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Let l[y] be a formally selfadjoint differential expression of an even order 2n
on the semiaxis [0,∞), let L0 and L(= L∗

0) be the corresponding minimal
and maximal operator in H = L2[0,∞) and let D by the domain of L.

Assume that K̂ is a subspace in C2n and (N0 N1) : Cn ⊕ Cn → K̂ is a
symmetric operator pair such that ran(N0 N1) = K̂. By using a decomposing
boundary triplet for L [1] we consider the boundary value problem

l[y] − λy = f (1)

N0y
(2)(0) + N1y

(1)(0) + C ′
01(λ)Γ′

0y − C ′
11(λ)Γ′

1y = 0 (2)

C ′
02(λ)Γ′

0y − C ′
12(λ)Γ′

1y = 0 (3)

where f ∈ H, y(1)(0) = {y[k−1](0)}n
k=1 and y(2)(0) = {y[2n−k](0)}n

k=1 are vec-
tors of quasi-derivatives at 0 and Γ′

0y, Γ′
1y are boundary values of a function

y ∈ D at the point b = ∞. Moreover we suppose that the matrices

C0(λ) =

(
N0 C ′

01(λ)
0 C ′

02(λ)

)
, C1(λ) =

(
N1 C ′

11(λ)
0 C ′

12(λ)

)
, λ ∈ C \ R (4)

form a Nevanlinna pair P = (C0(λ) : C1(λ)).
The problem (1)-(3) is a particular case of a general Nevanlinna boundary

problem [2] and hence it generates a generalized resolvent and the correspond-
ing spectral function FP(t) of the operator L0. In turn the problem (1)-(3)
involves a decomposing boundary problem (when C ′

01(λ) = C ′
11(λ) = 0).

With the boundary problem (1)-(3) we associate the m-function mP(λ),
which is a uniformly strict Nevanlinna function with values in [K̂]. This
function is a generalization of the classical Titchmarsh-Weyl function known
for decomposing boundary problems.

Let K be a subspace in C2n and let φ(·, λ)(∈ [K, C]) be an operator solu-
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tion of the equation l[y] − λy = 0 with the constant initial data φ(j)(0, λ) =
Sj, j ∈ {0, 1}, λ ∈ C and such that Ker φ(t, λ) = {0}. As is known a
distribution ΣP(·) : R → [K] is called a spectral function of the boundary
problem (1)-(3) corresponding to the solution φ if for each finite function

f ∈ H the Fourier transform gf (s) :=
b

∫
0
φ∗(t, s)f(t) dt satisfies the equality

((FP(b) − FP(a))f, f)H = ∫
[a,b)

(dΣP(s) gf (s), gf (s)), [a, b) ⊂ R.

The natural problem is a description of spectral functions ΣP(·) = ΣP,min(·)
with the minimally possible value of dimK [3] (we denote this value by dmin).
The complete solution of this problem is given in the following theorem.

Theorem 1. 1) Each selfadjoint boundary value problem admits the
representation (1)-(3) with a selfadjoint pair P = (C0 : C1) given by (4).

2) Let P be a selfadjoint pair (4) and let (1)-(3) be the corresponding
boundary problem. Moreover assume that φN(·, λ)(∈ [K̂, C]) is an operator

solution of the equation l[y]−λy = 0 with φ
(1)
N (0, λ) = −N∗

0 , φ
(2)
N (0, λ) = N∗

1 ,

λ ∈ C. Then: (i) n ≤ dim K̂ ≤ k, where k is the defect number of L0;
(ii) there exists a spectral function ΣP,N(·) : R → [K̂] of the problem

(1)-(3) corresponding to φN ;
(iii) dmin = dim K̂ and all minimal spectral functions are given by ΣP,min(s)

= X∗ΣP,N(s)X, where X is an isomorphism in K̂.

Corollary 2. Let under conditions of Theorem 1 Ã be a selfadjoint ex-
tension of L0 defined by the boundary conditions (2), (3). Then the spectral

multiplicity of the operator Ã does not exceed dim K̂(= rank (N0 N1)).
Moreover for a fixed symmetric pair (N0 N1) we describe all spectral func-

tions ΣP,N(s) in terms of the Nevanlinna boundary parameter P = (C0(λ) :
C1(λ)). Such a description is given by means of the formula for m-functions
mP(λ) similar to the well known Krein formula for resolvents.

The above results can be extended to differential expressions with oper-
ator valued coefficients and arbitrary (possibly unequal) defect numbers.

The talk is based on a joint work with S. Hassi and M. Malamud.
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