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ABSTRACT
The 17th of the problems proposed by Steve Smale for the
21st century asks for the existence of a deterministic algo-
rithm computing an approximate solution of a system of n
complex polynomials in n unknowns in time polynomial, on
the average, in the size N of the input system. A partial
solution to this problem was given by Carlos Beltrán and
Luis Miguel Pardo who exhibited a randomized algorithm,
call it LV, doing so. In this paper we further extend this
result in several directions. Firstly, we perform a smoothed
analysis (in the sense of Spielman and Teng) of algorithm LV

and prove that its smoothed complexity is polynomial in the
input size and σ−1, where σ controls the size of the random
perturbation of the input systems. Secondly, we perform a
condition-based analysis of LV. That is, we give a bound,
for each system f , of the expected running time of LV with
input f . In addition to its dependence on N this bound also
depends on the condition of f . Thirdly, and to conclude,
we return to Smale’s 17th problem as originally formulated
for deterministic algorithms. We exhibit such an algorithm
and show that its average complexity is NO(log logN). This
is nearly a solution to Smale’s 17th problem.

Categories and Subject Descriptors
F.2.1 [Analysis of Algorithms and Problem Complex-

ity]: Numerical Algorithms and Problems—computations
on polynomials; G.1.5 [Numerical Analysis]: Roots of
Nonlinear Equations—Continuation (homotopy) methods

∗A full version of this paper is available at
arxiv.org/abs/0909.2114
†Partially supported by DFG grant BU 1371/2-1 and Pader-
born Institute for Scientific Computation (PaSCo).
‡Partially supported by GRF grant CityU 100808.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
STOC’10, June 5–8, 2010, Cambridge, Massachusetts, USA.
Copyright 2010 ACM 978-1-4503-0050-6/10/06 ...$10.00.

General Terms
Algorithms

Keywords
polynomial equation solving, homotopy methods, approxi-
mate zero, complexity, polynomial time, smoothed analysis

1. INTRODUCTION
In 2000, Steve Smale published a list of mathematical

problems for the 21st century [20]. The 17th problem in
the list reads as follows:

Can a zero of n complex polynomial equations in n

unknowns be found approximately, on the average, in
polynomial time with a uniform algorithm?

Smale pointed out that “it is reasonable” to homogenize
the polynomial equations by adding a new variable and to
work in projective space after which he made precise the
different notions intervening in the question above. We pro-
vide these definitions in full detail in Section 2. Before doing
so, in the remaining of this section, we briefly describe the
recent history of Smale’s 17th problem and the particular
contribution of the present paper. The following summary
of notations should suffice for this purpose.

We denote by Hd the linear space of complex homoge-
neous polynomial systems in n + 1 variables, with a fixed
degree pattern d = (d1, . . . , dn). We let D = maxi di and
N = dimC Hd. We endow this space with the unitarily in-
variant Bombieri-Weyl Hermitian product and consider the
unit sphere S(Hd) with respect to the norm induced by this
product. We then make this sphere a probability space by
considering the uniform measure on it. The expression “on
the average” refers to expectation on this probability space.
Also, the expression “approximate zero” refers to a point
for which Newton’s method, starting at it, converges im-
mediately, quadratically fast. Finally, the notion of “uni-
form polynomial time algorithm” refers to the so-called BSS-
model [5], which is essentially a model of a random access
machine operating with real numbers with infinite precision
and at unit cost.

This is the setting underlying the series of papers [14, 15,
16, 17, 18] —commonly referred to as “the Bézout series”—
written by Shub and Smale during the first half of the 1990s,
a collection of ideas, methods, and results that pervade all
the research done in Smale’s 17th problem since this was
proposed. The overall idea in the Bézout series is to use a



linear homotopy. That is, one starts with a system g and a
zero ζ of g and considers the segment Ef,g with extremities f
and g. Here f is the system whose zero we want to compute.
Almost surely, when one moves from g to f , the zero ζ of g
follows a curve in projective space to end in a zero of f . The
homotopy method consists of dividing the segment Ef,g in
a number, say k, of subsegments Ei small enough to ensure
that an approximate zero xi of the system at the origin of
Ei can be made into an approximate zero xi+1 of the system
at its end (via one step of Newton’s method). The difficulty
of this overall idea lies in the following issues:

1. How does one choose the initial pair (g, ζ)?

2. How does one choose the subsegments Ei? In particu-
lar, how large k should be?

The state of the art at the end of the Bézout series, i.e.,
in [18], showed an incomplete picture. For (2), an adap-
tive algorithm is described which determines the interval
Ei+1 from data computed from the interval Ei. The anal-
ysis of the size of k, however, reveals a dependence on the
initial pair (g, ζ) through a quantity involving the whole path
Ef,g. Which brings us to issue (1). Concerning this issue,
Shub and Smale proved that good initial pairs (g, ζ) (in the
sense that the average number of iterations for the algorithm
above was polynomial in the size of f) existed for each de-
gree pattern d, but they could not exhibit a procedure to
generate one such pair.

The next breakthrough took a decade to come. Beltrán
and Pardo proposed in [1, 2, 3] that the initial pair (g, ζ)
should be randomly chosen. The consideration of random-
ized algorithms departs from the formulation of Smale’s 17th
problem but it is widely accepted that, in practical terms,
such algorithms are as good as their deterministic siblings.
And in the case at hand this departure turned out to pay off.
The average (over f) of the expected (over (g, ζ)) number

of iterations of the algorithm proposed in [3] is O(nND3/2).
One of the most notable features of the ideas introduced
by Beltrán and Pardo is the use of a measure on the space
of pairs (g, ζ) which is friendly enough to perform a proba-
bilistic analysis while, at the same time, does allow for an
efficient sampling.

A first goal of this paper is to perform a smoothed analysis
of a randomized algorithm (essentially Beltrán and Pardo’s),
which we call LV, that computes an approximate zero of f .
The precise details of this smoothed analysis are in §3.3.

Average (or smoothed) complexity results do not provide
information on the running time of an algorithm for the
instance at hand. The second goal of this paper shows a
bound of this kind for the expected running time of LV.
This bound depends on the condition number of the input
system f . The precise statement, Theorem 3.5, is in §3.5
below.

Last but not least, to close this introduction, we return
to its opening theme: Smale’s 17th problem. Even though
randomized algorithms are efficient in theory and reliable in
practice they do not offer an answer to the question of the
existence of a deterministic algorithm computing approxi-
mate zeros of complex polynomial systems in average poly-
nomial time. The third main result in this paper exhibits
a deterministic algorithm computing approximate zeros in
average time NO(log logN). To do so we design and analyze
a deterministic homotopy algorithm, call it MD, whose av-
erage complexity is polynomial in n and N and exponential

in D. This already yields a polynomial-time algorithm when
one restricts the degree D to be at most n1−ε for any fixed
ε > 0 (and, in particular, when D is fixed as in a system of
quadratic or cubic equations). Algorithm MD is fast when
D is small. We complement it with an algorithm that uses
a procedure proposed by Jim Renegar [10] and which com-
putes approximate zeros similarly fast when D is large.

