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Homework 8

Problem 1 (3+1 points)
Let TR,r denote the torus of revolution with major radius R and minor radius r, that is
the surface parametrized by

(φ, θ) 7→
(
(R + r cosφ) cos θ, (R + r cosφ) sin θ, r sinφ

)
.

The Willmore energy of a surface is the integral ofH2−K with respect to area. Compute
the Willmore energy

W
(
TR,r

)
:=

∫
T

H2 −K dA

of the torus TR,r as a function of R and r. For which vales of R and r is W minimized?

Problem 2 (3+1 points)
Let x : U → R3 be a regular surface patch and let k := max

(
|k1|, |k2|

)
denote the

maximum principal curvature at each point. Fix some real number cwith |c| supU k < 1.
Then the parallel surface to x at distance c is parametrized by xc := x+ cν, where ν is
the normal to x (and to xc). Show that the Gauss and mean curvature of xc are given by

Kc =
K

1− 2Hc+Kc2
, Hc =

H −Kc
1− 2Hc+Kc2

.

What happens if we take a larger value of c (equal to some principal radius of curvature
at a point of the surface)?

Problem 3 (1+3 points)
Consider the hyperbolic parabooid given by the graph of z = x2 − y2 in R3. Show
that each point of the surface is a hyperpolic point. Find a parametrization such that the
coordinate curves are asymptotic lines.

Problem 4 (2 points)
Show that at a hyperbolic point, the principal directions are the angle bisectors of the
asymptotic directions.

Homework due in at the start of lecture on Monday 15 June.


