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Sensitivity and Perturbation analysis of Polynomial Eigenvalue problem

Rafikul Alam

We discuss a general framework for sensitivity and perturbation analysis of polynomial eigen-
value problem. More specifically, we discuss first order variations of simple eigenvalues of matrix
polynomials, determine the gradients and present a general definition of condition number of
a simple eigenvalue. We show that our treatment unifies various condition numbers of simple
eigenvalues of matrix pencils and matrix polynomials proposed in the literature. We present
an alternative expression of condition number of a simple eigenvalue that does not involve left
and right eigenvectors associated with the eigenvalue. We show that the sensitivity of a simple
eigenvalue is inversely proportional to the absolute value of the derivative of the characteristic
polynomial at the eigenvalue. We also construct fast perturbations for moving simple eigenval-
ues of matrix polynomials and discuss perturbation bounds for approximate eigenvalues.

References

[1] J. P. Dedieu and F. Tisseur, Perturbation theory for homogeneous polynomial eigen-
value problems, Linear Algebra Appl., 358 (2003), pp. 71–94.

[2] J. W. Demmel,On condition numbers and the distance to the nearest ill-posed problem,
Numer. Math., 51(1987), pp.251-289.

[3] J. W. Demmel and B. Kågström, Computing stable eigendecompositions of matrix
pencils, Linear Algebra Appl., 88–89 (1987), pp. 139–186.

[4] D. J. Higham and N. J. Higham, Structured backward error and condition of generalized
eigenvalue problems, SIAM J. Matrix Anal. Appl., 20 (1998), pp. 493–512.

[5] R. A. Smith, The condition numbers of the eigenvalue problem, Numer. Math., 10(1967),
pp.232-240.

[6] G. W. Stewart, On the sensitivity of the eigenvalue problem Ax = λBx, SIAM J. Numer.
Anal. Appl., 9 (1972), pp. 669–686.

[7] G. W. Stewart and J. Sun, Matrix Perturbation Theory Academic Press, 1990.

[8] F. Tisseur, Backward error and condition of polynomial eigenvalue problem, Linear Al-
gebra Appl., 309 (2000), pp. 339–361.

[9] J. H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University press, 1965.

3



Jesse Barlow
Department of Computer Science and Engi-
neering
The Pennsylvania State University
University Park, PA
16802–6822 USA

barlow@cse.psu.edu
www.cse.psu.edu/~barlow

The Impact of Reorthogonalization in the Golub–Kahan–Lanczos Bidiagonal Reduction

Jesse L. Barlow

The Golub–Kahan–Lanczos bidiagonal reduction generates a factorization of a matrix X ∈
Rm×n,m ≥ n, such that

X = UBV T

where U ∈ Rm×n is left orthogonal, V ∈ Rn×n is orthogonal, and B ∈ Rn×n is bidiagonal.
Since, in the Lanczos recurrence, the columns of U and V tend to lose orthogonality, a reorthog-
onalization strategy is necessary to preserve convergence of the singular values of the leading
k × k submatrix Bk = B(1: k, 1: k) to those of B. the computation of matrix functions, it is
essential

It is shown that if
orth(V ) = ‖I − V T V ‖2,

then the singular values of B and those of X satisfy n∑
j=1

(σj(X)− σj(B))2

1/2

≤ O(εM + orth(V ))‖X‖2

where εM is machine precision.

Also, a new approach to computing the left singular vectors is introduced resulting in two
improvements to the algorithm. The first is that the computed left and right singular vectors
satisfy smaller residual bounds than previous implementations of Lanczos bidiagonalization.
The second is that if

Θj = diag(θ1, . . . , θj)

are the leading j singular values of Bk, then the corresponding approximate left singular vectors
of X in the matrix Pj satisfy

‖I − P T
j Pj‖F ≤ O([εM + orth(V ))‖X‖2/θj ]2).

These are stronger than previous published results for any version of the Lanczos bidiagonal-
ization algorithm. Thus regulation of the orthogonality of the columns of V , even if there is no
attempt to reorthogonalize the columns of U , serves to preserve accuracy in the singular values,
orthogonality in the leading approximate left singular vectors, and smaller residual bounds for
computed singular triplets.
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Moving the Frontiers in Model Reduction Using Numerical Linear Algebra

Peter Benner

Model reduction has become an ubiquitous tool in numerous areas of engineering and the sci-
ences, including analysis and simulation of dynamical systems, control design, circuit simulation,
structural dynamics, CFD, process engineering, systems biology, computational electromagnet-
ics, etc. In the past decades many approaches have been developed for reducing the order of
a given dynamical system. We will describe how two main approaches in this area have been
inspired or pushed forward by Numerical Linear Algebra in a way believed to be impossible
just a few years ago. We will see that the system-theoretic method of balanced truncation,
believed to be applicable only to small systems with several hundreds of degrees of freedom,
can now be applied to linear systems with state-space dimensions in the millions. We will also
demonstrate how Krylov subspace methods are now able to reduce certain nonlinear systems
so that important features of dynamical systems like limit cycles can be recovered from the
reduced-order model. The performance of the discussed approaches will be demonstrated using
real-world examples from several disciplines.

Acknowledgements. This work is based on the results of several of my Ph.D. students,
including (in alphabetical order) Ulrike Baur, Tobias Breiten, Jens Saak, André Schneider.
The work has been supported by grants of the Deutsche Forschungsgemeinschaft as well as the
German Federal Ministry of Education and Research (BMBF).
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An Integral Method for Solving Nonlinear Eigenvalue Problems

Wolf-Juergen Beyn

We propose a numerical method for computing all eigenvalues (and the corresponding eigen-
vectors) of a nonlinear holomorphic eigenvalue problem that lie within a given contour in the
complex plane. The method uses complex integrals of the resolvent operator, applied to at
least k column vectors, where k is the number of eigenvalues inside the contour. The theo-
rem of Keldysh is employed to show that the original nonlinear eigenvalue problem reduces
to a linear eigenvalue problem of dimension k. No initial approximations of eigenvalues and
eigenvectors are needed. The method is particularly suitable for moderately large eigenvalue
problems where k is much smaller than the matrix dimension. We also give an extension of
the method to the case where k is larger than the matrix dimension. The quadrature errors
caused by the trapezoid sum are discussed for the case of analytic closed contours. Using well
known techniques it is shown that the error decays exponentially with an exponent given by
the product of the number of quadrature points and the minimal distance of the eigenvalues to
the contour.
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Nearest Defective Matrices and Geometry of ε-Pseudospectra

Shreemayee Bora
Rafikul Alam
Ralph Byers

Michael L. Overton

Given a n-by-n matrix A with distinct eigenvalues, the distance w(A) with respect to the 2-
norm to the nearest matrix with multiple eigenvalues was established to be the smallest value ε0
of ε for which the 2-norm ε-pseudospectrum Λε(A) of A has less than n components in [1]. The
same work also constructed a matrix B with multiple eigenvalues which attains this distance.
From these results it followed that B is also a nearest defective matrix to A in both the 2 and
Frobenius norms provided the smallest singular value σn(A − z0I) of A − z0I at a point of
coalescence z0 of two components of Λε0(A) is simple. We extend this work to show that there
exist defective matrices that attain the distance even if σn(A− z0I) is multiple.

One of the key results is that if σn(A − z0I) is multiple and z0 is the common limit of se-
quences {ẑk} and {z̃k} from the coalescing components ∆1(ε0) and ∆2(ε0) of Λε0(A) respec-
tively along analytic paths, then the corresponding sequences of left and right singular vectors
{ûk}, {v̂k}, {ũk} and {ṽk} satisfying

(A− ẑkI)v̂k = σn(A− ẑkI)ûk, (A− z̃kI)ṽk = σn(A− z̃kI)ũk

have limiting vectors limk→∞ v̂k = v̂, limk→∞ ûk = û, limk→∞ ṽk = ṽ, limk→∞ ũk = ũ for which
u∗v = 0 where u = cû+sv̂ and v = cũ+sṽ for complex numbers c and s satisfying |c|2+|s|2 = 1.