In order to prove the results described above we have re-
lied on a number of ideas and techniques. Some of them —
e.g., the use of the coarea formula or of the Bombieri-Weyl
Hermitian inner product— are taken from the Bézout series
and are pervasive in the literature on the subject. Some oth-
ers —notably the use of the Gaussian distribution and its
truncations in Euclidean space instead of the uniform distri-
bution on a sphere or a projective space— are less common.
The blending of these ideas has allowed us a development,
which unifies the treatment of the several situations we con-
sider for zero finding in this paper.
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at the Fields Institute in Toronto during the thematic pro-
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2. PRELIMINARIES

2.1 Setting and Notation
Fix a degree pattern d = (d1, . . . , dn). The input space is

the vector space Hd of polynomial systems f = (f1, . . . , fn)
with fi =

∑
α a

i
αX

α ∈ C[X0, . . . , Xn] homogeneous of de-
gree di. We endow Hd with the Bombieri-Weyl Hermitian
inner product that is associated with the norm

‖f‖2 :=
∑

|α|=di

|aiα|2
(
di
α

)−1

.

The reason to do so is that this inner product is invariant
under the natural action of the unitary group U(n+1), cf. [5,
Chap. 12]. The quantity N := dimC Hd measures the size
of the input system f and we further put D := maxi di and
let D =

∏
i di be the Bézout number.

We look for solutions ζ of the equation f(ζ) = 0 in the
complex projective space P

n := P(Cn+1). For f, g ∈ Hd \
{0}, we denote by dS(f, g) the angle between f and g. Simi-
larly we define dP(x, y) for x, y ∈ P

n. We define the solution
variety to be

VP :=
{
(f, ζ) ∈ Hd × P

n | f(ζ) = 0
}
.

This is a smooth submanifold of Hd × P
n. We denote by

VP(f) the zero set of f ∈ Hd in P
n. By Bézout’s Theorem,

it contains D points for almost all f . Let Df(ζ)|Tζ
denote

the restriction of the derivative of f : Cn+1 → C
n at ζ to the

tangent space Tζ := {v ∈ C
n+1 | 〈v, ζ〉 = 0} of Pn at ζ. The

discriminant variety Σ is the set of systems f for which there
exists a zero ζ ∈ P

n such that rankDf(ζ)|Tζ
< n. Note that

f 6∈ Σ means all the zeros of f are simple.
The distribution of inputs will be modelled with isotropic

Gaussians. We recall that theGaussian distributionN(f , σ2I)
on Hd with mean f ∈ Hd and covariance matrix σ2I, σ > 0,



is given by the density

ρf,σ(f) =
( 1

σ
√
2π

)2N
exp

(
− ‖f − f‖2

2σ2

)
.

2.2 Approximate zeros
In [12], Mike Shub introduced the following projective ver-

sion of Newton’s method. We associate to f ∈ Hd a map
Nf : Cn+1 \ {0} → C

n+1 \ {0} defined (almost everywhere)
by

Nf (z) = z −Df(z)−1
|Tz
f(z).

Note that Nf (z) is homogeneous of degree 0 in f so that Nf

induces a rational map from P
n to P

n.
It is well-known that when z is sufficiently close to a sim-

ple zero ζ of f , the sequence of Newton iterates beginning
at z will converge quadratically fast to ζ. This property
lead Steve Smale to define the following intrinsic notion of
approximate zero.

Definition 2.1. By an approximate zero of f ∈ Hd as-
sociated with a zero ζ ∈ P

n of f we understand a point z ∈
P
n such that the sequence of Newton iterates zi+1 := Nf (zi)

with initial point z0 := z converges immediately quadratically

to ζ, i.e., dP(zi, ζ) ≤ 2−(2i−1) dP(z0, ζ) for all i ∈ N.

2.3 Condition Numbers
The so called α-theory of Smale [19] shows that the size

of the basin of attraction of approximate zeros for a zero ζ
of f is controlled by the following quantity:

µ(f, ζ) = ‖f‖ · ‖M†‖, (1)

where (choosing a representative of ζ with ‖ζ‖ = 1)

M := ∆−1Df(ζ) ∈ C
n×(n+1),

with the diagonal matrix ∆ := diag(
√
d1, . . . ,

√
dn). Here

M† =M∗(MM∗)−1 denotes theMoore-Penrose inverse ofM ,
and ‖M†‖ its spectral norm. We note that the condition
number µ(f, ζ) is well defined for (f, ζ) ∈ Hd × P

n.
Smale’s α-theory [19] shows that, for z being an approx-

imate zero of f associated with ζ, it is sufficient to have
(cf. [13, 6])

dP(z, ζ) ≤
0.3

D3/2µ(f, ζ)
.

2.4 Coarea Formula
Suppose that X,Y are Riemannian manifolds of dimen-

sions m, n, respectively such that m ≥ n. Let ϕ : X → Y be
differentiable. By definition, the derivative Dϕ(x) : TxX →
Tϕ(x)Y at a regular point x ∈ X is surjective. Hence the
restriction of Dϕ(x) to the orthogonal complement of its
kernel yields a linear isomorphism. The absolute value of
its determinant is called the normal Jacobian of ϕ at x and
denoted NJϕ(x). We set NJϕ(x) := 0 if x is not a regular
point. We note that the fiber Fy := ϕ−1(y) is a Riemannian
submanifold of X of dimension m− n if y is a regular value
of ϕ. Sard’s lemma states that almost all y ∈ Y are regular
values.

The following result is the coarea formula, sometimes also
called Fubini’s Theorem for Riemannian manifolds. It tells
us how probability distributions on Riemannian manifolds
transform. A proof can be found e.g., in [9, Appendix].

Proposition 2.2. Suppose that X,Y are Riemannian man-
ifolds of dimensions m, n, respectively, and let ϕ : X → Y
be a surjective differentiable map. Put Fy = ϕ−1(y). Then
we have for any function χ : X → R that is integrable with
respect to the volume measure of X that

∫

X

χdX =

∫

y∈Y

(∫

Fy

χ

NJϕ
dFy

)
dY.

