak) is in the Boolean part of the
real complexity classPR. Conversely, the following is
easily shown as in the proof of Lemma 1.1.

Lemma 3.1 Assume thatL ⊆ R∞ is decided by a
polynomial time machine overR using the real con-
stantsa1, . . . , ak. ThenBP(L) ∈ PSignSLP(a1,... ,ak).

The proof of the following result will be given in
the next subsections after some preparation.

Theorem 3.2 If a1, . . . , ak are real algebraic num-
bers overQ, then the problemSignSLP(a1, . . . , ak)
is contained inPPosSLP.

Theorem 1.2 follows immediately from Lemma 3.1
and Theorem 3.2. We note that Conjecture 1.3 is
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equivalent toSignSLP(a1, . . . , ak) ∈ PPosSLP/poly
for any list of real numbersa1, . . . , ak. Since
PPosSLP/poly ⊆ ⋃

a∈R
PSignSLP(a)/poly, Lemma 3.1

tells us that if Conjecture 1.3 holds, thenBP(PR) is
unchanged if we disallow machines with two or more
machine constants.

3.1 Consistency of Semialgebraic Constraints

Recall that the dense representation of ak-variate
polynomial of degreed is a vector of all of the∑

i≤d

(
k+i−1

i

)
coefficients, in some standard order.

For fixed k ∈ N consider the multivariate sign
consistency problemSignConsR(k) defined as fol-
lows: Given g1, . . . , gs in R[X1, . . . ,Xk] of de-
gree at mostd in dense representation and a sign
vector (σ1, . . . , σs) ∈ {−1, 0, 1}s, decide whether
there existsx ∈ Rk such that sgn(g1(x)) =
σ1, . . . , sgn(gs(x)) = σs.

It is well-known [5, 6, 29] that the prob-
lem SignConsR(k) can be solved with a to-
tal of (sd)O(k) arithmetic operations (and parallel
time (k log(sd))O(1)). In particular, the problem
SignConsR(k) is in P0

R
.

SignConsSLPR(k) will denote the variation of this
problem, where the input polynomialsg1, . . . , gs have
integer coefficients that are given by straight-line pro-
grams. (So the degree ofgi is part of the input size,
however the bit size of the coefficients ofgi might be
exponentially large.) Since the straight-line programs
giving the coefficients of thegi can be evaluated inP0

R
,

we conclude thatSignConsSLPR(k) is in BP(P0
R
),

Hence we conclude as a consequence of Lemma 1.1
the following:

Lemma 3.3 SignConsSLPR(k) is in PPosSLP for any
fixedk.

3.2 Division with remainder

Let A be an integral domain andf, p ∈ A[X] be
univariate polynomials. (The casesA = Z andA =
Z[X1, . . . ,Xk] are of interest to us.) We assume that
d := deg p > 1 and denote the leading coefficient ofp
by λ. There is a unique representation of the following
form (pseudo-division)

λ1+deg f−df = pq + r, (2)

whereq, r ∈ A[X] and deg r < d. Moreover, the
coefficients of the quotientq and of the remainderr
can be computed from the coefficients off andp by a
straight-line program of sizeO(ddeg f), cf. von zur
Gathen and Gerhard [17].

As before, we will assume thatp is given by its vec-
tor of coefficients. However, forf we allow now that
it is given by a straight-line program.

Lemma 3.4 There is a polynomial time algorithm
computing in timeO(`d2) from a straight-line pro-
gram representation off of size` and from the vec-
tor of coefficients ofp straight-line program represen-
tations for all the coefficients of the scaled remain-
derλd2`

r.

Proof. We proceed as in B¨urgisser [9, Proposi-
tion 5.2]. Let g1 = 1, g2 = X, . . . , g` = f be
the sequence of intermediate results inA[X] of the
given straight-line program computingf . Let `ρ de-
note the number of multiplication instructions in its
first ρ steps.

By induction onρ we are going to show that there
are representations

λ(d−1)(2`ρ−1)gρ = rρ + pqρ,

whereqρ, rρ ∈ A[X], deg rρ < d, and that straight-
line program representations for the coefficients ofrρ

can be computed in timeO(ρd2).
The induction start is clear. Suppose thatgρ = gigj

with i, j < ρ. Then we have by the induction hypoth-
esis

λ(d−1)(2`i+2`j−2)gρ = rirj + p(riqj + rjqi + pqiqj).