The local geometry of the ε-pseudospectrum at coalescence points plays a crucial role in the
solution of the distance problem. Our approach generalizes the notion of saddle points to
establish that z0 is a lowest saddle point of the minimum singular value function f(z) = σn(A−
zI) even if f is not differentiable at z0. The results lead to a better understanding of the geometry
of the pseudospectra surface in the neighbourhood of z0 and brings up some interesting open
problems.

Computing the distance to the nearest matrix with a multiple eigenvalue has been the topic of
recent work done in [3] and [4]. Among these, the latter is based on the result in [1]. We briefly
outline an algorithm based on our results which computes the distance to a nearest defective
matrix and produces a nearest defective matrix which attains this distance.
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Passivation of Linear Systems through Perturbation of para-Hermitian Matrix Pencils

Tobias Brüll

We will briefly look at some results that link certain problems in linear-quadratic control theory
to a special para-Hermitian matrix polynomial N . The spectrum of para-Hermitian matrix
polynomials is symmetric with respect to the imaginary axis.

From this we will suggest that a (close to) minimal perturbation, which makes a linear sys-
tem passive (or more general, dissipative) can be obtained by perturbing all purely imaginary
eigenvalues of N away from the imaginary axis.

An algorithm will be presented to efficiently compute a (close to) minimal perturbation of a
first-order para-Hermitian matrix polynomial. This algorithm works by turning the original
problem into a Hamiltonian eigenvalue problem.
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Orthogonalization via Deflation: The use of Lanczos methods

Achiya Dax

Orthogonalization via Deflation is a new orthogonalization method. Given a realm×nmatrix A,
the new method constructs an SVD-type decomposition of the form A = UΣV T . The columns
of U and V are orthogonal, or nearly orthogonal, while Σ is a diagonal matrix whose diagonal
entries approximate the singular values of A. The method has three versions. In “left-side”
orthogonalization the columns of U constitute an orthonormal basis of Range(A). In “right-
side” orthogonalization the columns of V constitute an orthonormal basis of Range(AT ). In
the third version both U and V have orthonormal columns, but the decomposition is not exact.
Starting from A1 = A the deflation process generates a sequence of matrices A1, A2, A3, . . . , by
the rule

Ak+1 = Ak − σkuk(vk)T , k = 1, 2, 3, . . . ,

where {σk,uk,vk} denotes a computed estimate of a dominant singular triplet of Ak. The
matrix

Bk =
k∑

i=1

σiui(vi)T

serves as a low-rank approximation of A. In this talk we consider the use of Lanczos methods
for calculating a dominant singular vector of Ak. One advantage of this approach is that the
second Ritz vector provides a good starting point for the Lanczos process on Ak+1.
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Minimizing Communication in Linear Algebra

James Demmel

Algorithms have two kinds of costs: arithmetic and communication, by which we mean moving
data either between levels of a memory hierarchy (in the sequential case) or between processors
over a network (in the parallel case). Communication costs can already exceed arithmetic costs
by orders of magnitude, and the gap is growing exponentially over time, so our goal is to design
linear algebra algorithms that minimize communication. First, we show how to extend known
communication lower bounds for O(n3) dense matrix multiplication to all direct linear algebra,
i.e. for solving linear systems, least squares problems, eigenproblems and the SVD, for dense
or sparse matrices, and for sequential or parallel machines. We also describe dense algorithms
that attain these lower bounds; some implementations attain large speed ups over conventional
algorithms. Second, we show how to minimize communication in Krylov-subspace methods for
solving sparse linear system and eigenproblems, and again demonstrate new algorithms with
significant speedups.
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A global convergence proof for cyclic Jacobi methods with block rotations

Zlatko Drmač

We present a globally convergent block (column– and row–) cyclic Jacobi method for diago-
nalization of Hermitian matrices and for computation of the singular value decomposition of
general matrices. It is shown that a block rotation (generalization of the Jacobi’s 2×2 rotation)
can be computed and implemented in a particular way to guarantee global convergence. The
proof includes the convergence of the eigenspaces in the general case of multiple eigenvalues.
This solves a long standing open problem of convergence of block cyclic Jacobi methods.

Our approach is based on a new class of unitary block–transformations and on a novel tech-
nique to study the convergence to a diagonal matrix in a framework of the polyhedral set of
all diagonals of the matrices from the adjoint orbit of the given Hermitian H. The proof of
global convergence covers the general case of multiple eigenvalues, including the convergence of
eigenvectors and eigenspaces, and it is, to our best knowledge, the first result of this kind in the
theory of Jacobi methods. The convergence of the eigenspaces is obtained from a Grassmann
manifold setting, by using perturbation theory, in particular, the sinΘ theorem.

Other important issues will be addressed, in particular how to ensure numerical convergence,
how to apply the block–transformations efficiently, and how to preserve the superior numerical
accuracy of the Jacobi method. We give a theoretical framework for provable accuracy of block
methods (in the case of positive definite H, and for the SVD computation) and discus some
problems that indicate a need for further research.

References:
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The Calculus of Moving Surfaces and Solution of Near-Symmetrical Eigenvalue
Problems

Pavel Grinfeld

The calculus of moving surfaces (CMS) is a powerful technique for analyzing boundary variation
problems. The pioneering work belongs to J. Hadamard who discovered the equation for the first
order correction of the Laplace and biharmonic eigenvalues with respect to change in shape..Our
goal is to generalize Hadamard’s analysis to higher orders. We introduce the key elements of the
CMS with an eye towards boundary variations of spectral problems. We show how to obtain
highly accurate eigenvalues for near-spherical and other near-symmetrical shapes. In particular,
we give the first few terms of the series for the eigenvalues of a low-eccentricity ellipse and for
a regular polygon with a large number of sides.
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On Block J-Jacobi Methods

Vjeran Hari, Sanja Singer, Saša Singer

We consider two ways how to make the J-Jacobi method of Veselić an efficient BLAS3 method.
The J-Jacobi method solves the definite eigenproblem Ax = λJx, where A is Hermitian and
J is the matrix of signs, usually in the form J = diag(Iν ,−In−ν). The most important ap-
plication of the method is to serve as the second part of the compound method for accurate
solving the Hermitian eigenproblem Hx = λx, with indefinite H. After the Bunch–Parlett like
decomposition of H, H = GJG∗, one defines A = G∗G and probably the best way to solve the
eigenproblem for (A, J) is to compute the hyperbolic SVD of G, G = UΣV −1 with J-unitary V .
An efficient and accurate eigensolver for this problem is the one-sided version of the J-Jacobi
method. We have modified that method to become a “block-oriented” or a “full-block” method.

In the first approach the algorithm only partially diagonalizes each block-pivot submatrix. We
consider the case when at each block step k, only one sweep of simple J-unitary rotations
is applied to the pivot block A

(k)
ij in the row-or column-wise fashion. The pivot blocks are

chosen according to three classes of pivot strategies. The first class consists of the wavefront
cyclic strategies which includes all strategies which are equivalent to the serial strategies. The
second and third classes are the quasi-cyclic strategies which have been advocated by Drmač
and Veselić recently, and by Mascarenhas in 1990. We provide the global convergence proofs for
all these strategies. We also comment the asymptotic convergence issues. The relative accuracy
of these methods is ensured by the known results of Slapničar and by our accuracy result for
one step of the one-sided block method. Special attention is paid to numerical implementation
and comparison tests. The tests show that the reduction in computational time for the block-
oriented algorithms increases up to 40% for the block dimensions of order 32–256, provided that
initially the QR factorization with column pivoting of G is used.

