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Exercise 42: Homology. (4 pts)
Let U be an open subset of C. Let c, c1, c2 : [0, 1] → U be curves. Show directly, i.e., without using
Exercise 43:
1. If c is constant, then the c is null-homologous.
2. The concatenation ccinv is null-homologous.
3. If c1 and c2 are loops at z0 in U , then c1c2c

inv
1 cinv

2 is null-homologous.

Exercise 43: Homotopy and homology. (4 pts)
Let U be an open subset of C, and let c0, c1 : [0, 1]→ U be curves.
1. Assume c1(0) = c2(0) =: p and c1(1) = c2(1) =: q and suppose that c1 and c2 are homotopic. Show

that then c1 and c2 are homologous.
2. Suppose c1 and c2 are closed curves, cj(1) = cj(0), and suppose that c1 and c2 are freely homotopic.

Show that c1 and c2 are homologous.

Note: The curves c1 and c2 are freely homotopic if there is a continuous map H : [0, 1] × [0, 1] → U
satisfying
(a) H(0, τ) = H(1, τ) for all τ in [0, 1] (the curves t 7→ H(t, τ) are closed), and
(b) H(t, 0) = c1(t) and H(t, 1) = c2(t) for all t in [0, 1].

Exercise 44: Open covers and subdivision. (4 pts)
Let ∆ be a closed triangle in R2, and let τ : ∆→ C be continuous. Suppose that {Uj}j∈J is a family of
open sets such that τ(∆) ⊂

⋃
j∈J Uj . Show that after a sufficient number of medial subdivisions of ∆,

the image of every resulting small triangle is contained in some Uj .

Exercise 45: Homology. (4 pts)
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1. Which of the above curves ci are zero-homologous in the given region Gi?
2. Let z1, z2, z3 ∈ C be three different points. Construct a zero-homologous curve in C\{z1, z2, z3} which

is not null-homotopic in C \ {zi, zj} for all i 6= j.