3. STATEMENT OF MAIN RESULTS

3.1 The Homotopy Continuation Routine ALH

Suppose that we are given an input system f ∈ Hd and
an initial pair (g, ζ) in the solution variety VP such that f
and g are R-linearly independent. Let α = dS(f, g) and con-
sider the line segment Ef,g in Hd with endpoints f and g.
We parameterize this segment by writing Ef,g = {qτ ∈ Hd |
τ ∈ [0, 1]} with qτ being the only point in Ef,g such that
dS(g, qτ ) = τα. If Ef,g does not intersect the discrimi-
nant variety Σ, there is a unique continuous map γ : [0, 1] →
VP, τ 7→ (qτ , ζτ ) such that (q0, ζ0) = (g, ζ), called the lifting
of Ef,g with origin (g, ζ).

The idea is to follow the path γ numerically: we adap-
tively choose a partition τ0 = 0, τ1, . . . , τk = 1 and, writing
qi := qτi and ζi := ζti , we successively compute approxi-
mations zi of ζi by Newton’s method starting with z0 := ζ.
More specifically, we compute

zi+1 := Nqi+1(zi).

More precisely, we consider the following algorithm ALH

(Adaptive Linear Homotopy) following an idea in Shub [13].
The stepsize parameter is set to λ = 7.53 · 10−3.

Algorithm ALH

input f, g ∈ Hd and ζ ∈ P
n such that g(ζ) = 0

α := dS(f, g), r := ‖f‖, s := ‖g‖
τ := 0, q := g, z := ζ

repeat

∆τ := λ

αD3/2µ(q,z)2

τ := min{1, τ +∆τ}
t := s

r sinα cot(τα)−r cosα+s

q := tf + (1− t)g

z := Nq(z)

until τ = 1

RETURN z

In [13, 6] the following analysis of ALH was provided.

Theorem 3.1. The number of iterations K(f, g, ζ) of al-
gorithm ALH in input f, g, ζ is bounded as

K(f, g, ζ) ≤ 217D3/2 dS(f, g)

∫ 1

0

µ(qτ , ζτ )
2 dτ.

The returned point z is an approximate zero of f with asso-
ciated zero ζ1.

3.2 Randomization and Complexity: the Al-
gorithm LV

ALH will serve as the basic routine for a number of algo-
rithms computing zeros of polynomial systems in different



contexts. In these contexts both the input system f and the
origin (g, ζ) of the homotopy may be randomly chosen: in
the case of (g, ζ) as a computational technique and in the
case of f in order to perform a probabilistic analysis of the
algorithm’s running time.

In both cases, a probability measure is needed: one for f
and one for the pair (g, ζ). The measure for f will depend
on the kind of probabilistic analysis (standard average-case
or smoothed analysis) we perform. In contrast, we will con-
sider only one measure on VP—which we denote by ρst— for
the initial pair (g, ζ). It consists of drawing g from Hd from
the standard Gaussian distribution (defined via the isomor-
phism Hd ' R

2N given by the Bombieri-Weyl basis) and
then choosing one of the (almost surely) D zeros of g from
the uniform distribution on {1, . . . ,D}. The above proce-
dure is clearly non-constructive as computing a zero of a
system is the problem we wanted to solve in the first place.
One of the major contributions in [1] was to show that this
drawback can be repaired.

Proposition 3.2. We can compute a random pair (g, ζ) ∈
VP according to the density ρst with O(N) choices of random
real numbers from the standard Gaussian distribution and
O(DnN + n3) arithmetic operations (including square roots
of positive numbers).

Consider the following Las Vegas algorithm LV:

input f ∈ Hd

draw (g, ζ) ∈ VP from ρst

run ALH on input (f, g, ζ)

For an input f ∈ Hd algorithm LV either outputs an ap-
proximate zero z of f or loops forever. We write t(f) :=

E(g,ζ)∼ρst (t(f, g, ζ)) for the expected running time of LV on
input f .

For all f, g, ζ0, the running time t(f, g, ζ) is given by the
number of iterations K(f, g, ζ) of ALH with input this triple,
times the cost of an iteration, the latter being dominated by
that of computing one Newton iterate (which is O(N + n3)
independently of the triple (f, g, ζ)). It therefore follows that
analyzing the expected running time of LV amounts to do so
for the expected value of K(f, g, ζ), over (g, ζ) ∈ VP drawn
from ρst. We denote this expectation by

K(f) := E
(g,ζ)∼ρst

(K(f, g, ζ)).

Beltrán and Pardo [3] performed an average-case analysis
of LV showing that

Ef∈S(Hd)K(f) = O(D3/2Nn).

3.3 Smoothed Analysis of LV

A smoothed analysis of an algorithm consists of bound-
ing, for all possible input data f , the average of its run-
ning time (its expected running time if it is a Las Vegas
algorithm) over small perturbations of f . For the latter,
for technical simplicity, we assume a truncated Gaussian
defined as follows. For f ∈ Hd and σ > 0 we shall de-
note by N(f , σ2I) the Gaussian distribution on Hd with
mean f and covariance matrix σ2I (defined with respect

to the Bombieri-Weyl basis). Further, let A =
√
2N and

PA,σ := Prob{‖f‖ ≤ A | f ∼ N(0, σ2I)} (it is known that

PA,σ ≥ 1
2
for all σ ≤ 1, cf. [8]). The truncated Gaussian

NA(f, σ
2I) with center f ∈ Hd is the probability measure

on Hd with density

ρ(f) =

{
ρ
f,σ

(f)

PA,σ
if ‖f − f‖ ≤ A

0 otherwise,
(2)

where ρf,σ denotes the density of N(f , σ2I). We now state
our smoothed analysis result for LV.

Theorem 3.3. For any 0 < σ ≤ 1, Algorithm LV satisfies

sup
f∈S(Hd)

E
f∼NA(f,σ2I)

K(f) ≤ 3707D3/2
(
N +

√
N

2

)
(n+ 1)

1

σ
.

3.4 The Main Technical Result
The technical heart of the proof of Theorem 3.3 is the

following smoothed analysis of the mean square condition
number µ2(q) of q ∈ Hd, defined as

µ2(q) :=
( 1

D
∑

ζ|q(ζ)=0

µ(q, ζ)2
)1/2

.

Theorem 3.4. Let q ∈ Hd and σ > 0. For q ∈ Hd drawn
from N(q, σ2I) we have

E
Hd

(µ2(q)
2

‖q‖2
)

≤ e(n+ 1)

2σ2
.

3.5 Condition-based Analysis of LV

We are here interested in estimatingK(f) for a fixed input
system f ∈ S(Hd). Such an estimate will have to depend
on, besides N , n, and D, the condition of f . We measure the
latter using Shub and Smale’s [14] condition number µmax(f)
defined by µmax(f) := maxζ|f(ζ)=0 µ(f, ζ). Our condition-
based analysis of LV is summarized as follows.

Theorem 3.5. The expected number of iterations of Al-
gorithm LV with input f ∈ S(Hd) \ Σ is bounded as

K(f) ≤ 157109D3N(n+ 1)µmax(f)
2.