In the second approach the algorithm makes the full diagonalization of each block-pivot subma-
trix. This method is a proper BLAS3 generalization of the one-sided J-Jacobi method, which
optimally uses the cache memory. Applying the recent result of Hari on convergence to diagonal
form of general block Jacobi-type processes, we have proved, under standard conditions, the
convergence of the off-norm of the iteration matrix A(k) to zero for every cyclic strategy which
is weakly convergent to the row-cyclic one. We have also proved the relative accuracy of one
step of the full block method. Finally, numerical tests have shown that the full block method is
most efficient for matrices of dimension larger than 4000. Say, for matrices of order 5000, the
speedup with respect to the original non-block method is better than 50%.
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Efficient computation of pseudospectra for complex fluid flow problems

Vincent Heuveline, Chandramowli Subramanian

Stability is a crucial question in most applications since instabilty means in particular, a com-
puted solution might not be observable in experiments or the control of a procedure in industrial
production is just impossible.

Classical methods to investigate how flow processes deal with perturbations stem from the times
of Reynolds (experimentally), Rayleigh, Kelvin and Stokes (analytically). But no question
which tool we choose, just some aspects of the complex flow behavior which is observed are
reflected by available theoretical results - mostly for very simple configurations. In the fields
of hydrodynamic stability there are two main approaches: the energy method (or nonlinear
stability) and the linear method, where eigenvalues play a key role.

Considering the Navier-Stokes equations

∂tu−Re−1 ∆u+ u · ∇u+∇p = f, in Ω,
∇ · u = 0, in Ω,

(1)

on a bounded domain Ω assuming adequate boundary conditions, we are interested if a small
perturbation to a steady solution (U,P ) will grow or decay in time. The linear stability theory
deals with the eigenvalue problem of the linearization of (1) around (U,P ) which seeks for
nontrivial u, p and a complex λ such that

Re−1 ∆u− u · ∇U − U · ∇u−∇p = λu, in Ω,
∇ · u = 0, in Ω,

(2)

with appropriate zero boundary conditions. If Reλ < 0 for all eigenvalues λ of (2), then the
basic flow is said to be linear stable and it is said to be linear unstable if Reλ > 0 for at least
one eigenvalue (see e.g. [1]).

However in studying hydrodynamic stability of non-normal problems, eigenvalues can be mis-
leading (see e.g. [4]). Instead of only considering the spectrum of a linear operator A, a
promising approach to gain more information about the stability behaviour is by investigating
its pseudospectrum

σε(A) = {z ∈ R+ iR : ‖(zI −A)−1‖ > ε−1}.

The pseudospectrum of a bounded linear operator A gives information about its exponential
behaviour ‖etA‖ and therefore especially about its short-time behaviour (see [3]).

Discretizing (2) by using finite element methods we gain the finite dimensional eigenvalue prob-
lem

Ahuh = λhMhuh, (3)
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where Ah denotes the stiffnes matrix and Mh the (singular, positive semi-definite) mass matrix.
Defining the pseudospectrum of a matrix pencil as

σε(Ah,Mh) = {z ∈ R+ iR : ‖(zMh −Ah)−1‖ > ε−1},

we carried out numerical computations with our software HiFlow (www.hiflow.de).

The used algorithm for computing pseudospectra is based on the computation of the singular
values of the resolvent (zMh −Ah)−1 for different z on a grid in a complex domain. Therefore
we used a preconditioned version of Davidson’s method. Since this problem entails high com-
putational costs we exploited parallelism on two levels. Due to large problem sizes, the use of a
parallel linear algebra is virtually mandatory. On the other hand, the computation of singular
values for different z needs no communication, which allows us a second level of parallelism.

In this paper, we present numerical results of pseudospectra for the backflow problem as well as
the associated challenges. The analysis and interpretation of the results related to pseudospectra
in the framework of CFD are further being addressed.
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Fields of Values and Inclusion Regions for Generalized Eigenproblems

Michiel E. Hochstenbach

We are interested in (approximate) eigenvalue inclusion regions for matrix pencils (A,B), in
particular of large dimension, based on certain fields of values. We show how the usual field of
values may be efficiently approximated for large Hermitian positive definite B, but also point
out limitations of this set. We introduce four field of values based inclusion regions, which may
effectively be approximated, also for large pencils. Furthermore, we show that these four sets
are special members of two families of inclusion regions, of which we study several properties.
Connections with the usual harmonic Rayleigh–Ritz method and a new variant are shown, and
we propose an automated algorithm which gives an approximated inclusion region. The results
are illustrated by several numerical examples.

When time allows we will also report some other recent progress relating fields of values.
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Block Householder Computation of Sparse Matrix Singular Values

Gary Howell

This talk introduces block Householder reduction of a rectangular sparse matrix to small band
upper triangular form. The computation accesses a sparse matrix only for sparse matrix dense
matrix (SMDM) multiplications and for “just in time” extractions of row and column blocks.
For a bandwidth of k+ 1, the dense matrices are the k rows or columns of a block Householder
transformation. Other than the SMDM, computations are BLAS-3.

Because Householder transformations have condition number very near one, run time computa-
tions of Frobenius norms can give an accurate idea of how much of the matrix has been captured
after elimination of l rows and columns. The number of rows and columns eliminated is limited
by the amount of available random access memory (RAM) to store the dense blocks used to
eliminate rows and columns. Because RAM is plentiful and cheap, the algorithm makes more
sense now than was previously the case.

Using an initial random block Householder transformation allows reliable computation of a
collection of largest singular values. Tests on the Tim Davis UF collection of matrices indicate
that the block Householder reduction is numerically stable and scalable.

The results to be presented show the algorithm to work well with a non-uniform access shared
memory machine. Using OpenMP with initalization loops in the same pattern as computation
loops allows efficient BLAS-3 computations with “long skinny” matrices. Using 64 GBytes
of RAM with 16 cores often allows determinination of a moderate number of singular values
for matrices of size to about a million. In contrast, a SCALAPACK Householder based SVD
computation for a million by million matrix requires about 8 TBytes for matrix storage and
O(1000) processors.

Tradeoffs involved in the bandwidth k and some guidelines as to which matrices are “difficult”
are discussed.

Block Householder reduction also has good potential for scalable distributed memory paral-
lelization. Some applications other than computing singular values are proposed.
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Infinite Chebyshev Arnoldi for Nonlinear Eigenvalue Problems

Elias Jarlebring, Karl Meerbergen, Wim Michiels

Let B be a matrix depending on a scalar parameter, i.e., B : C → Cn×n, such that each element
is an entire function of the parameter λ. Consider the problem of finding λ ∈ C and x ∈ Cn\{0}
such that

λB(λ)x = x. (4)

This is a nonlinear eigenvalue problem written in a form which is suitable for our purposes.
In literature on nonlinear eigenvalue problems (e.g. [Vos04]) we typically find the formulation
M(λ)x = 0. Note that if we let B(λ) := I−M(0)−1M(λ)

λ for λ 6= 0 and B(0) := −M(0)−1M ′(0),
then the formulations are equivalent, except from possibly λ = 0.

We will here present a method for (4) which is mathematically equivalent to the Arnoldi method.
Note that the Arnoldi-type method in [Vos04] reduces to standard Arnoldi if M(λ) = A− λI.
Although very successful in practice, there appears to be no known interpretation of [Vos04] as
a true Arnoldi scheme for the general nonlinear eigenvalue problem.

