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In most model reduction methods, given a desired reduced order
complexity k (and additional properties) one tries to find an appropriate
(good) model of complexity k.

Balanced truncation offers something in addition, namely, a trade-off
between accuracy and complexity.

In the following, we will present a method in the same spirit.
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PART I: Loewner matrices 1D Lagrange bases and Loewner matrices

The Loewner matrix: 1D case

• Pn: space of all polynomials of degree at most n. ⇒ dim (Pn) : = n + 1.
• Monomial basis: si , i = 0,1, · · · ,n.
• Given λi ∈ C, i = 1, · · · ,n + 1: λi 6= λj , i 6= j ,

qi (s) := Πi′ 6=i (s − λi′), i = 1, · · · ,n + 1,

Lagrange basis.

• For given constants αi , wi , i = 1, · · · ,n + 1, consider

n+1∑
i=1

αi
g−wi

s − λi
= 0, αi 6= 0.

• It readily follows that
g(λi ) = wi ,

since g(s) =

∑n+1
i=1

αi wi
s−λi∑n+1

i=1
αi

s−λi

=
∑

i βi qi (s)∑
i αi qi (s) , where βi = αiwi .
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PART I: Loewner matrices 1D Lagrange bases and Loewner matrices

The free parameters αi , can be specified so that

g(µj ) = vj , j = 1, · · · , r ,

where (µj ,vj ), µi 6= µj , are given. Thus

Lc = 0, L =


v1−w1
µ1−λ1

· · · v1−wn+1
µ1−λn+1

...
. . .

...
vr−w1
µr−λ1

· · · vr−wn+1
µr−λn+1

 ∈ Cr×(n+1), c =

 α1,
...

αn+1

 ∈ Cn+1.

L: Loewner matrix with

row array (µj ,vj ), j = 1, · · · , r , and

column array (λi ,wi ), i = 1, · · · ,n + 1.
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PART I: Loewner matrices 1D Lagrange bases and Loewner matrices

Properties of the Loewner matrix

There is a bijective correspondence between rational functions and Loewner
matrices. Recall: complexity or (McMillan) degree is the maximum between
the degrees of the numerator and denominator. Let

P = {(xi , yi ) : xi , yi ∈ C, i = 1, · · · ,N}.

This array is partitioned in a column array Pc and in a row array Pr , where

Pc = {(λi ,wi ) : i = 1, · · · , k}, Pr = {(µi ,vi ) : i = 1, · · · ,p}.

It is assumed that P = Pc ∪ Pr . To this partitioning we associate a p × k
Loewner matrix

(L)i,j =
vi −wj

µi − λj
, i = 1, · · · ,p, j = 1, · · · , k .
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PART I: Loewner matrices 1D Lagrange bases and Loewner matrices

Main property

Given g and the array of points P, where yi = g(xi ), let L be a p × k Loewner
matrix for some partitioning Pc , Pr of P. Then

p,k ≥ deg g ⇒ rank L = deg g.

Consequently, every square Loewner matrix of size deg g, is non-singular.

Conversely: we define the rank of an array P:

rank P := max
L

[rankL] =: q,

where the maximum is taken over all possible Loewner matrices which can be
built from P. It follows that the rank of all Loewner matrices which have at
least q rows and columns is equal to q. Assuming that 2q < N, let
c = [c1, · · · , cq+1]∗, be such that Lc = 0, for any L of size q × (q + 1). In this
case we can attach to L a rational function g by means of the formula∑q+1

i=1 ci
g−wi
s−λi

= 0. The main result is that if all possible square Loewner
matrices of size q are non-singular, g is the unique interpolant of degree q.
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PART I: Loewner matrices 1D Lagrange bases and Loewner matrices

Approximate interpolation and model reduction in 1D

Conclusion

The above considerations show that in the Loewner matrix framework

the singular values of L

offer a trade-off between accuracy and complexity of the reduced system.

A recently obtained error expression shows that the 2-norm of the
interpolation error is proportional to the first neglected singular value of L.
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PART I: Loewner matrices 2D Lagrange bases and Loewner matrices

2D Lagrange bases and Loewner matrix

• Pn,m: space of all polynomials in two indeterminates, say s and t , so that
degree with respect to s is at most n and degree with respect to t is at most m
⇒ dimPn,m = (n + 1)(m + 1).