3.6 A Near Solution of Smale’s 17th Problem
We finally want to consider deterministic algorithms find-

ing approximate zeros of polynomial systems. Our goal is
to exhibit one such algorithm working in nearly-polynomial
average time, more precisely in average time NO(log logN).
A first ingredient to do so is a deterministic homotopy al-
gorithm which is fast when D is small. This consists of
algorithm ALH plus the initial pair (U,z1), where U =

(U1, . . . , Un) ∈ S(Hd) with U i = 1√
2n

(Xdi
0 − Xdi

i ) and

z1 = (1 : 1 : . . . : 1).
We consider the following algorithm MD (Moderate De-

gree):

input f ∈ Hd

run ALH on input (f, U,z1)

We write KU (f) := K(f, U,z1) for the number of iter-
ations of algorithm MD with input f . We are interested
in computing the average over f of KU (f) for f randomly
chosen in S(Hd) from the uniform distribution.



Theorem 3.6. The average number of iterations of Algo-
rithm MD is bounded as

E
f∈S(Hd)

KU (f) ≤ 314217D3N(n+ 1)D+1.

Algorithm MD is efficient when D is small, say, when D ≤
n. For D > n we use another approach, namely, a real
number algorithm designed by Jim Renegar [10] which in
this case has a performance similar to that of MD when
D ≤ n. Putting both pieces together we reach our last main
result.

Theorem 3.7. There is a deterministic real number algo-
rithm that on input f ∈ Hd computes an approximate zero
of f in average time NO(log logN), where N = dimHd mea-
sures the size of the input f . Moreover, if we restrict data
to polynomials satisfying

D ≤ n
1

1+ε or D ≥ n1+ε,

for some fixed ε > 0, then the average time of the algorithm
is polynomial in the input size N .

4. SMOOTHED ANALYSIS OF LV (PROOF)
We first state a consequence of Theorem 3.1.

Proposition 4.1. The expected number of iterations of
ALH on input f ∈ Hd \ Σ is bounded as

K(f) ≤ 217D3/2
E

g∼N(0,I)

(
dS(f, g)

∫ 1

0

µ2(qτ )
2 dτ

)
.

Proof. Fix g ∈ Hd such that the segment Ef,g does not
intersect the discriminant variety Σ (which is the case for

almost all g, as f 6∈ Σ). To each of the zeros ζ(i) of g there

corresponds a lifting [0, 1] → V, τ 7→ (qτ , ζ
(i)
τ ) of Ef,g such

that ζ
(i)
0 = ζ(i). Theorem 3.1 states that

K(f, g, ζ(i)) ≤ 217D3/2 dS(f, g)

∫ 1

0

µ(qτ , ζ
(i)
τ )2 dτ.

Since ζ
(1)
τ , . . . , ζ

(D)
τ are the zeros of qτ , we have by the defi-

nition of µ2(qτ ),

1

D

D∑

i=1

K(f, g, ζ(i)) ≤ 217D3/2 dS(f, g)

∫ 1

0

µ2(qτ )
2 dτ. (3)

Taking into account that

K(f) = E
(g,ζ)∼ρst

(K(f, g, ζ)) = E
g∼N(0,I)

( 1

D
∑

i≤D
K(f, g, ζ(i))

)
.

the assertion follows. 2

All our main results involve expectations —over random f
and/or g— of the integral

∫ 1

0
µ2(qτ )

2 dτ . In all cases, we will
eventually deal with such an expectation with f and g Gaus-
sian. Since a linear combination (with fixed coefficients) of
two such Gaussian systems is Gaussian as well, it is con-
venient to parameterize the interval Ef,g by a parameter
t ∈ [0, 1] representing a ratio of Euclidean distances (instead
of a ratio of angles as τ does). Thus we write, abusing no-
tation, qt = tf + (1 − t)g. For fixed t, as noted before, qt
follows a Gaussian law.

For this new parametrization we have the following result,
whose elementary proof is omitted.

Proposition 4.2. Let f, g ∈ Hd be R-linearly indepen-
dent and τ0 ∈ [0, 1]. Then

dS(f, g)

∫ 1

τ0

µ2(qτ )
2 dτ ≤

∫ 1

t0

‖f‖ ‖g‖ µ2(qt)
2

‖qt‖2
dt,

where α = dS(f, g) and

t0 =
‖g‖

‖g‖+ ‖f‖(sinα cot(τ0α)− cosα)

is the fraction of the Euclidean distance ‖f − g‖ correspond-
ing to the fraction τ0 of α.

As we will see, the factor ‖f‖ ‖g‖ can be easily bounded
and factored out the expectation. We will ultimately face
the problem of estimating expectations of µ2(qt)

2/‖qt‖2, where
qt follows a Gaussian law. This is provided by the crucial
Theorem 3.4, whose sketch of proof is postponed to §5.

Proof of Theorem 3.3. Fix f ∈ S(Hd). We use
Proposition 4.1 to obtain

E
f∼NA(f,σ2I)

K(f) ≤

217D3/2
E

f∼NA(f,σ2I)
E

g∼NA(0,I)

(
dS(f, g)

∫ 1

0

µ2(qτ )
2 dτ

)
.

This follows from the fact that, since both dS(f, g) and µ2(qτ )
2

are homogeneous of degree 0 in both f and g, we may replace
the Gaussian N(0, I) by any rotationally invariant distribu-
tion onHd, in particular by the centered truncated Gaussian
NA(0, I) defined in (2). Now we use Proposition 4.2 (with
τ0 = 0) and ‖f‖ ≤ ‖f‖+ ‖f − f‖ ≤ 1 +A to get

E
f∼NA(f,σ2I)

K(f) ≤ (4)

217D3/2(A+ 1)A E
f∼NA(f,σ2I)

E
g∼NA(0,I)

(∫ 1

0

µ2(qt)
2

‖qt‖2
dt

)
.

Denoting by ρf,σ and ρ0,1 the densities of N(f , σ2I) and
N(0, I), respectively, the right-hand side of (4) equals

217D3/2 (A+ 1)A

PA,σPA,1
·

∫

‖f−f‖≤A

∫

‖g‖≤A

∫ 1

0

µ2(qt)
2

‖qt‖2
ρ0,1(g) ρf,σ(f) dt dg df

≤ 217D3/2 (A+ 1)A

PA,σPA,1
E

f∼N(f,σ2I)
E

g∼N(0,I)

(∫ 1

0

µ2(qt)
2

‖qt‖
dt

)

= 217D3/2 (A+ 1)A

PA,σPA,1

∫ 1

0
E

qt∼N(qt,σ
2
t I)

(
µ2(qt)

2

‖qt‖

)
dt,

where the last equality follows from the fact that, for fixed t,
the random polynomial system qt = tf + (1 − t)g has a
Gaussian distribution with law N(qt, σ

2
t I) (with qt = tf and

σ2
t = (1− t)2+σ2t2). We now apply Theorem 3.4 to deduce

∫ 1

0
E

qt∼N(qt,σ
2
t I)

(
µ2(qt)

2

‖qt‖2
)
dt

≤ e(n+ 1)

2

∫ 1

0

dt

(1− t)2 + σ2t2
=
eπ(n+ 1)

4σ
.