The derivation here starts with a reformulation of (4) as an infinite-dimensional eigenvalue
problem corresponding to an operator acting on a function. Consider the operator B defined
by the action,

(Bϕ)(θ) = C(ϕ) +
∫ θ

0
ϕ(θ) dθ,

with

C(ϕ) =
(
B(

d

dθ
)ϕ

)
(0), (5)

and the domain D(B), which can be taken as the set of all smooth functions ϕ for which C(ϕ)
exists. The functional B( d

dθ ) is defined by the power series expansion of B. Our first important
result is that the nonlinear eigenvalue problem (4) is fully equivalent to the infinite-dimensoinal
eigenvalue problem,

λBϕ = ϕ. (6)

The power method applied to a matrix is expected to converge to the largest eigenvalue of the
matrix. Hence, we expect the power method (in a function setting) applied to the operator
B to first converge to 1/λ ∈ σ(B) corresponding to λ close to the origin. Note that B is an
integration operator and that if ψ is a vector of polynomials then Bψ is a vector of polynomials
of one degree higher than degree of ψ. Hence, all iterates in the power method for B started
with a constant vector, will be vectors of polynomials.
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The coefficients in the Chebyshev basis is generally accepted as a good way to represent poly-
nomials from a numerical stability point of view. For this reason, let

ψ(θ) =
N∑

k=0

ykTk(θ)

with y0 . . . , yN ∈ Cn and the corresponding image after applying B,

(Bψ)(θ) =:
N+1∑
k=0

zkTk(θ)

with z0 . . . , zN+1 ∈ Cn. Note that z1, . . . zN+1 are linear combinations of y0, . . . , yN , following
from the recurrence relations of Chebyshev polynomials.. The coefficient z0 is computed using
the formula z0 =

∑N
k=0

(
B( d

dθ )Tk

)
(0)yk. The expression (B( d

dθ )Tk)(0) can often be simplified
and computed analytically, e.g., the corresponding operation for the quadratic eigenvalue prob-
lem M(λ) = λ2M + λC + K, is

(
B( d

dθ )Tk

)
(0) = −K−1MkUk−1(0) − K−1CTk(0) for k > 0,

where Uk is the Chebyshev polynomial of the second kind. Hence, the operation of B on a vec-
tor of polynomials represented as the coefficients in the Chebyshev basis can be implemented
as a mapping expressed in terms of linear algebra operations applied to the coefficients in the
Chebyshev expansion. This construction allows us to compute the iterates in the power method
for B in a successive manner.

Arnoldi is (in exact arithmetic) equivalent to the eigenvalue problem corresponding to the or-
thogonal projection onto the space spanned by the iterates of the power method. Note that the
orthogonalization in Arnoldi (in our function setting) preserves the degree of the polynomial
since the functions are always orthogonalized against the previous iterates. Hence, the orthog-
onalization in a function setting can also be implemented as a mapping of the coefficients. The
projection is defined by an orthogonality condition here induced by a scalar product. There are
several natural ways to define scalar products in a function setting. We will here use the scalar
product for which the Chebyshev polynomials are orthonormal. This yields simple formulas.
Moreover, for the delay eigenvalue problem, the iteration reduces to the method in [JMM10]
which has an interpretation as a spectral discretization with exponential convergence.

Finally, we show by examples that the presented method posses many of the attractive properties
of standard Arnoldi, including efficiency and robustness.
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A Perturbation Bound for Invariant Subspaces.

Michael Karow

Let X be a simple invariant subspaces of the square matrix A. If the matrix E is suffiently
small then Ã = A+E has invariant subspaces X̃ which is close to X. We provide a (hopefully)
new bound for the maximum canonical angle between X and X̃. Furthermore, we compare our
estimate with the classical results by Chatelin, Demmel and Stewart.
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Complex model order reduction in industrial rotor dynamics

Louis Komzsik, Siemens PLM

The ever widening use of finite element analysis in the industry produces increasingly difficult
eigenvalue problems. The high fidelity requirements of industrial analyses demand accuracy
and the very large models necessitate efficiency in the solutions of such problems.

A particular area of high importance in the industry, especially in the energy sector, is the
analysis of rotating structures. Such analyses bring forth un-symmetric matrices whose terms
are function of the rotational velocity. Since the usual operational range of the rotational struc-
tures analyzed in the industry is wide, a sequence of eigenvalue problems must be solved.

The direct solution of a sequence of large un-symmetric eigenvalue problems is impractical due
its cost. The alternative solution of a real model order reduction is inaccurate for complex
practical problems. To achieve both the accuracy and efficiency goals simultaneously, we use a
complex model order reduction approach.

The presentation will briefly review some fundamentals of rotational physics and dynamics. It
will discuss the complex model order reduction technique implemented into NX NASTRAN,
the world leader in the area of structural finite element analysis. Industrial rotor dynamics
application results will be used to demonstrate the merits of the technology. Finally, further
improvement possibilities will also be shown.
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Modal Approximation of Large Scale Dynamical Systems using Jacobi-Davidson
Methods

Peter Benner
Michiel Hochstenbach

Patrick Kürschner

Large scale dynamical systems arise in many physical and technical application areas. An
approximation, e.g. with model order reduction techniques, of these large systems is crucial for
a cost efficient simulation.
On this poster we restrict ourselves to linear time invariant (LTI) systems and present a model
order reduction approach based on modal truncation, where the original system is projected
onto the left and right eigenspaces corresponding to the dominant poles of the system. The
dominant poles form a small subset of the poles of the systems transfer function and have a
significant influence on the system’s behavior. The computation of the dominant poles can be
a formidable task, since they can lie anywhere inside the spectrum and the corresponding right
and left eigenvectors have to be approximated as well.
For this purpose we investigate the two-sided and alternating Jacobi-Davidson method for the
efficient solution of the underlying generalized eigenvalue problem in this modal truncation
framework. Some numerical examples for practically relevant LTI systems will be presented as
well.
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Solving a structured quadratic eigenvalue problem by a structure-preserving doubling
algorithm

Chun-Hua Guo, Wen-Wei Lin

In studying the vibration of fast trains, we encounter a palindromic quadratic eigenvalue prob-
lem (QEP) (λ2AT + λQ + A)z = 0, where A,Q ∈ Cn×n and QT = Q. Moreover, the matrix
Q is block tridiagonal and block Toeplitz, and the matrix A has only one nonzero block in the
upper-right corner. So most of the eigenvalues of the QEP are zero or infinity. In a linearization
approach, one typically starts with deflating these known eigenvalues, for the sake of efficiency.
However, this initial deflation process involves the inverses of two potentially ill-conditioned
matrices. As a result, large error may be introduced into the data for the reduced problem. In
this paper we propose using the solvent approach directly on the original QEP, without any
deflation process. We apply a structure-preserving doubling algorithm to compute the stabi-
lizing solution of the matrix equation X + ATX−1A = Q, whose existence is guaranteed by
a result on the Wiener–Hopf factorization of rational matrix functions associated with semi-
infinite block Toeplitz matrices and a generalization of Bendixson’s theorem to bounded linear
operators on Hilbert spaces. The doubling algorithm is shown to be well defined and quadrat-
ically convergent. The complexity of the doubling algorithm is drastically reduced by using
the Sherman–Morrison–Woodbury formula and the special structures of the problem. Once the
stabilizing solution is obtained, all nonzero finite eigenvalues of the QEP can be found efficiently
and with the automatic reciprocal relationship, while the known eigenvalues at zero or infinity
remain intact.

Chun-Hua Guo:
Department of Mathematics and Statistics, University of Regina, Regina, Canada
Wen-Wei Lin:
Department of Applied Mathematics, National Chiao Tung University, Taiwan
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A multilevel Jacobi-Davidson method for polynomial and rational pde eigenvalue
problems

Dominik Löchel

The simulation of drift instabilities in the plasma edge leads to a rational pde eigenvalue problem
with parameter dependent coefficients. The aim is to determine the wave number which leads
to the maximum growth rate of the amplitude of the wave. This requires the solution of a large
number of pde eigenvalue problems. Since we are only interested in a smooth eigenfunction
corresponding to the eigenvalue with largest imaginary part, the Jacobi-Davidson method can
be applied. Unfortunately, a naive implementation of this method is much too expensive for
the large number of problems that have to be solved.

In a first step the rational eigenvalue problem was reformulated as a cubic eigenvalue polynomial
and the multilevel Jacobi-Davidson strategy was developed. The basis idea is as follows. On a
coarse grid the dimension of the discretized eigenvalue problem is small and a standard solver like
the QZ algorithm applied to the linearized problem. Among all eigenpairs, the approximation
to the desired eigenpair is selected. The eigenvector is prolongated to a finer grid and used as
the initial search space in the Jacobi-Davidson algorithm. Within the Jacobi-Davidson cycle
the selection of the right Ritz pair is done by an appropriate similarity measure. The correction
equation is solved efficiently via the one-step-approximation, where the derivative terms are
approximated by finite differences, while spectral methods are used in the projected eigenvalue
equation to gain a high level of accuracy. The process is repeated until the final resolution is
reached.

