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Exercise Sheet 3
Exercise 1: Smooth limit. (3 pts)
For discrete curves with equal edge lengths, we defined the discrete tangent flow

vk = ∂tγk =
Tk + Tk−1
1 + cosϕk

.

Consider a sequence of discrete curves γh approaching a smooth curve γ as h → 0.
Show that the limit of their discrete tangent flows is the smooth tangent flow

∂tγ = γ′.

Exercise 2: Flow of Euclidean motions. (4 pts)
Consider the smooth, time-dependent vector field

v(t, x) = a(t)× x+ b(t)

on R3, where a and b are vector-valued functions of time. Let Φt be the flow induced by
this vector field. This means that each Φt is a map R3 → R3, with Φ0 being the identity,
and that for all x and t we have

∂

∂t
Φt(x) = a(t)× Φt(x) + b(t).

Show that each map Φt is a Euclidean motion. (Euclidean motions are the isometries of
R3 with its standard metric, that is, combinations of translation and rotation.)
Exercise 3: Floating figure eight. (5 pts)
Consider the following parametrized figure-eight curve in the xy-plane in R3:

α : [0, 2π]→ R3, α(t) = (cos(t), sin(2t)/2, 0)

(a) Calculate the Frenet frame (T,N,B) for α.

(b) How would you expect the curve to move under the tangent flow?

(c) How would you expect the curve to move under the Hasimoto flow?

PLEASE TURN!!!



Exercise 4: Commuting flows. (6 pts)
Consider the discrete tangent flow and the discrete Hasimoto flow given by:

vk = ∂xγk =
Tk + Tk−1
1 + cosϕk

and wk = ∂tγk =
Tk × Tk−1
1 + cosϕk

.

Show that these flows commute, i.e.,

∂x∂tγk = ∂t∂xγk,

where x and t are the flow parameters of the two flows.

Exercise 5: mKdV flow for the Darboux transform of the straight line. (6 pts)
Consider the plane curve

γ0(s) := (s− 2 tanh s, 2 sech s).

(a) Show that this is a unit-speed parametrization and find the curvature κ of γ0.

(b) Show that 1
2
κ2T + κ′N = T − (1, 0).

(c) Letting γt(s) be the evolution of γ0 according to the mKdV flow

∂tγt = 1
2
κ2T + κ′N,

show that
γt(s) = γ0(s+ t)− (t, 0).

Due: Between lectures on May 23, 2016.