By the usual polynomial multiplication algorithm, we
obtain straight-line programs computing the coeffi-
cients ofrirj from the coefficients ofri, rj in time
O(d2). Moreover, by (2), we haveλd−1rirj = rρ +pq
for someq ∈ A[X] and we obtain straight-line pro-
grams computing the coefficients ofrρ in additional
time O(d2). Putting this together and noting that
max{`i, `j} < `ρ, the claim follows. In the case
gρ = gi ± gj the claim is obvious. �
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3.3 Proof of Theorem 3.2

In symbolic computation, it is common to repre-
sent a real algebraic numbera by its (uniquely de-
termined) primitive minimal polynomialp ∈ Z[X]
with positive leading coefficient, together with the se-
quence of the signs of the derivatives ofp at a. By
Thom’s Lemma [5],a is uniquely determined by this
data. Let the fixed real algebraic numbersa1, . . . , ak

be represented this way by their minimal polynomi-
als p1, . . . , pk ∈ Z[X]. We suppose without loss of
generality thatdi := deg pi > 1, we denote the lead-
ing coefficient ofpi by λi > 0, and we writeεi,j =
sgn(p(j)

i (ai)) for 0 ≤ j < di (note thatεi,0 = 0). The
data describing thea1, . . . , ak is assumed to be fixed
in the following.

Lemma 3.5 For f ∈ Z[X1, . . . ,Xk] there are
q1, . . . qk, r ∈ Z[X1, . . . ,Xk] and natural numbers
e1, . . . , ek such that

λe1
1 · · · λek

k f = r +
∑k

i=1 pi(Xi)qi,

wheredegX1
r < d1, . . . ,degXk

r < dk. Moreover,
there is a polynomial time algorithm computing in
timeO(`d2

1 · · · d2
k) from a straight-line program repre-

sentation off straight-line program representations for
all integer coefficients of the remainder polynomialr.

Proof. We prove by induction onρ the following
statement: there areqρ,1, . . . qρ,ρ ∈ Z[X1, . . . ,Xk],
e1, . . . , eρ ∈ N, and for j = (j1, . . . , jρ) there are
rρ,j ∈ Z[Xρ+1, . . . ,Xk] such that

λe1
1 · · · λeρ

ρ f =
∑

j1<d1,... ,jρ<dρ

rρ,jX
j1
1 · · ·Xjρ

ρ +
ρ∑

i=1

pi(Xi)qρ,i.

Moreover, straight-line program representations for
eachrρ,j can be computed in timèρ ≤ cρ`d2

1 · · · d2
ρ,

wherec > 0 is a constant.
The startρ = 1 follows by applying Lemma 3.4 tof

and p1(X1), wheref is interpreted as a polynomial
in X1 over the ringZ[X2, . . . ,Xk].

Suppose the claim holds forρ < k. We inter-
pret eachrρ,j as a univariate polynomial inXρ+1 over
the ringA = Z[Xρ+2, . . . ,Xk]. Lemma 3.4 applied

to rρ,j yields the following representation with some
q̃ρ+1,j ∈ A[Xρ+1] andeρ+1 := dρ+12`ρ

λ
eρ+1

ρ+1 rρ,j =
∑

jρ+1<dρ+1

rρ+1,jρ+1X
jρ+1

ρ+1

+ pρ+1(Xρ+1)q̃ρ+1,j ,

where therρ+1,jρ+1 ∈ A are given by straight-line pro-
grams that can be computed in time at most`ρ+1 :=
c`ρd

2
ρ+1 for some constantc > 0. By induction hy-

pothesis this implies

λe1
1 · · ·λeρ+1

ρ+1 f =
∑

j1<d1,... ,jρ+1<dρ+1

rρ+1,jρ+1X
j1
1 · · ·Xjρ+1

ρ+1

+
ρ∑

i=1

piqρ+1,i + pρ+1qρ+1,ρ+1,

where qρ+1,i = λ
eρ+1

ρ+1 qρ,i and qρ+1,ρ+1 =
∑

j1<d1,...jρ<dρ
q̃ρ+1,jX

j1
1 · · ·Xjρ

ρ . Moreover, we ob-

tain `ρ+1 ≤ cρ+1`d2
1 · · · d2

ρ+1, which shows the induc-
tion claim. �

Proof of Theorem 3.2. Let f ∈ Z[X1, . . . ,Xk]
be given by a straight-line program andr be the re-
mainder polynomial as in Lemma 3.5. Note that
f(a1, . . . , ak) = r(a1, . . . , ak). This number is posi-
tive iff the following system of sign conditions is con-
sistent:

sgn(r(x1, . . . , xk)) = 1, sgn(p(j)
i (xi)) = εi,j

for 1 ≤ i ≤ k, 0 ≤ j < di. According to Lemma 3.5
we can compute straight-line program representations
for all the coefficients ofr in polynomial time. Com-
bining this with Lemma 3.3, the assertion follows.�

4 PosSLP lies in CH

The counting hierarchyCH was defined by Wagner
[36] and was studied further by Toran [34]; see also
[4, 3]. A problem lies inCH if it lies in one of the
classes in the sequencePP,PPPP, etc.