The multilevel Jacobi-Davidson method comes with additional advantages. At the beginning of
each Jacobi-Davidson procedure, an approximation of the desired eigenpair is known and can
be used for scaling. Further, it can be extended to two-sided Rayleigh quotients for a better
approximation of the Ritz values. In our physical example, the multilevel strategy achieves,
that the Jacobi-Davidson algorithm is in the regime of quadratic convergence since the first
cycle and explains its high efficiency.

In a more advanced physical scenario it turned out, that the condition number of the polynomial
formulation rises with the number of grid points and becomes to large with respect to the floating
point precision. The condition of the original rational formulation, however, stays on a moderate
level and is almost independent of the spatial resolution. Therefore, the multilevel Jacobi-
Davidson algorithm was extended to rational eigenvalue equations. The projected eigenvalue
equation is now solved by inverse iteration.

This is joint work with Marlis Hochbruck, Karlsruhe. The physical example was elaborated in
collaboration with Mikhail Tokar and Dirk Reiser, Jülich. This work has been supported by
the Deutsche Forschungsgemeinschaft through the research training group GRK 1203.
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Slicing the Spectrum of H`-Matrices

Peter Benner
Thomas Mach

We will present an algorithm which computes the eigenvalues of a symmetric H`-matrix. The
H`-matrices are a subclass of the hierarchical (H-) matrices, which were both introduced
by W. Hackbusch in 1998 [Hac99]. Hierarchical matrices are data-sparse and require only
O(nk log n) storage. The H`-matrices are H-matrices with a simple structure. They are defined
by the following recursion: a matrix M is called an H`-matrix of maximal block-wise rank k,
short M ∈ H`(k), if

M =
(
M11 M12

M21 M22

)
,

with M11,M22 ∈ H`−1(k), M12 = A1B
T
1 and M21 = B2A

T
2 , where Ai, Bi ∈ Rn/2×k′ and k′ ≤ k.

For symmetric M we have A1 = A2 and B1 = B2. On the lowest level we demand that an
H0(k)-matrix is a dense matrix of size nmin×nmin. The number ` denotes the number of levels.
For constant nmin the number of levels ` grows like log n.

Like for hierarchical (H-) matrices, there are a lot of arithmetic operations of linear-polylo-
garithmic complexity for H`-matrices. The need for truncation in order to close the class of
H-matrices under addition, multiplication and inversion makes formal H-arithmetic an approx-
imative arithmetic. The same is true for H`-matrices. But we will show that the exact LDLT

factorisation of an H`(k)-matrix is in H`(k`). So truncation is not necessary if we allow a small
increase of the maximal block-wise rank from k to k`. The simple structure of H`-matrices
simplifies the arithmetic operations.

In “The Symmetric Eigenvalue Problem” [Par80, p. 51] Beresford N. Parlett described a bisec-
tion method to find the eigenvalues of a symmetric matrix M ∈ Rn×n. The spectrum Λ of a
real, symmetric matrix is contained in R. We will call the number of eigenvalues λi ∈ Λ smaller
than µ ν(µ) or ν(M −µI). Obviously, ν is a function R → {0, . . . , n} ⊂ N. If the function ν(·)
is known, one can find the mth eigenvalue as the limit of the following process:

a: Start with an interval [a, b] with ν(a) < m ≤ ν(b).

b: Determine, νm := ν(a+b
2 ). If νm > m, then continue with the interval [a, a+b

2 ], else with
[a+b

2 , b].

c: Repeat the bisection (step b) until the interval is small enough.

If M − µI has an LDLT factorisation M − µI = LDLT with L invertible, then D and M − µI
are congruent. Since D is diagonal we can count easily the number of negative eigenvalues.
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Sylvester’s inertia law tells us that the number of negative diagonal entries in D is equal to the
number of negative eigenvalues of M − µI, ν(D) = ν(µ).

Since we need an LDLT factorisation in each step this process is prohibitively expensive for
dense matrices. But for H`-matrices we have a cheap exact LDLT factorisation of linear-poly-
logarithmic complexity.

There are other eigenvalue algorithms for symmetric H`-matrices, too. J. Gördes described in
her diploma thesis [Gör09] an eigenvalue algorithm for H`(1)-matrices based on Divide-and-
Conquer. This algorithm has a total complexity of O(n2 (log n)β).

Further M. Van Barel et al. present in [DFV08] a transformation of H`- and the related HSS-
matrices into semi-separable matrices. For semi-separable matrices there is a QR-algorithm
[VVM05]. Both steps have quadratic or quadratic-polylogarithmic complexity.

We have a complexity analysis for the LDLT slicing algorithm which shows that the complexity
for the computation of the whole spectrum is comparable to that of both existing algorithms.
Further we will show, that if we compute only some few interior eigenvalues, then the LDLT

slicing algorithm is superior to the other algorithms.
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Nearest Linear Systems with Highly Deficient Reachable Subspaces

Emre Mengi

Given a linear time-invariant dynamical system

ẋ(t) = Ax(t) +Bu(t), (7)

where A ∈ Rn×n, B ∈ Rn×m. We consider the distance [1]

τr(A,B) = inf{‖[∆A ∆B]‖ : rank(C(A+ ∆A,B + ∆B)) ≤ r} (8)

with
C(A,B) =

[
B AB A2B . . . An−1B

]
denoting the controllability matrix, whose rank gives the dimension of the reachable subspace
of (7). In (8) and elsewhere ‖ · ‖ denotes the matrix 2-norm unless otherwise stated.

The quantity τr(A,B) can be considered as a generalization of the distance to uncontrollability

τ(A,B) = inf{‖[∆A ∆B]]‖ : rank (C(A+ ∆A,B + ∆B)) ≤ n− 1}

for which the singular value characterization

τ(A,B) = inf
λ∈C

σn([A− λI B])

is derived by Eising, where σj(C) denotes the jth largest singular value of C. Eising’s char-
acterization is a simple consequence of the PBH test, which establishes the equivalence of
rank-deficiency of C(A,B) and the condition

∃λ ∈ C rank ([A− λI B]) < n. (9)

In this work we first generalize the PBH test. Let

PΛ
d (A) = (A− λ1I)(A− λ2I) . . . (A− λdI)

denote the monic matrix polynomial with roots Λ = [λ1 λ2 . . . λd]T . In particular we deduce
that

rank(C(A,B) ≤ r ⇐⇒ ∃Λ ∈ Cn−r s.t. rank
([

PΛ
n−r(A) B

])
= r
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under the assumption that A has distinct eigenvalues. Then we linearize this generalized PBH
test. By exploiting the linearized PBH test we derive the singular value optimization charac-
terization

τr(A,B) = inf
Λ

sup
Γ
σk+1

(
AΓ,Λ

n−r(A,B)
)

where k := (n− r)(n− 1),

AΓ,Λ
n−r(A,B) :=



A− λ1I B 0 0 0 0 0 0
γ2,1I 0 A− λ2I B 0 0 0 0
γ3,1I 0 γ3,2I 0 A− λ3I B 0 0

. . .
. . .

γn−r,1I 0 γn−r,2I 0 A− λn−rI B


,

and

Γ = [γ2,1 γ3,1 . . . γn−r,1 γ3,2 γ4,2 . . . γn−r,2 . . . γn−r,n−r−1]T ∈ C(n−r−1)(n−r)/2.

The singular value optimization characterization holds under a mild multiplicity assumption
regarding the optimal singular value and a linear independence assumption concerning the
optimal singular vectors.

