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Exercise Sheet 5
Exercise 1: Quaternionic calculations. (3 pts)
For a fixed unit quaterion q, we know the map p 7→ qpq−1 fixes the real line and is a
rotation of the pure quaternions ImH = R3. Consider instead the map p 7→ qpq. Show
that this is a simple rotation of H = R4. Which two-plane is fixed and what is the angle
of rotation?

Exercise 2: Quaternions and rotations. (9 pts)
The aim of this exercise is to examine from the perspective of linear algebra the relation
between quaternions and rotations of R3. As in the lecture, let

S3 = {v ∈ H : ||v|| = 1}

denote the set of unit quaternions, which forms a group under multiplication, and let

SO(3) = {A ∈ GL(3,R) : ATA = I, detA = 1}

denote the group of special orthogonal matrices, representing rotations of R3. While we
usually identify the set

ImH = {t+ xi + yj + zk ∈ H : t = 0}

of pure quaternions with R3 implicitly, for the purposes of this exercise let

ϕ : ImH→ R3, xi + yj + zk 7→ (x, y, z)

denote this isomorphism of real vector spaces explicitly.

(a) For each unit quaternion v ∈ S3 define the map:

Tv : ImH→ ImH, p 7→ vpv−1.

Prove that this map is well-defined, R-linear and bijective.

(b) Prove that for each v, the linear map

ϕ ◦ Tv ◦ ϕ−1 : R3 → R3

belongs to SO(3).

(c) We thus have a map

Ψ : H1 → SO(3), v 7→ ϕ ◦ Tv ◦ ϕ−1.

Prove that Ψ is a surjective group homomorphism.

(d) Is Ψ injective?

PLEASE TURN!!!



Exercise 3: Quaternions and Möbius Transformations. (4 pts)
The group of Möbius transformations of R̂3 := R3 ∪ {∞} is generated by reflections
across (affine) planes and inversions in spheres. Here, the inversion in the sphere

Sc,R = {x ∈ R3 : ‖x− c‖ = R}

of radius R > 0 centered at c ∈ R3 means the transformation µ : R̂3 → R̂3 such that:

(a) c 7→ ∞ and∞ 7→ c,

(b) x and µ(x) lie on the same ray emanating from c, and

(c) ‖x− c‖‖µ(x)− c‖ = R2.

Using our standard identification of R3 with the imaginary quaternions ImH, give qua-
ternionic formulas for the reflection across a plane and for the inversion in a sphere.

Due: Lecture on June 6, 2016.