Consequently, using that (A+1)A
PA,σPA,1

≤ 4(2N +
√
2N), we get

E
f∼NA(f,σ2I)

K(f) ≤ 217D3/2 4(2N +
√
2N)

eπ(n+ 1)

4σ
. 2



5. PROOF OF THEOREM 3.4

5.1 Reduction to Matrix Condition Number
We distinguish points [ζ] ∈ P

n from their representatives ζ
in the sphere Sn := {ζ ∈ C

n+1 | ‖ζ‖ = 1}. Note that [ζ]∩S
n

is a circle with radius one. We work with the “lifting”

V := {(q, ζ) ∈ Hd × S
n | q(ζ) = 0}

of the solution variety VP, which is a vector bundle over S
n

with respect to the projection π2 : V → S
n, (q, ζ) 7→ ζ.

For ζ ∈ S
n we consider the following subspace Rζ of Hd

consisting of systems h that vanish at ζ of higher order:

Rζ := {h ∈ Hd | h(ζ) = 0, Dh(ζ) = 0}.
We further decompose the orthogonal complement R⊥

ζ of
Rζ in Hd (defined with respect to the Bombieri-Weyl Her-
mitian inner product). Let Lζ denote the subspace of R⊥

ζ

consisting of the systems vanishing at ζ and let Cζ denote its
orthogonal complement in R⊥

ζ . Then we have an orthogonal
decomposition

Hd = Cζ ⊕ Lζ ⊕Rζ (5)

parameterized by ζ ∈ S
n. In fact, this can be interpreted as

an orthogonal decomposition of the trivial Hermitian vector
bundle Hd ×S

n → S
n into subbundles C, L, and R over Sn.

Moreover, the vector bundle V is the orthogonal sum of L
and R: we have Vζ = Lζ ⊕Rζ for all ζ.

The following lemma is easily verified at ζ = (1, 0, . . . , 0).
(By unitary invariance this is sufficient.)

Lemma 5.1. The space Cζ consists of (ci〈X, ζ〉di) with
ci ∈ C. The space Lζ consists of the systems

g = (
√
di 〈X, ζ〉di−1`i)

where `i is a linear form vanishing at ζ. Moreover, if `i =∑n
j=0mijXj with M = (mij), then ‖g‖ = ‖M‖F .

Let M denote the space C
n×(n+1) of matrices. In the

special case, where all the degrees di are one, the solution
manifold V specializes to the manifold

W :=
{(
M, ζ) ∈ M × S

n |Mζ = 0}
and π2 specializes to the vector bundle p2 : W → S

n, (M, ζ) 7→
ζ with the fibers

Wζ := {M ∈ M |Mζ = 0}.
Lemma 5.1 implies that we have isometrical linear maps

Wζ → Lζ , M 7→ gM,ζ :=
(√
di 〈X, ζ〉di−1

∑
j mijXj

)
, (6)

where M = (mij). In other words, the Hermitean vector
bundles W and L over Sn are isometric.

We compose the orthogonal bundle projection Vζ = Lζ ⊕
Rζ → Lζ with the bundle isometry Lζ ' Wζ obtaining the
map of vector bundles

Ψ: V → W, (gM,ζ + h, ζ) 7→ (M, ζ) (7)

whose fibers Ψ−1(M, ζ) are isometric toRζ . Another charac-
terization of Ψ is Ψ(q, ζ) = (M, ζ), whereM = ∆−1DgM,ζ(ζ).
This shows that Ψ provides the link to the condition number:
by the definition (1) we have

µ(q, ζ)

‖q‖ = ‖M†‖, where (M, ζ) = Ψ(q, ζ). (8)

Let ρHd
denote the density of the Gaussian N(q, σ2I) on

Hd, where q ∈ Hd and σ > 0. For fixed ζ ∈ S
n we decom-

pose the mean q as

q = kζ + gζ + hζ ∈ Cζ ⊕ Lζ ⊕Rζ

according to (5). If we denote by ρCζ , ρLζ , and ρRζ the
densities of the Gaussian distributions in the spaces Cζ , Lζ ,
and Rζ with covariance matrices σ2I and means kζ ,Mζ , and
hζ , respectively, then the density ρHd

factors as

ρHd
(k + g + h) = ρCζ (k) · ρLζ (g) · ρRζ (h). (9)

The Gaussian density ρLζ on Lζ induces a Gaussian den-

sity ρWζ on the fiber Wζ with the covariance matrix σ2I via
the isometrical linear map (6), so that we have ρWζ (M) =
ρLζ (gM,ζ).

By Bézout’s theorem, the fiber V (q) of the projection
π1 : V → Hd at q ∈ Hd is a disjoint union of D = d1 · · · dn
unit circles and therefore has the volume 2πD, provided q
does not lie in the discriminant variety.

Think now of choosing (q, ζ) at random from V by first
choosing q ∈ Hd from N(q, σ2I), then choosing one of its
D zeros [ζ] ∈ P

n at random from the uniform distribution on
{1, . . . ,D}, and finally choosing a representative ζ in the unit
circle [ζ]∩Sn uniformly at random. The resulting probability
density ρV on V is a natural extension of ρst. With the
coarea formula (Proposition 2.2) one can show that ρV has
the following form

ρV (q, ζ) :=
1

2πD ρHd
(q)NJπ1(q, ζ). (10)

The plan to show Theorem 3.4 is now as follows. We have

E
Hd

(µ2(q)
2

‖q‖2
)

= E
V

(µ(q, ζ)2
‖q‖2

)
, (11)

where EHd
and EV refer to the expectations with respect to

the distribution N(q, σ2I) on Hd and the probability den-
sity ρV on V , respectively. Moreover, by Equation (8),

E
V

(µ(q, ζ)2
‖q‖2

)
= E

M

(
‖M†‖2

)
,

where EM denotes the expectation with respect to the push-
forward density ρM of ρV with respect to the map

ψ := p1 ◦Ψ: V → M , (q, ζ) 7→M = ∆−1Dq(ζ).