We suggest a numerical technique to solve the derived singular value optimization problems. In
theory the inner maximization problem is neither unimodal nor convex, however it turns out
that it is easy to check whether a local maximizer is a global maximizer or not. Therefore we
use BFGS to perform inner maximization. In practice we typically observe that a converged
local maximizer is a global maximizer. The outer problem is a Lipschitz minimization problem.
More precisely define

f(Λ) := sup
Γ
σk+1

(
AΓ,Λ

n−r(A,B)
)
.

The Lipschitz continuity of f(Λ),

|f(Λ + δΛ)− f(Λ)| ≤ ‖δΛ‖,

is a simple consequence of the Weyl’s theorem. Numerically we exploit the Lipschitz continuity
of f(Λ) to solve the outer minimization problem. We utilize the Piyavskii-Shubert algorithm,
or more precisely a sophisticated version of the Piyavkii-Shubert algorithm called DIRECT at-
tempting to estimate the Lipschitz constant locally, for the outer Lipschitz optimization prob-
lem. The numerical technique is meant for low precision. We illustrate the significance of the
singular value optimization characterization and effectiveness of the numerical technique on
numerical examples. Without the singular value characterization it is not clear how one can
compute τr(A,B) even to a few-digits precision.

The problem that we consider (provide a singular value optimization characterization and nu-
merically solve) is in essence a special case of the problem of finding the smallest perturbation
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to a rectangular k × n pencil with k > n so that it has ` finite eigenvalues [2]. More precisely
in [2] for a given k × n pencil Ã− λB̃ the distance problem

inf
{∥∥[

∆Ã ∆B̃
]∥∥

F
: ∃λj ∈ C, vj ∈ Cn s.t.

(
(Ã+ ∆Ã)− λj(B̃ + ∆B̃)

)
vj = 0 for j = 1, . . . , `

}
where {v1, . . . , v`} is linearly independent is discussed. The quantity τr(A,B) turns out to be
the distance above with

Ã =
[
A∗

B∗

]
, B̃ =

[
I
0

]
and the Frobenius norm above replaced by the 2-norm. A singular value characterization for
the general problem was given in [2] when ` = 1. Otherwise, the general problem is open for
` > 1.

Furthermore, τr(A,B) is a measure of degree of reducibility to order r for the system

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(t)

with zero initial conditions, and A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n and D ∈ Cp×m Let us use
the shorthand notation (A,B,C,D) for the system above and pose the problem

τr(A,B,C) = inf{
∥∥∥∥[

∆A ∆B
∆C 0

]∥∥∥∥ : ∃Ar ∈ Cr×r, Br ∈ Cr×m, Cr ∈ Cp×r

(A+ ∆A,B + ∆B,C + ∆C,D) ≡ (Ar, Br, Cr, D)}

where we use (A + ∆A,B + ∆B,C + ∆C,D) ≡ (Ar, Br, Cr, D) to denote that the left-hand
and right-hand arguments are equivalent systems. It is well-known that when the reachable
subspace of the system (A,B,C,D) is r, there is an equivalent system of order r implying

τr(A,B,C) ≤ τr(A,B).

In words if there is a nearby system whose reachable subspace has dimension r, then there is
also a nearby system that is equivalent to a system of order r.
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Inexact adaptive finite element algorithms for PDE eigenvalue problems

Agnieszka Miedlar
(joint work with Volker Mehrmann)

Recently, adaptive finite element methods (AFEM) entered the new area of solving partial dif-
ferential eigenvalue problems [Lar00, HR01, Ney02, DPR03, CG08, GMZ08]. However, in most
AFEM approaches it is assumed that the resulting finite dimensional algebraic problem (linear
system or eigenvalue problem) is solved exactly and the computational costs for this part of the
method as well as the fact that this problem is solved in finite precision arithmetic are typically
ignored. Both a priori and a posteriori error estimates derived for PDE eigenvalue problems do
not consider iteration errors (errors connected to solving algebraic eigenvalue problems using
iterative methods). Iterative eigensolvers, i.e. Krylov subspace methods, used for solving alge-
braic problems are used as a ’black box’ often wasting computational time and resources. In
particular, the contribution of the complexity of algebraic solvers into the total AFEM complex-
ity is ignored and even not analyzed. This is acceptable if the costs for the algebraic problems
are small and the problem is well-conditioned, so that the solution of these problems to full
accuracy is possible. Unfortunately, nowadays, ’large-scale’ means solving problems of dimen-
sion few milions, the costs for a very accurate solution of the corresponding algebraic eigenvalue
problem start to dominate over the total costs. On the other hand ignoring computational error
may lead to incorrect results since a poor approximation influence the error estimator, mesh
refinement and quality of the final solution [AGL09].

In [JSV07] Jiranek, Strakos and Vohralik derived fully computable a posteriori error estimates
which take into account an inexact solution of the linear algebraic system and constructed
efficient stopping criteria for iterative solvers in the context of a second-order elliptic pure
diffusion model problem. Some a posteriori error estimates based on eigenvalue perturbation
results was obtained in [MM09]. Inspired by the work of Arioli et al. [ANR01, ALW05] for linear
systems arising from finite element discretization, we discuss the backward error analysis and
stopping criteria for iterative eigensolvers in the context of adaptive finite element algorithm.
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High Relative Accuracy Implicit Jacobi Algorithm for the SVD

Juan M. Molera
Johan Ceballos

Froilán M. Dopico

We prove that a Jacobi-like algorithm applied implicitly on a decomposition A = XDY T

of a matrix A, where D is diagonal, and X,Y are well conditioned, computes all singular
values of A to high relative accuracy. The relative error in every eigenvalue is bounded by
O(εmax [κ(X), κ(Y )]), where ε is the machine precision and κ(X) = ‖X‖2‖X−1‖2, κ(Y ) =
‖Y ‖2‖Y −1‖2 are, respectively, the spectral condition number of X and Y . The singular vectors
are also computed accurately in the appropriate sense. We compare it with previous algorithms
for the same problem [J. Demmel et al. Linear Algebra and its Applications, 299 (1999) 21-80]
and see that the new algorithm is faster and more accurate.
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Directional perturbation in structured eigenproblems

Julio Moro

The design and analysis of structure-preserving algorithms to solve structured eigenproblems
has led in the last decades to a steady interest in structured eigenvalue perturbation theory, i.e.
in determining the behavior of eigenvalues and other spectral objects (e.g., invariant subspaces,
sign characteristics,...) when a matrix or operator is subject to perturbations which belong
to the same class of operators as the unperturbed one. It is well known that this behavior is
usually quite different from the behavior under arbitrary, nonstructured perturbations. In this
talk we give an overview of first order structured perturbation theory, i.e. of results involving the
local variation of eigenvalues as expressed by their directional derivatives, and its interaction
with the fact that perturbations are restricted within the class of interest. Such results are
relevant in many practical situations when eigenvalues need to be be pushed in certain specific
directions, or must be moved as fast as possible away from a critical (or dangerous) region by
a small, usually structured, perturbation. Special emphasis is made on classes of matrices and
matrix pencils with symmetries in some indefinite scalar product, which often arise in several
applications in Control and Systems Theory.
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Institute for Mathematics, Physics and Me-
chanics (IMFM)
Jadranska 19, SI-1000 Ljubljana

andrej.muhic@fmf.uni-lj.si
http://www.fmf.uni-lj.si/~muhic/en/

On linearizations of the quadratic two-parameter eigenvalue problems

Andrej Muhič
Bor Plestenjak

Michiel E. Hochstenbach

We present several transformations that can be used to solve the quadratic two-parameter
eigenvalue problem (QMEP), which has a general form

Q1(λ, µ)x1 := (A00 + λA10 + µA01 + λ2A20 + λµA11 + µ2A02)x1 = 0,
(10)