• monomial basis: si t j , i = 0,1, · · · ,n, j = 0,1, · · · ,m.
• For a Lagrange basis, we need distinct (for simplicity) complex numbers λi ,
i = 1, · · · ,n + 1, πj , j = 1, · · · ,m + 1:

qi,j (s, t) :=
∏
i′ 6=i

(s − λi′)
∏
j′ 6=j

(t − πj′), i = 1, · · · ,n + 1, j = 1, · · · ,m + 1.

• Consider g(s, t) defined by

n+1∑
i=1

m+1∑
j=1

αi,j
g−wi,j

(s − λi )(t − πj )
= 0, αi,j 6= 0.
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PART I: Loewner matrices 2D Lagrange bases and Loewner matrices

Since we can write

g(s, t) =

∑n+1
i=1

∑m+1
j=1 αi,jwi,j qi,j (s, t)∑n+1

i=1
∑m+1

j=1 αi,j qi,j (s, t)
.

it follows that g satisfies the interpolation conditions g(λi , πj ) = wi,j .

• As in 1D, the parameters αi,j can be determined so that g satisfies
additional interpolation conditions:

g(µi , νj ) = vi,j , i = 1, · · · ,p + 1, j = 1, · · · , r + 1,

where (µj , νj ; vi,j ), are given triples of complex numbers; it is assumed for
simplicity that the µj are distinct and and not equal to any λi ; similarly all νj
are distinct and not equal to any πi .
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PART I: Loewner matrices 2D Lagrange bases and Loewner matrices

• Consider the two arrays

Pc := {(λj , πi ; wj,i ) : i = 1, · · · ,n′, j = 1, · · · ,m′},
Pr := {(µl , νk ; vl,k ) : k = 1, · · · ,p′, l = 1, · · · , r ′},

for some positive integers n′,m′,p′, r ′, and let

`k,l
i,j :=

vk,l −wi,j

(µk − λi )(νl − πj )
.

The associated Loewner matrix has entries `k,l
i,j , where the superscripts k , l

determine the rows in the ordering (1,1), (1,2), · · · , (2,1), (2,2), · · · , and
the the subscripts i , j determine the columns in the same ordering. The
two-variable Loewner matrix L defined above has dimension p′r ′ × n′m′.

• Thus g satisfies the additional interpolation constraints if Lc = 0.
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PART I: Loewner matrices 2D Lagrange bases and Loewner matrices

Example. Consider φ(s, t) = 1
s t−1 . Goal: reconstruct this rational function

from measurements. We choose:
[λ1, λ2, µ3, µ4] =

[
2, 1

2 ,
3
2 , 3

]
,

[π1, π2, ν3, ν4] =
[
− 1

2 , −
3
2 , −1, −2

]
.

The corresponding values are:

w11 = − 1
2 , w12 = − 1

4 , w21 = − 4
5 , w22 = − 4

7 ,

v11 = − 2
5 , v12 = − 1

4 , v21 = − 2
11 , v22 = − 1

7 .

The Loewner matrix with
• column indices (λ1, π1), (λ1, π2), (λ2, π1), (λ2, π2), and
• row indices (µ3, ν3), (µ3, ν4), (µ4, ν3), (µ4, ν4), is:

L=


v11−w11

(µ1−λ1)(ν1−π1)

v11−w12
(µ1−λ1)(ν1−π2)

v11−w21
(µ1−λ2)(ν1−π1)

v11−w22
(µ1−λ2)(ν1−π2)

v12−w11
(µ1−λ1)(ν2−π1)

v12−w12
(µ1−λ1)(ν2−π2)

v12−w21
(µ1−λ2)(ν2−π1)

v12−w22
(µ1−λ2)(ν2−π2)

v21−w11
(µ2−λ1)(ν1−π1)

v21−w12
(µ2−λ1)(ν1−π2)

v21−w21
(µ2−λ2)(ν1−π1)

v21−w22
(µ2−λ2)(ν1−π2)

v22−w11
(µ2−λ1)(ν2−π1)

v22−w12
(µ2−λ1)(ν2−π2)

v22−w21
(µ2−λ2)(ν2−π1)

v22−w22
(µ2−λ2)(ν2−π2)

=
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PART I: Loewner matrices 2D Lagrange bases and Loewner matrices


2
5

3
5 − 4

5
12
35

1
3 0 − 11

30 − 9
14

− 1
2 0 − 11

25
9

35

− 5
21 − 3

14 − 92
525 − 12

35

 .
It has rank equal to 3 and Lc = 0, where

c = [8, −16, −5, 7]∗ .

