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Exercise Sheet 11
Exercise 1: Conic sections. (4 pts)
This exercise is concerned with Euclidean, not projective, geometry. Let l be a line in the
Euclidean plane and let P be a point not on l. Let e be a positive real number. Consider
the set Ce of points X such that the ratio of distances from X to P and to l is equal to e:

dist(X,P )/dist(X, l) = e.

Show that Ce is an ellipse if e < 1, a parabola if e = 1, and a hyperbola if e > 1.

Exercise 2: Space duality (4 pts)
Consider the following formulation of Desargues’s Theorem as a theorem in RP3:

Suppose two triangles ∆ABC and ∆A′B′C ′ lie in a common plane. If
the three lines joining corresponding vertices are coincident, then the three
points of intersection of corresponding sides are collinear.

Dualize this theorem in RP3. (And not in RP2!) Please use the letters α, β, γ to represent
the elements dual to A, B, C, and so on. Attempt to sketch the resulting configuration.

Exercise 3: Fixed points of projective transformations. (2 pts)
Show that any projective transformation on RP2 has a fixed point.

Exercise 4: Annihilators. (2 pts)
Let U o ⊂ V ∗ denote the annihilator of a vector subspace U ⊆ V . Prove the following
identities:

1. (U1 ∩ U2)
o = U o

1 + U o
2

2. (U1 + U2)
o = U o

1 ∩ U o
2

This shows that projective join and intersection are dual operations.

Please turn!



Exercise 5: Plane duality. (4 pts)
The ambient space for this problem is RP2.
Dualize the following construction by writing out the dual of each step, and provide a
legible, labeled drawing of the dual construction.

1. On a given line l, choose three points P,Q and X .

2. Choose line p passing through P , q passing through Q, and x passing through X
such that the three lines do not pass through one point.

3. A := p ∩ q, B := p ∩ x,C := q ∩ x

4. s := PC, r := QB

5. D := s ∩ r

6. y := AD

7. Y := y ∩ l

Then cr(Y, P,X,Q) = −1.
Note: Please use, S to denote the point dual to the line s, and a to denote the line dual
to the point A, etc. (Of course in the case of a symbol like q, the line q in the original
construction has nothing directly to do with the line q in the dual construction.)

Due: Before lecture on Tuesday, January 19, 2016.