Q2(λ, µ)x2 := (B00 + λB10 + µB01 + λ2B20 + λµB11 + µ2B02)x2 = 0,

where Aij , Bij are given ni × ni complex matrices, xi ∈ Cni is a nonzero vector for i = 1, 2,
and λ, µ ∈ C, by formulating an associated linear multiparameter eigenvalue problem. Two
of these transformations are generalizations of the well-known linearization of the quadratic
eigenvalue problem and linearize the QMEP as a singular two-parameter eigenvalue problem.
The third one introduces a new approach, substituting all nonlinear terms with new variables
and adding new equations for their relations. The QMEP is thus transformed into a nonsingular
five-parameter eigenvalue problem. The advantage of these transformations is that they enable
one to solve the QMEP using the existing numerical methods for the multiparameter eigenvalue
problems. We also consider several special cases of the QMEP, where some of the quadratic
terms are missing.
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The contributions of Paul Willems to the MRRR algorithm

Beresford Parlett

Although the MRRR algorithm contributed some practical seminal ideas to the computation
of mutually orthogonal eigenvectors of symmetric tridiagonal matrices there were some blem-
ishes in the implementation. The recent dissertation of Paul Willems takes a fresh look at the
algorithm and makes improvements in the representations, the proofs and the blocked repre-
sentations thereby removing the blemishes.
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Reliable Eigenvalues of Tridiagonals

Rui Ralha

We present a method to improve or just guarantee the accuracy of the approximations delivered
by any fast method for the eigenvalues of symmetric tridiagonal matrices. The motivation for
this approach is two-folded: 1) the fastest state-of-the-art algorithms do not always deliver
eigenvalues as accurate as they are defined by the data; 2) in some cases it is difficult to estimate
the number of correct digits in the computed approximations for the eigenvalues of smaller size.
We tackle both issues in the following way: starting with the computed approximation λ̃k (for
some k), our method finds an interval that is guaranteed to contain the exact eigenvalue λk. The
relative gap of the bounds of this interval depends solely on how well the matrix entries define
λk. Therefore, for eigenvalues defined to high relative accuracy, the computed intervals are
very tight in the relative sense. In other cases, λk may not be defined to high relative accuracy
but still have many significant digits correct which are difficult to predict through the use of
perturbation theory results. We show that our method can be extended to the computation of
real eigenvalues of unsymmetric matrices. Numerical examples are given.
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An Implicitly-Restarted Krylov Subspace Method for Real Symmetric/Skew-Symmetric
Eigenproblem

Valeria Simoncini

In this talk we will describe a recently developed implicitly-restarted Krylov subspace method
for real symmetric/skew-symmetric generalized eigenvalue problems. The new method im-
proves and generalizes the SHIRA method of V. Mehrmann and D. Watkins, “Structure-
preserving methods for computing eigenpairs of large sparse skew-Hamiltonian/Hamiltonian
pencils”, SIAM J. Sci. Comput., 22:1905–1925, 2001, to the case where the skew symmetric
matrix is singular. We will show that the new algorithm can accurately compute a few eigen-
values and eigenvectors of the matrix pencil close to a given target point. Several applications
from control theory will be presented and the properties of the new method will be illustrated
by benchmark examples.

This is joint work with V. Mehrmann and C. Schröder, both at TU Berlin, Germany.
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10000 Zagreb
Croatia

ssinger@fsb.hr
http://www.fsb.hr/ssinger

A GPU-based hyperbolic SVD algorithm

Vedran Novaković
Sanja Singer

Given a factorization G∗JG of an indefinite matrix A, with G∗G positive definite matrix and
J diagonal matrix holding the inertia of A, we aim at computing the hyperbolic SVD of the
factor G, or – in other terms – at solving the eigenproblem for the matrix A.

Our method of choice for such a problem is the one-sided hyperbolic Jacobi algorithm, which has
been much studied in the recent years, due to its high relative accuracy and various possibilities
of the efficient blocking and parallelization in the scope of the conventional CPU computing.

We will show that the same algorithm is elegantly parallelizable on the modern GPUs, not
utilizing them as a mere coprocessor for the offload of the simple computations, but as a primary
target for the algorithm execution. The numerical experiments will demonstrate the beneficence
of such an approach, compared to the standard, multi-process parallel implementation.
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Jacobi-type algorithms for Hamiltonian matrices

Ivan Slapničar

We present recent results on Jacobi-type algorithms for real and complex Hamiltonian matrices.
The algorithms use orthogonal (unitary) and non-orthogonal shear transformations. Conver-
gence and accuracy properties of the algorithms are discussed.
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On Oblique Projectors

G. W. Stewart

An oblique projector is an idempotent matrix whose spectral norm is greater than one. Oblique
projectors arise in a number of application, in particular in the orthogonalization of Krylov
sequences with respect to a positive definite matrix B. In this talk we will consider various
representations of projectors and their numerical properties. We will also consider the problem
of complementation—the oblique generalization of orthogonalization—and show that the “twice
is enough” rule of thumb for Gram–Schmidt orthogonalziation continues to hold in a certain
sense for complementation. We will also discuss some potential problems with bases generated
by B-orthogonalization.
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Estimates and calculations for the Poincaré constant in an annulus based on eigenvalue
problems

Vincent Heuveline, Arianna Passerini, Chandramowli Subramanian, Gudrun Thäter

In the study of a variety of subjects such as thermal energy storage systems, aircraft cabin
insulation, cooling of electronic components, electrical power cable as well as thin films, one
has to understand the fluid flow between two horizontal coaxial cylinders. Depending on the
material properties (encoded in the Rayleigh and Prandtl number) as well as the actual relation
of the radii Ri < Ro or more precisely, the non-dimensional inverse relative gap width

A :=
2Ri

Ro −Ri

the problem is very complex and allows for very different possible behavior of the flow. Up to
now it was mostly investigated by numerical experiments (see, e.g. [4] and references therein).
To find bifurcations in this way is a very delicate task. For that we started to use mathematical
analysis (see [3] and references therein) to narrow down possible regions for bifurcation.

To gain a first insight a twodimensional geometry is helpful, i.e. we consider Ω = {(r, ϕ):Ri <
r < Ro , 0 ≤ ϕ < 2π} and its nondimensional version ΩA := {(r̂, ϕ):A/2 < r̂ < 1 + A/2)},
respectively, with r̂ := r/(Ro −Ri).

A special role for the qualitative and quantitative description of the flow and especially for the
determination of critical values for stability plays the Poincaré constant kp, i.e. the constant in
the inequality

‖f‖2 ≤ kp ‖∇f‖2 , (11)

which holds of all f ∈ H1
0 (i.e. f, ∇f ∈ L2 with zero trace) if the domain under consideration

is bounded in at least one dimension (see e.g., [1, Prop. 1.2]). To find analytical estimates for
the existence, regularity and stability of solutions it is necessary to have good bounds for kp.
Usually, they depend on the diameter of the domain.

To find those bounds one can use the well-known fact that kp = λ−1 for λ being the smallest
eigenvalue of the Laplace problem

−∆u = λu in Ω , u = 0 on ∂Ω . (12)

Up to the moment (see, e.g. [3]) the best available result has been

kp = kp(A) ≤ min
{1

2

√
1 +

2
A
,

√
2
π

(
1 +

A
2

)}
, (13)

which is far from being optimal. To get an idea how far, a numerical determination of the
smallest eigenvalue of problem (3) as a function of A has been carried out with our software.
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Unfortunately, such plot is not directly useful for analytical purposes. Nevertheless, at the same
moment a result of [2] showed us the way to a better estimate, namely

kp ≤
1
π
. (14)

Now, our results shows that the analytical bound (4) is almost sharp.

This will directly improve our bounds for the critical Rayleigh number in the above described
flow problems.
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Optimal Damping of Partial Spectra Using Dimension Reduction

Peter Benner1, Zoran Tomljanović, Ninoslav Truhar 2

We will consider a mathematical model of a linear vibrational system described with second-
order differential equation

Mẍ+Dẋ+Kx = 0,

where M and K are positive definite matrices of order n, called mass and stiffness, respectively.
The damping matrix is D = Cu + C, where Cu represents the internal damping and C is
the external damping which is positive semidefinite matrix. The problem of determination of
optimal damping is equivalent to minimization of the trace of the solution of the Lyapunov
equation

AX +XAT = −GGT ,

where A is the 2n× 2n matrix obtained from linearizing the second-order differential equation.
The matrix G depends on the part of the eigenfrequencies which has to be damped. Usually, G
has small rank which corresponds with the damping of the some part of the eigenfrequencies.