Theorem 4.1 BitSLP is in CH.

8



Proof. It was shown by Hesse et al. [19] that there
are Dlogtime-uniform threshold circuits of polynomial
size and constant depth that compute the following
function:

Input A numberX in Chinese Remainder Represen-
tation. That is, a sequence of values indexed
(p, j) giving the j-th bit of X mod p, for each
prime p < n2, where0 ≤ X ≤ 2n (thus we
view n as an appropriate “size” measure of the
input).

Output The binary representation of the unique natu-
ral numberX <

∏
p prime,p<n2 p whose value mod-

ulo each small prime is encoded in the input.

Let this circuit family be denoted{Dn}.
Now, as in the proof of [3, Lemma 5], we consider

the following exponentially-big circuit family{En},
that computesBitSLP.

Given as input an encoding of a straight-line pro-
gram representing integerW , we first build a new pro-
gram computing the positive integerX = W + 22n

.
Note that the bits of the binary representation ofW
(including the sign bit) can easily be obtained from the
bits ofX.

Level 1 of the circuitEn consists of gates labeled
(p, j) for each primep such thatp < 22n and for each
j : 1 ≤ j ≤ dlog pe. The output of this gate records
the jth bit of X mod p. (Observe that there are ex-
ponentially many gates on level 1, and also note that
the output of each gate(p, j) can be computed in time
polynomial in the size of the binary encoding ofp and
the size of the given straight-line program represent-
ing X. Note also that the gates on Level 1 correspond
to the gates on the input level of the circuitD22n .

The higher levels of the circuit are simply the gates
of D22n .

Now, similar to the proof of [3, Lemma 5], we claim
that for each constantd, the following language is in
the counting hierarchy:Ld = {(F,P, b) : F is the name
of a gate on leveld of En andF evaluates tob when
given straight-line programP as input}.

We have already observed that this is true whend =
1. For the inductive step, assume thatLd ∈ CH. Here
is an algorithm to solveLd+1 using oracle access to
Ld. On input (F,P, b), we need to determine if the
gateF is a gate ofEn, and if so, we need to determine

if it evaluates tob on inputP . F is a gate ofEn iff
if it is connected to some gateG such that, for some
b′, (G,P, b′) ∈ Ld. This can be determined inNPLd ⊆
PPLd , sinceDn is Dlogtime-uniform. That is, we can
guess a gateG, check thatG is connected toF in takes
linear time (because of the uniformity condition) and
then use our oracle forLd. If F is a gate ofEn, we
need to determine if the majority of the gates that feed
into it evaluate to 1. (Note that all of the gates inDn

are MAJORITY gates.) That is, we need to determine
if it is the case that for most bit stringsG such thatG
is the name of a gate that is connected toF , (G,P, 1)
is in Ld. This is clearly computable inPPLd .

Thus in order to computeBitSLP, given program
P and indexi, compute the nameF of the output bit
of En that produces theith bit of N (which is easy
because of the uniformity of the circuitsD22n ) and de-
termine if (F,P, 1) ∈ Ld, whered is determined by
the depth of the constant-depth family of circuits pre-
sented in [19]. �

Theorem 4.1 shows thatBP(Palgebraic
R

) lies in CH.
A similar argument can be applied to an analogous re-
striction of “digital” NPR (i.e., where nondetermin-
istic machines over the reals can guess “bits” but
cannot guess arbitrary real numbers). B¨urgisser and
Cucker [10] present some problems inPSPACE that
are related tocountingproblems overR. It would be
interesting to know if these problems lie inCH.

Although Theorem 4.1 shows thatBitSLP and
PosSLP both lie in CH, some additional effort is re-
quired in order to determine the level ofCH where
these problems reside. We present a more detailed
analysis forPosSLP, since it is our main concern in
this paper.

The following result implies Theorem 1.5, since
Toda’s Theorem [33] shows thatPPPHA ⊆ PPPA

for
every oracleA.

