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Mathematical Physics I

Exercises 13

Problem 1:
Consider the differential 2-form on R3:

ω = y2dx ∧ dz + sin(xy)dx ∧ dy + exdy ∧ dz ,

and the vector field

X(p) = 3
∂

∂x
+ cos z

∂

∂y
− x2 ∂

∂z
∈ TpR3 ' R3, ,

where p = (x, y, z) ∈ R3

Calculate ω(X, ) und dω. (4 points)

Problem 2:
We will investigate the geodesics on a surface of revolution with parametrization

~x =

 R(z) cosφ
R(z) sinφ

z

 . (1)

1. Derive the geodesic equations.

2. Show that the meridians φ = const. are geodesics.

3. Which of the circles of latitude (z = const.) are geodesics?

4. Consider the torus, obtained by rotation of the circle

(x− a)2 + z2 = r2, y = 0

(a > r > 0) around the z-axis. The rotation of the points (a + r, 0), (a − r, 0) and
(a, r) yields three circles of latitude. Which of them are geodesics?



(8 points)

Problem 3:
First, we will determine the shape of a rotation symmetric minimal surface. Let the points
A = (a;Ra) and B = (b;Rb) be given. Find a connecting function R(z) ∈ C1[a; b] such
that the surface of revolution, obtained by rotating the graph of R(z) around the z-axis,
has a minimal area.

1. Show that the area of the surface of revolution is given by

M = 2π

∫ b

a

R(z)
√

1 +R′(z)2dz (2)

2. Because the variational problem is autonomous, the Legendre-transform of the La-
grangian (the ”Hamiltonian”) is a constant. Derive this first integral.

3. Determine the solution R(z).

Find the geodesic equations on this minimal surface. (8 points)