Finding the optimal C0, such that traceX(C) is minimal, is a very demanding problem, caused
by the large number of trace calculations which can be required for bigger matrix dimensions.

We propose a dimension reduction to accelerate the optimization process. Also, we present
corresponding error bound for the approximation the trace of the solution of the Lyapunov
equation obtained by this reduction, which includes the influence of the right-hand side GGT

and allow us to control accuracy of the trace approximation.

1Mathematics in Industry and Technology, Department of Mathematics, Chemnitz University of Technology,
Chemnitz, Germany, benner@mathematik.tu-chemnitz.de

2Department of Mathematics, J.J. Strossmayer University of Osijek, Croatia, ntruhar@mathos.hr
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The EIGS Command in Chebfun

Toby A. Driscoll
Lloyd N. Trefethen

In chebfun computing, users work with functions instead of vectors, operators instead of ma-
trices. Both differential and integral operators acting on an interval [a, b] are available, and
the underlying algorithms come from the field of Chebyshev spectral collocation methods. Now
what if we want the eigenvalues and eigenvectors of an operator? We can’t ask for all of them,
as they will be infinite in number, so the right Matlab program to overload is eigs, not eig.
How do we pick out the required finite set from an infinite collection? Is it best to solve and
then discretize, or discretize and then solve? This talk will present the algorithms for this task
that are encoded in the chebfun eigs command, which with surprising speed and reliability
compute eigenvalues and eigenvectors of many operators to ten digits of accuracy or more.

References:

http://www.maths.ox.ac.uk/chebfun

T. A. Driscoll, F. Bornemann and L. N. Trefethen, The chebop system for automatic solution
of differential equations, BIT Numer. Math. 48 (2008), 701–723.
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Eigenvalue solvers with tensor-train data

Eugene Tyrtyshnikov

In many applications (multi-parametric optimization, quantum molecular dynamicis, etc.) eigen-
value problems arise for symmetric operators on d-dimensional cubes and with separated vari-
ables in the eigenfunctions. The latter implies an exact or approximate tensor structure in the
eigenvectors. We suggest to represent the eigenvectors by tensor trains (TT-decompositions), in
other contexts also called linear tensor networks or matrix-product networks. The name ”tensor
trains” (TT) is recently used to indicate efficient algorithms (appeared in 2009) for approximate
arithmetics and interpolation in the TT-format. Some standard eigensolvers can be modified so
that all the data is kept in the TT-format. This leads to algorithms with the complexity linear
in d. In particular, we consider tensor-train modifications of iterative methods of minimization
of the Raleigh quotient in the scalar or block form.
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An Efficient Implicit Double Shift QR-Algorithm for Companion Matrices

Marc Van Barel
Raf Vandebril

Paul Van Dooren
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In this talk an implicit (double) shift QR-method for computing the eigenvalues of companion
matrices will be presented. Companion matrices are Hessenberg matrices, that can be decom-
posed into the sum of a unitary and a rank 1 matrix. The Hessenberg, the unitary as well as
the rank 1 structures are preserved under a step of the QR-method. This makes these matrices
suitable for the design of a fast QR-method.

Several techniques already exist for performing a QR-step. The implementation of these meth-
ods is highly dependent on the representation used. Unfortunately for most of the methods
compression is needed since one is not able to maintain all three, unitary, Hessenberg, rank 1
structures.

In this talk an implicit algorithm will be designed for performing a step of the QR-method
onto the companion matrix based on a representation consisting of Givens transformations.
Moreover, no compression is needed as the specific representation of the involved matrices is
maintained. Finally also a double shift version of the implicit method is presented. Numer-
ical experiments will show the robustness of the new method with respect to scaling of the
polynomial coefficients in comparison with other existing methods.
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Condition in block diagonalising J-Hermitian matrices

Kresimir Veselić

Given a (generally not J-unitary) transformation matrix S block diagonalising a given J-
Hermitian matrix a method is designed to convert S to a J-unitary one, which is shown always
to improve the condition number.
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Computation of the Eigenvalues of Skew-Hamiltonian/Hamiltonian Pencils in SLICOT
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Matthias Voigt

Skew-Hamiltonian/Hamiltonian pencils appear in many applications, including linear quadratic
optimal control problems,H∞ optimization, certain multi-body systems and many other areas in
applied mathematics, physics, and chemistry. On this poster we present a structure-preserving
method for accurately computing the eigenvalues of such pencils. This method is based on the
embedding of the pencils into larger skew-Hamiltonian/Hamiltonian pencils in order to ensure
the existence of a particular condensed form. We show some details of the implementation of the
algorithm in the Subroutine Library In COntrol Theory (SLICOT) and present some numerical
results. Finally, we illustrate how skew-Hamiltonian/Hamiltonian pencils can be applied to
compute the L∞-norm of linear time-invariant descriptor systems.
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Error analysis for eigenvalues of Hessians for optimal control problems

Daniel Wachsmuth
Saheed Akindeinde

Many technical processes are described by partial differential equations. Here, it is important
to optimize these processes. For many applications, the optimization criterion is not a convex
function, and the underlying partial differential equation is non-linear. Then two types of opti-
mality conditions become equally important. First-order necessary optimality conditions help
to find critical points, while sufficient second-order conditions can ensure the local optimality
of such a point. Moreover, the convergence analysis of fast optimization methods as well as of
approximation techniques is based on sufficient optimality conditions. Hence, it is desirable to
check whether these conditions are satisfied for a given solution candidate.

In the talk, we will investigate an optimization problem subject to an elliptic partial differential
equation with a finite number of control parameters. Then the sufficient optimality condition
is equivalent to positive definiteness of an underlying Hessian matrix. However, the entries of
the matrix cannot be computed exactly, since they depend on solutions of partial differential
equations. Hence, we will compute approximations of the entries by means of a finite element
discretization of the elliptic equation. With the help of a-posteriori error representations the
error in the entries can estimated. Applying results from matrix perturbation theory, we obtain
error bounds for the eigenvalues, which enables to check whether the Hessian matrix is positive
definite.

The talk ends with a discussion of the following open problem: if the space of controls is infinite-
dimensional then the sufficient optimality condition is equivalent to an generalized eigenvalue
problem of the form (

A B∗

B 0

) (
u
x

)
= λ

(
M 0
0 0

) (
u
x

)
.

Here, the none of the operators is positive definite, and any linear combination of both operators
is indefinite. Thus, this eigenvalue problem cannot be treated with standard methods. Any
suggestions on how to obtain lower eigenvalue bounds are welcome.
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Francis’s Algorithm

David S Watkins

Francis’s implicitly-shifted QR algorithm has for many years been the most widely used algo-
rithm for computing eigenvalues of matrices, especially in the nonsymmetric case. The standard
(and time-honored) method of justifying Francis’s algorithm is to show that each iteration is
equivalent to a step (or several steps) of the explicitly-shifted QR algorithm. In this talk we will
argue that the standard approach is unduly complicated. Instead one should argue directly that
Francis’s algorithm performs nested subspace iterations with a change of coordinate system at
each step. This is done by bringing to light the role of the nested Krylov subspaces that lurk
in the transforming matrices.
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Relations between Rayleigh Quotient Iteration and the Opitz-Larkin Method

Jens-Peter M. Zemke

We show that different members of Rayleigh Quotient Iteration (RQI) and related methods
like inverse iteration exactly correspond to different members of the Opitz-Larkin method ap-
plied to certain meromorphic scalar functions. These meromorphic functions are related to the
characteristic polynomial and have only roots at eigenvalues. Well-known results like the speed
of convergence are re-phrased in the framework of the Opitz-Larkin method. More recently
suggested choices of shifts in the QR algorithm are placed into this framework.
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