Theorem 4.2 PosSLP ∈ PHPPPP

.

Proof. We will use the Chinese remaindering algo-
rithm of [19] to obtain our upper bound onPosSLP.
(Related algorithms, which do not lead directly to the
bound reported here, have been used on several occa-
sions [1, 13, 14, 23, 24].) Let us introduce some nota-
tion relating to Chinese remaindering.
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For n ∈ N let Mn be the product of all odd
primesp less than2n2

. By the prime number theorem,

22n
< Mn < 22n2+1

for n sufficiently large. For such
primesp let hp,n denote the inverse ofMn/p mod p.

Any integer 0 ≤ X < Mn can be represented
uniquely as a list(xp), wherep runs over the odd
primesp < 2n2

andxp = X mod p. Moreover,X
is congruent to

∑
p xphp,nMn/p moduloMn. Hence

X/Mn is the fractional part of
∑

p xphp,n/p.
Define the family of approximation functions

appn(X) to be
∑

p Bp, whereBp = xphp,nσp,n and
σp,n is the result of truncating the binary expansion of
1/p after 2n4

bits. Note that forn sufficiently large

andX < Mn, appn(X) is within 2−2n3

of X/Mn.
Let the input toPosSLP be a programP of sizen

representing the integerW and putYn = 22n
. Since

|W | ≤ Yn, the numberX := W + Yn is nonnegative
and we can easily transformP into a program of size
2n + 2 representingX. Clearly,W > 0 iff X > Yn.
Note that ifX > Yn, thenX/Mn andYn/Mn differ

by at least1/Mn > 2−2n2+1
, which implies that it is

enough to compare the binary expansions ofappn(X)
andappn(Yn). (Interestingly, this seems to be some-
what easier than computing the bits ofX directly.)

We can determine ifX > Yn in PH relative to the
following oracle: A = {(P, j, b, 1n) : the j-th bit of
the binary expansion ofappn(X) is b, whereX is the
number represented by straight-line programP andj
is given in binary}. Lemma 4.3 completes the proof

by showing thatA ∈ PHPPPP

. �

Lemma 4.3 A ∈ PHPPPP
.

Proof. Assume for the moment that we can show that
B ∈ PHPP, whereB := {(P, j, b, p, 1n) : the j-th
bit of the binary expansion ofBp (= xphp,nσp,n) is
b, wherep < 2n2

is an odd prime,xp = X mod p,
X is the number represented by the straight-line pro-
gramP , andj is given in binary}. In order to recog-
nize the setA, it clearly suffices to compute2n4

bits
of the binary representation of the sum of the num-
bersBp. A uniform circuit family for iterated sum
is presented by Maciel and Th´erien in [25, Corollary
3.4.2] consisting of MAJORITY gates on the bottom
(input) level, with three levels of AND and OR gates

above. As in the proof of Theorem 4.1, the con-
struction of Maciel and Th´erien immediately yields a
PHPPB

algorithm forA, by simulating the MAJOR-
ITY gates byPPB computation, simulating the OR
gates above the MAJORITY gates byNPPPB

compu-
tation, etc. The claim follows, since by Toda’s Theo-

rem [33]PHPPB ⊆ PHPPPHPP

= PHPPPP

. It remains
only to show thatB ∈ PHPP. �

Lemma 4.4 B ∈ PHPP.

Proof. Observe that given(P, j, b, p) we can deter-
mine in polynomial time ifp is prime [2], and we can
computexp.

In PH ⊆ PPP we can find the least generatorgp of
the multiplicative group of the integers modp. The
setC = {(q, gp, i, p) : p 6= q are primes andi is the
least number for whichgi

p ≡ q mod p} is easily seen
to lie in PH. We can compute the discrete log base
gp of the numberMn/p mod p in #PC ⊆ PPP, by
the algorithm that nondeterministically guessesq and
i, verifies that(q, gp, i, p) ∈ C, and if so generates
i accepting paths. Thus we can compute the number
Mn/p mod p itself in PPP by first computing its dis-
crete log, and then computinggp to that power, mod
p. The inversehp,n is now easy to compute inPPP, by
finding the inverse ofMn/p modp.

Our goal is to compute thej-th bit of the binary ex-
pansion ofxphp,nσp,n. We have already computedxp

andhp,n in PPP, so it is easy to computexphp,n. The
jth bit of 1/p is simply the low-order bit of2j mod p,
so bits ofσp,n are easy to compute in polynomial time.
(Note thatj is exponentially large.)

