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Exercise 1 3 points

Let X be a topological space, x € X and n > 0. Show that the following statements
are equivalent:

i) There is a neighborhood of & which is homeomorphic to R™.
ii) There is a neighborhood of z which is homeomorphic to an open subset of R".

Exercise 2 6 points
Let n € N and X := R"™ \ {0}. The quotient space RP" = X/ with equivalence
relation given by

r~y<=zx=\y, AeR

is called the n-dimensional real projective space. Let m: X — RP™ denote the canonical
projection x +— [x]. For i = 0,...,n, we define U; := 7({z € X | z; # 0}) and
w;: Uy — R™ by

[0, .y xn] = (To/Tiy oo Ty ooy T5).

Show that

a) 7 is an open map, i.e. maps open sets in X to open sets in RP",

b) the maps @; are well-defined and {(U;, ;) }ier is a smooth atlas of RP",
¢) RP™ is compact. Hint: Note that the restriction of 7 to S™ is surjective.

Exercise 3 6 points
Let M and N be topological manifolds of dimension m and n, respectively. Show that
their Cartesian product M x N is a topological manifold of dimension m + n. Show
further that, if {(Ua, ©a)}aca is a smooth atlas of M and {(Vj3, )} sep is a smooth
atlas of N, then {(Us x V3,90 X ¥3)}(a,8)caxp is a smooth atlas of M x N. Here
Pa X Pg: Ua X Vg = @a(Ua) X 1hp(V3) is defined by @a X ¢5(p, ¢) := (@a(p), ¥5(q))-