Proposition 5.2. 1. For M ∈ M of rank n and ζ ∈
S
n with Mζ = 0 we have

ρM(M) = ρCζ (0) ·
1

2π

∫

λ∈S1

ρWλζ (M) dS1. (12)

2. If we put cζ := EM∼ρWζ
(det(MM∗)), then ρSn(ζ) =

cζ
2π
ρCζ (0) is a probability density on S

n and

ρ̃Wζ (M) := c−1
ζ ρWζ (M) det(MM∗)

defines a probability density on Wζ.

3. The expectation of ‖M†‖2 with respect to the density
ρM satisfies

E
M∼ρM

(
‖M†‖2

)
= E

ζ∼ρSn

(
E

M∼ρ̃Wζ

(
‖M†‖2

))
.



The formal proof of Proposition 5.2 is quite involved, and
will be given in §5.2. However, Equation (12) has an easy
heuristic explanation. We decompose a random q ∈ Hd

according to the decomposition Hd = Cζ ⊕ Lζ ⊕Rζ as q =
k + g + h. Choose λ ∈ C with |λ| = 1 uniformly at random
in the unit circle. Then we have Ψ(q, λζ) = (M,λζ) iff
k = 0 and g is mapped toM under the isometry in (6). The
probability density for the event k = 0 equals ρCζ (0). The
second event, conditioned on λ, has the probability density
ρWλζ (M).

For the proof of Theorem 3.4, according to Prop. 5.2(3),
it is sufficient to show that for all ζ

E
M∼ρ̃Wζ

(
‖M†‖2

)
≤ e(n+ 1)

2σ2
. (13)

This is achieved in §5.3. We note that the density ρ̃Wζ

on the fiber Wζ is closely related to a Gaussian. By unitary
invariance we may assume that ζ = (1, 0, . . . , 0). The ma-
trices M ∈ Wζ can then be identified with square matrices
A ∈ C

n×n and M† corresponds to A−1.

5.2 Proof of Proposition 5.2
We have already seen that the condition number µ(q, ζ)

can be described in terms of the map Ψ introduced in (7).
Beltrán and Pardo in [3] proved that the normal Jacobian
of the related bundle map

Φ: V →W, (q, ζ) 7→ (N, ζ) = (Dq(ζ), ζ),

is constant. This is a crucial observation.

Proposition 5.3. NJΦ(q, ζ) = Dn for all (q, ζ) ∈ V .

We also need the fact that NJπ1(q, ζ) = NJp1(N, ζ) where
N = Dq(ζ) and p1 : W → M , (N ′, ζ) 7→ N ′, cf. [15].

Using this fact, the factorization (9) of Gaussians, and (10),
the density ρV can be written as

ρV (gM,ζ +h, ζ) =
1

2πD ρCζ (0) ρLζ (gM,ζ) ρRζ (h) NJp1(N, ζ),

where N = ∆M .
Applying the coarea formula (Proposition 2.2) to Φ and

using NJΦ = Dn (Proposition 5.3), we obtain for any mea-
surable function χ : M → [0,∞) that
∫

V

(χ ◦ ψ) ρV dV =

1

Dn

∫

(N,ζ)∈W

χ(M)
ρCζ (0)

2πD ρLζ (gM,ζ)NJp1(N, ζ) dW,

where we have used that
∫
Rζ
ρRζ dRζ = 1.

We next apply the coarea formula to the projection p1.
For N ∈ M of rank n let ζN ∈ P

n be given by NζN =
0. The fiber V (N) = p−1

1 (N) is a circle consisting of all
representations ζ of ζN with norm 1. Recall that ρCζ and
ρLζ are independent of the choice of the representation of ζ.
Moreover, ρLζN

(gM,ζ) = ρWζ (M). We can thus express the
above integral as

1

Dn

∫

N∈M

χ(M)
ρCζN

(0)

D I(M) dM ,

where

I(M) :=
1

2π

∫

ζ∈V (N)

ρWζ (M) dV (N).

We finally perform the linear change of variables M →
M , N 7→ M , that has the Jacobian determinant Dn+1, and
conclude that (note ζN = ζM )

∫

V

(χ ◦ ψ) ρV dV =

∫

M∈M

χ(M) ρCζM
(0) I(M) dM .

This proves that ρM(M) = ρCζM
(0) I(M) is the pushfor-

ward density of ρV with respect to ψ and shows the first
assertion of Proposition 5.2.

For the second assertion, we apply the coarea formula
first to p1 : W → M and then to the projection p2 : W →
S
n, (M, ζ) 7→ ζ with the fibers Wζ and obtain for any mea-

surable function χ : M → [0,∞)

2π

∫

M

χdM =

∫

W

(χ ◦ p1)NJp1 dW

=

∫

ζ∈Sn

(∫

Wζ

χ
NJp1
NJp2

dWζ

)
dSn.

In [15] (see also [5, Section 13.2, Lemmas 2-3]) it was shown
that

NJp1
NJp2

(M, ζ) = det(MM∗).

Using this, we obtain
∫

M

χ dM =

∫

ζ∈Sn

(∫

M∈Wζ

χ(M)

2π
det(MM∗) dMζ

)
dSn.

(14)
Applying this to χ = ρM , exchanging the order of the inte-
grals and using S1-invariance, we get

1 =

∫

M

ρM dMζ =

∫

ζ∈Sn

cζ
2π

ρCζ (0) dS
n,

where cζ := EM∼ρWζ
(det(MM∗)). Hence 1

2π
cζρCζ

(0) de-

fines a density on S
n, showing the second assertion of Propo-

sition 5.2. Finally, the third assertion follows by apply-
ing (14) to χ(M) = ‖M†‖2 ρM(M). 2

5.3 Smoothed Analysis of a Matrix Condition
Number

In the following we fix A ∈ C
n×n, σ > 0 and denote by ρ

the Gaussian density of N(A, σ2I) on C
n×n. Moreover, we

consider the related density

ρ̃(A) = c−1 |detA|2 ρ(A) where c := E
A∼ρ

(|detA|2).

The following result is akin to a smoothed analysis of
the matrix condition number κ(A) = ‖A‖ · ‖A−1‖ (com-
pare Sankar et al. [11, §3]) with respect to the probabil-
ity densities ρ̃ that are not Gaussian, but closely related to
Gaussians.

Proposition 5.4. For any t > 0 we have

Prob
A∼ρ̃

{
‖A−1‖ ≥ t

}
≤ e2(n+ 1)2

16σ4

1

t4
.

This tail bound easily implies EA∼ρ̃

(
‖A−1‖2

)
≤ e(n+1)

2σ2 ,
which proves inequality (13) and thus completes the proof
of Theorem 3.4.

Recall that Sn−1 denotes the unit sphere in C
n.



Lemma 5.5. For any v ∈ S
n−1 and any t > 0 we have

Prob
A∼ρ̃

{
‖A−1v‖ ≥ t

}
≤ 1

4σ4t4
.

