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Exercise Sheet 5

Exercise 1: Euclidean conic sections. (4 pts)
This exercise is concerned not with projective, but with Euclidean geometry.

(i) Let l be a line in the Euclidean plane and let P be a point not on l. Let e be
a positive real number. Consider the set Ce of points X such that the ratio of
distances from X to P and to l is equal to e:

dist(X,P )

dist(X, l)
= e.

Show that Ce is an ellipse if e < 1, a parabola if e = 1, and a hyperbola if e > 1.

(ii) Let F± = (0,±f) be two points on the x-axis in R2 and fix l > 2f . Show there
exists constants a > b > 0 such that the points P = (x, y) with d(F1, P ) +
d(P, F2) = l satisfy the quadratic equation (x

a
)2 + (y

b
)2 = 1.

Exercise 2: Affine conic sections. (4 pts)
Consider the intersections of an ellipse in the affine plane R2 with a family of parallel
lines. This gives a family of line segments contained in the interior of the ellipse. Show
that the midpoints of these line segments are collinear.

Exercise 3: Normalization of a quadratic form. (4 pts)
Let Q(x) be the quadratic form on R3 defined by Q(x) = x0x1 + x1x2 + x2x0 for
x = (x0, x1, x2). Find a linear change of coordinates T : R3 → R3 such that
with respect to the coordinates y = T (x), the quadratic form is diagonal of the form
Q(y) =

∑3
i=1 λiy

2
i with λi ∈ {0,±1}. Determine the rank and the signature of Q(x).

Exercise 4: Tangents to a conic. (4 pts)
Let C be a conic in RP2 and P a point on C. Give a geometric construction for the
tangent line to C at P only using a straight edge. (That is, one can draw the line through
any two given points, but cannot measure distances.)
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