Thus our task is to obtain thej-th bit of the product
of xphp,n and σp,n, or (equivalently) addingσp,n to
itself xphp,n times. The problem of addinglogO(1) n
manyn-bit numbers lies in uniformAC0. Simulating
theseAC0 circuits leads to the desiredPHPP algorithm
for B. �
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[3] E. Allender, M. Koucký, D. Ronneburger, S. Roy, and
V. Vinay. Time-space tradeoffs in the counting hierarchy. In
Proc. 16th Ann. IEEE Conf. on Computational Complexity
(CCC ’01), pages 295–302, 2001. Revised version to appear
in Theory of Computing Systems.

[4] E. Allender and K. W. Wagner. Counting hierarchies: poly-
nomial time and constant depth circuits. In G. Rozenberg
and A. Salomaa, editors,Current Trends in Theoretical Com-
puter Science, pages 469–483. World Scientific, 1993.

[5] S. Basu, R. Pollack, and M.-F. Roy.Algorithms in Real Alge-
braic Geometry, volume 10 ofAlgorithms and Computation
in Mathematics. Springer Verlag, 2003.

[6] M. Ben-Or, D. Kozen, and J. Reif. The complexity of ele-
mentary algebra and geometry.J. Comp. Syst. Sci., 32:251–
264, 1986.

[7] A. Bertoni, G. Mauri, and N. Sabadini. Simulations among
classes of random access machines and equivalence among
numbers succinctly represented.Ann. Discrete Math.,
25:65–90, 1985.

[8] L. Blum, F. Cucker, M. Shub, and S. Smale.Complexity and
Real Computation. Springer, 1998.

[9] P. Bürgisser. The complexity of factors of multivariate
polynomials. Foundations of Computational Mathematics,
4:369–396, 2004.

[10] P. Bürgisser and F. Cucker. Counting complexity classes for
numeric computations II: Algebraic and semialgebraic sets.
Available at: http://www.arxiv.org/abs/cs/cs.CC/0312007,
Extended abstract inProc. 36th Ann. ACM STOC, pages
475–485, 2004.

[11] D. Cox, J. Little, and D. O’Shea.Ideals, Varieties, and Al-
gorithms. Springer, 1991.

[12] F. Cucker and D.Yu. Grigoriev. On the power of real Turing
machines over binary inputs.SIAM J. Comp., 26:243–254,
1997.

[13] G.I. Davida and B. Litow. Fast parallel arithmetic via mod-
ular representation.SIAM J. Comp., 20(4):756–765, August
1991.

[14] P.F. Dietz, I.I. Macarie, and J.I. Seiferas. Bits and relative
order from residues, space efficiently.Inf. Proc. Letters,
50(3):123–127, 9 May 1994.

[15] K. Etessami and M. Yannakakis. Recursive Markov chains,
stochastic grammars, and monotone systems of nonlinear
equations. In V. Diekert and B. Durand, editors,22nd
Ann. Symposium on Theoretical Aspects of Computer Sci-
ence (STACS’05), number 3404 in LNCS, pages 340–352,
2005.

[16] M. Garey, R.L. Graham, and D.S. Johnson. Some NP-
complete geometric problems. InProc. ACM Symp. Theory
Comp., pages 10–22, 1976.

[17] J. von zur Gathen and J. Gerhard.Modern Computer Alge-
bra. Cambridge University Press, 1999.

[18] J. Hartmanis and J. Simon. On the power of multiplication in
random-access machines. InProc. 15th Ann.. IEEE Sympos.
Switching Automata Theory, pages 13–23, 1974.

[19] W. Hesse, E. Allender, and D. A. Mix Barrington. Uni-
form constant-depth threshold circuits for division and iter-
ated multiplication.J. Comp. Syst. Sci., 65:695–716, 2002.

[20] O.H. Ibarra and S. Moran. Equivalence of straight-line pro-
grams.J. ACM, 30:217–228, 1983.

[21] V. Kabanets and R. Impagliazzo. Derandomizing polyno-
mial identity tests means proving circuit lower bounds. In
Proc. ACM Symp. Theory Comp., pages 355–364, 2003.

[22] P. Koiran. Computing over the reals with addition and order.
Theoret. Comp. Sci., 133:35–47, 1994.

[23] B. Litow. On iterated integer product.Inf. Proc. Letters,
42(5):269–272, 03 July 1992.

[24] I. Macarie. Space-efficient deterministic simulation of prob-
abilistic automata.SIAM J. Comp., 27:448–465, 1998.
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