Proof. We first claim that, because of unitary invari-
ance, we may assume that v = en := (0, . . . , 0, 1). To see
this, take S ∈ U(n) such that v = Sen. Consider the iso-
metric map A 7→ B = S−1A which transforms the density
ρ̃(A) to a density of the same form, namely

ρ̃′(B) = ρ̃(A) = c−1|detA|2ρ(A) = c−1|detB|2ρ′(B),

where ρ′(B) denotes the density of N(S−1A, σ2I) and c =

Eρ(|detA|2) = Eρ′(|detB|2). Thus the assertion for en
and random B (chosen from any isotropic Gaussian dis-
tribution) implies the assertion for v and A, noting that
A−1v = B−1en. This proves the claim.

Let ai denote the ith row of A. Almost surely, the rows
a1, . . . , an−1 are linearly independent. We are going to char-
acterize ‖A−1en‖ in a geometric way. Let Sn denote the span
of a1, . . . , an−1 and denote by a⊥n the orthogonal projection
of an onto S⊥

n . Consider w := A−1en, which is the nth
column of A−1. Since AA−1 = I we have 〈w, ai〉 = 0 for
i = 1, . . . , n − 1 and hence w ∈ S⊥

n . Moreover, 〈w, an〉 = 1,
so ‖w‖ ‖a⊥n ‖ = 1 and we arrive at

‖A−1en‖ =
1

‖a⊥n ‖
. (15)

Let An ∈ C
(n−1)×n denote the matrix obtained from A by

omitting an. We shall write vol(An) = det(AA∗)1/2 for the
(n−1)-dimensional volume of the parallelepiped spanned by
the rows of An. Similarly, |detA| can be interpreted as the
n-dimensional volume of the parallelepiped spanned by the
rows of A.

Now we write ρ(A) = ρ1(An)ρ2(an) where ρ1 and ρ2 are
the density functions of N(An, σ

2I) and N(an, σ
2I), respec-

tively (the meaning of An and an being clear). Moreover,
note that

vol(A)2 = vol(An)
2 ‖a⊥n ‖2.

Fubini’s Theorem combined with (15) yields for t > 0
∫

‖A−1en‖≥t

vol(A)2ρ(A) dA =

∫

An∈C(n−1)×n

vol(An)
2 ρ1(An)

·
(∫

‖a⊥
n ‖≤1/t

‖a⊥n ‖2ρ2(an) dan
)
dAn. (16)

We next show that for fixed, linearly independent a1, . . . , an−1

and λ > 0
∫

‖a⊥
n ‖≤λ

‖a⊥n ‖2ρ2(an) dan ≤ λ4

2σ2
. (17)

For this, note that a⊥n ∼ N(a⊥n , σ
2I) in S⊥

n ' C where
a⊥n is the orthogonal projection of an onto S⊥

n . Thus, prov-
ing (17) amounts to showing

∫

|z|≤λ

|z|2ρz(z)dz ≤
λ4

2σ2

for the Gaussian density ρz(z) =
1

2πσ2 e
− 1

2σ2 |z−z|2
of z ∈ C,

where z ∈ C. Clearly, it is enough to show that
∫

|z|≤λ

ρz(z)dz ≤ λ2

2σ2
.

Without loss of generality we may assume that z = 0, since
the integral in the left-hand side is maximized at this value
of z. Then, writing z = σw, we have

∫

|z|≤λ

ρ0(z)dz =

∫

|w|≤λ
σ

1

2π
e−

1
2
|w|2 dw

=

∫ λ
σ

0

1

2π
e−

1
2
r22πr dr

= −e− 1
2
r2
∣∣∣∣
λ
σ

0

= 1− e
− λ2

2σ2 ≤ λ2

2σ2
,

which proves inequality (17).
A similar argument shows that

2σ2 ≤
∫

|z|2ρz(z)dz =

∫
‖a⊥n ‖2ρ2(an) dan. (18)

Plugging in this inequality into (16) (with t = ∞) we con-
clude that

2σ2
E
ρ1

(
vol(An)

2) ≤ E
ρ

(
vol(A)2

)
. (19)

On the other hand, plugging in (17) with λ = 1
t
into (16),

we obtain
∫

‖A−1en‖≥t

vol(A)2ρ(A)dA ≤ 1

2σ2t4
E
ρ1

(
vol(An)

2
)
.

Combined with (19) this yields
∫

‖A−1en‖≥t

vol(A)2ρ(A) dA ≤ 1

4σ4t4
E
ρ

(
vol(A)2

)
.

By the definition of the density ρ̃, this means that

Prob
A∼ρ̃

{
‖A−1en‖ ≥ t} ≤ 1

4σ4t4
,

which was to be shown. 2

The following is a consequence of [7, Lemma 2.1].

Lemma 5.6. For fixed u ∈ S
n−1, 0 ≤ s ≤ 1, and v uni-

formly chosen at random in S
n−1, we have

Prob
v

{
|uTv| ≥ s

}
= (1− s2)n−1.

Proof of Proposition 5.4. We use an idea in Sankar
et al. [11, §3]. For any invertible A ∈ C

n×n there exists
u ∈ S

n−1 such that ‖A−1u‖ = ‖A−1‖. For almost all A,
the vector u is uniquely determined up to a scaling factor
θ of modulus 1. We shall denote by uA a representative of
such u.

The following is an easy consequence of the singular value
decomposition of ‖A−1‖: for any v ∈ S

n−1 we have

‖A−1v‖ ≥ ‖A−1‖ · |uT
A v|. (20)

We choose now a random pair (A, v) with A following the
law ρ̃ and, independently, v ∈ S

n−1 from the uniform distri-
bution. Lemma 5.5 implies that

Prob
A,v

{
‖A−1v‖ ≥ t

√
2

n+ 1

}
≤ (n+ 1)2

16σ4t4
.



On the other hand, we have by (20)

Prob
A,v

{
‖A−1v‖ ≥ t

√
2/(n+ 1)

}

≥ Prob
A,v

{
‖A−1‖ ≥ t and |uT

A v| ≥
√

2/(n+ 1)
}

≥ Prob
A

{
‖A−1‖ ≥ t

}

· Prob
A,v

{
|uT

A v| ≥
√

2/(n+ 1)
∣∣∣ ‖A−1‖ ≥ t

}
.

