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Homework 11

Problem 1 (2+2+2+2+2 points)

Letα(s) =
(
r(s), 0, z(s)

)
be a unit-speed curve and consider the surface of revolution parametrized

by
x(s, θ) =

(
r(s) cos θ, r(s) sin θ, z(s)

)
.

(a) Compute the first fundamental form to verify that these are geodesic parallel coordinates
and compute the Christoffel symbols Γkij .

(b) Consider a curve γ(t) = x
(
s(t), θ(t)

)
on the surface. Using the equations in Problem 2(a)

of Homework 10, show that γ is a geodesic if and only if the functions s(t) and θ(t) satisfy the
differential equations

s̈ = r(s)r′(s)θ̇2, θ̈ =
−2r′(s)

r(s)
θ̇ṡ.

(c) Show that all meridians (of constant θ) are geodesics and determine which parallels (of
constant s) are geodesics.

(d) Deduce from the equations in part (b) that the scalar products 〈γ̇, γ̇〉 and 〈γ̇,xθ〉 are constant
along a geodesic. The first of these of course just says that the geodesic is parametrized at
constant speed |γ̇|. Reinterpret the second as Clairaut’s relation: if ψ denotes the angle between
the γ and the parallels, then r cosψ is constant along a geodesic.

(e) Explicitly determine all geodesics on the unit sphere and on the unit cylinder

x(s, θ) = (cos θ, sin θ, s).

Problem 2 (3 points)

Let α(t) be a curve on a surface M and let κg denote its geodesic curvature at p := α(0). Let α̃
be the orthogonal projection of α onto TpM . Show that the curvature κ of α̃ at p is κ = |κg|.

Problem 3 (3 points)

Let α be a curve in a surface M and let X and Y be two vector fields tangent to M along α.
Show that

d

d t
〈X(t), Y (t)〉 =

〈∇
d t
X, Y

〉
+
〈
X,
∇
d t
Y
〉

Homework due at the start of lecture on Monday 6 July.