Lemma 5.6 tells us that for any fixed u ∈ S
n−1 we have

Prob
v

{
|uT v| ≥

√
2/(n+ 1)

}
= (1− 2/(n+ 1))n−1 ≥ e−2,

the last inequality as (n+1
n−1

)n−1 = (1 + 2
n−1

)n−1 ≤ e2. We
thus obtain

Prob
A

{
‖A−1‖ ≥ t

}
≤ e2 Prob

A,v

{
‖A−1v‖ ≥ t

√
2

n+ 1

}

≤ e2(n+ 1)2

16σ4t4
,

as claimed. 2

6. SKETCH OF REMAINING PROOFS

6.1 Homotopies with a Fixed Extremity
The next two cases we wish to analyze (the condition-

based analysis of LV and a solution for Smale’s 17th problem
with moderate degrees) share the feature that one endpoint
of the homotopy segment is fixed, not randomized. This
sharing actually allows one to derive both corresponding re-
sults (Theorems 3.5 and 3.6, respectively) as a consequence
of the following statement.

Theorem 6.1. For g ∈ S(Hd) \ Σ we have

E
f∈S(Hd)

(
dS(f, g)

∫ 1

0

µ2(qτ )
2 dτ

)

≤ 724D3/2N(n+ 1)µmax(g)
2 + 0.01.

The idea to prove Theorem 6.1 is simple. For small values
of τ the system qτ is close to g and therefore, the value of
µ2(qτ )

2 can be bounded by a small multiple of µmax(g)
2.

For the remaining values of τ , the corresponding t = t(τ ) is
bounded away from 0 and therefore so is the variance σ2

t in
the distribution N(qt, σ

2
t I) for qt. This allows one to control

the denominator in the right-hand side of Theorem 3.4 when
using this result.

6.2 Condition-based Analysis of LV (proof of
Theorem 3.5)

It follows immediately by combining Proposition 4.1 with
Theorem 6.1, with the roles of f and g swapped. 2

6.3 The Complexity of a Deterministic Homo-
topy Continuation

We next prove Theorem 3.6. The unitary group U(n+ 1)
naturally acts on P

n as well as on Hd via (ν, f) 7→ f ◦ ν−1.
The following lemma results from the unitary invariance of
our setting. The proof is immediate.

Lemma 6.2. Let g ∈ Hd, ζ ∈ P
n be a zero of g, and

ν ∈ U(n+ 1). Then µ(g, ζ) = µ(g ◦ ν−1, νζ). Moreover, for
f ∈ Hd, we have K(f, g, ζ) = K(f ◦ ν−1, g ◦ ν−1, νζ).

Denote by z(i) a dith primitive root of unity. The D zeros

of U = (U1, . . . , Un) are the points zj =
(
1 : zj1(1) : . . . :

zjn(n)

)
∈ P

n for all the possible tuples j = (j1, . . . , jn) with

ji ∈ {0, . . . , di − 1}. Clearly, each zj can be obtained from
z1 := (1 : 1 : . . . : 1) by a unitary transformation νj , which
leaves U invariant, that is, νjz1 = zj , U ◦ν−1

j = U. Hence

Lemma 6.2 implies µ(U,zj) = µ(U,z1) for all j. In par-
ticular, µmax(U) = µ(U, z1). It also implies the following
result.

Proposition 6.3. KU (f) = K(f, U,z1) satisfies

E
f∈S(Hd)

KU (f) = E
f∈S(Hd)

( 1

D

D∑

j=1

K(f, U,zj)
)
.

The following lemma follows in a straightforward way from
the definition of µ.

Lemma 6.4. We have

µmax(U)2 ≤ 2n max
i

1

di
(n+ 1)di−1 ≤ 2 (n+ 1)D.

Proof of Theorem 3.6. Equation (3) in the proof of
Proposition 4.1 implies for g = U that

1

D

D∑

i=1

K(f, U,zi) ≤ 217D3/2 dS(f, U)

∫ 1

0

µ2(qτ )
2 dτ.

Using Proposition 6.3 we get

E
f∈S(Hd)

KU (f) ≤ 217D3/2
E

f∈S(Hd)

(
dS(f, U)

∫ 1

0

µ2(qτ )
2 dτ

)
.

Applying Theorem 6.1 with g = U we obtain

E
f∈S(Hd)

KU (f) ≤ 217D3/2 (724D3/2N(n+1)µmax(U)2+0.01
)
.

We now plug in the bound µmax(U)2 ≤ 2(n+1)D of Lemma 6.4
to obtain

E
f∈S(Hd)

KU (f) ≤ 314216D3N(n+ 1)D+1 + 2.17D3/2.

This is bounded from above by 314217D3N(n + 1)D+1,
which completes the proof. 2

6.4 A Near Solution to Smale’s 17th Problem
We finally proceed with the proof of Theorem 3.7. The

algorithm we will exhibit uses different routines for D ≤ n
and D > n.

6.4.1 The case D ≤ n

Theorem 3.6 bounds the number of iterations of Algorithm
MD as

E
f∈S(Hd)

KU (f) = O(D3NnD+1).

For comparing the order of magnitude of this upper bound
to the input size N =

∑n
i=1

(
n+di

n

)
we need the following

technical lemma (which will be useful for the case D > n as
well).



Lemma 6.5. For D ≤ n we have nD ≤ N2 ln lnN+O(1).

Theorem 3.6 combined with Lemma 6.5 implies that

E
f
KU (f) = N2 ln lnN+O(1) if D ≤ n. (21)

Note that this bound is nearly polynomial in N .

6.4.2 The case D > n

The homotopy continuation algorithm MD is not efficient
for large degrees—the main problem being that we do not
know how to deterministically compute a starting system g
with small µmax(g). However, it turns out that an iterative
procedure ItRen using an algorithm due to Jim Renegar [10]
is fast for large degrees. We prove the following result.

Proposition 6.6. Let T (f) denote the running time of
algorithm ItRen on input f . Then, for standard Gaussian
f ∈ Hd, Ef T (f) = (nND)O(1).

Proof of Theorem 3.7. We use Algorithm MD if
D ≤ n and Algorithm ItRen if D > n. We have already
shown (see (21)) that the assertion holds if D ≤ n. For
the case D > n we use Proposition 6.6 together with the
inequality DO(1) ≤ DO(n) ≤ NO(log logN) which follows from
Lemma 6.5 with the roles of D and n swapped. 2

7. REFERENCES
[1] C. Beltrán and L. M. Pardo. On Smale’s 17th

problem: a probabilistic positive solution. Found.
Comput. Math., 8(1):1–43, 2008.

[2] C. Beltrán and L.M. Pardo. Smale’s 17th problem:
average polynomial time to compute affine and
projective solutions. J. Amer. Math. Soc.,
22(2):363–385, 2009.

[3] C. Beltrán and L. M. Pardo. Fast linear homotopy to
find approximate zeros of polynomial systems.
Manuscript 2008.

[4] C. Beltrán and M. Shub. Complexity of Bézout’s
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theorem III: condition number and packing. Journal of
Complexity, 9:4–14, 1993.

[17] M. Shub and S. Smale. Complexity of Bézout’s
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