Thus:

8
g + 1

2

(s − 2)
(

t + 1
2

) − 16
g + 1

4

(s − 2)
(

t + 3
2

) − 5
g + 4

5(
s − 1

2

) (
t + 1

2

) + 7
g + 4

7(
s − 1

2

) (
t + 3

2

) = 0.

which implies g(s, t) = φ(s, t) = 1
s t−1 (original function recovered).
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PART I: Loewner matrices Structure of 2D Loewner matrices

Structure of 2D Loewner matrices

Assuming that n′ = n + 1 and m′ = m + 1, the entries of c will be
rearranged, and the quantities c(i), c(j) defined:

A :=


α1,1 α1,2 · · · α1,n+1
α2,1 α2,2 · · · α2,n+1

...
...

. . .
...

αm+1,1 αm+1,2 · · · αm+1,n+1

 , c(i) := A(i , :), c(j) := A(:, j).

Thus c = vec A, where ’vec’ denotes the vectorization of a matrix obtained
by stacking its rows into a column vector, i.e. c∗ = [c(1) · · · c(m+1)].

In the sequel we will denote by Lπi and Lλj , single-variable Loewner matrices
of appropriate dimensions obtained by sampling the 1D rational functions
g(s, πi ) and g(λj , t), respectively.
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PART I: Loewner matrices Structure of 2D Loewner matrices

Main Lemma
Consider L, Lπj , Lλi .

(a1) If Lc = 0, its components c(j), and c(i), satisfy:

Lπj c(j) = 0, j = 1, · · · ,m′ and c(i)Lλi = 0, i = 1, · · · ,n′.

(a2) Conversely, if the components c(j), c(i) satisfy the above relationships, c
satisfies Lc = 0.
Remark: The computational complexity can be reduced to

n′ · (m′)3 + (n′)3 or m′ · (n′)3 + (m′)3,

from the original cost
(n′)3 · (m′)3.

(b) Given g(s, t) of complexity (n,m), let the arrays above be defined by
means of its samples. Assume also that n′ ≥ n + 1 and m′ ≥ m + 1. The rank
of the associated Loewner matrix L is:

rank L = n′m′ − (n′ − n)(m′ −m)
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PART I: Loewner matrices Structure of 2D Loewner matrices

Remarks.

(a). In 1D: rank L = n′ − (n′ − n) = n, that is, it is independent of the number
of measurements (interpolation data). In 2D the rank of L still encodes the
information about the complexity n, m, of interpolants. This property makes L
the fundamental tool for Data-driven PMOR.

(b) The tableau below pictorially displays the samples needed to define the
various Loewner matrices.

s\t π1 · · · πm′ ν1 · · · νm′

λ1 w1,1 · · · w1,m′ w1,m′+1 · · · w1,2m′

.

.

.
.
.
.

. . .
.
.
.

.

.

.
. . .

.

.

.
λn′ wn′,1 · · · wn′,m′ wn′,m′+1 · · · wn′,m′+1

µ1 wn′+1,1 · · · wn′+1,m′ v1,1 · · · v1,m′

.

.

.
.
.
.

. . .
.
.
.

.

.

.
. . .

.

.

.
µn′ w2n′,1 · · · w2n′,m′ vn′,1 · · · vn′,m′
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PART I: Loewner matrices Structure of 2D Loewner matrices

Example. Consider the 2D rational function

g(s, t) =
s2

s − t + 1
.

We wish to recover g from samples at the following points:

(s1, s2, s3, s4, s5, s6, s7, s8) =
(

0, 1
2 , 1, 3

2 , 2, 3
4 , 3, 5

2 ,
)
,

(t1, t2, t3, t4, t5, t6, t7, t8) =
(
− 1

4 , −
1
2 , −

3
4 , −1, − 5

4 , −
3
2 , 0, −2

)
.

Hence n = 2, m = 1, n′ = m′ = 4. The Loewner matrix L16, with column array
formed from the first four si and tj , has dimension 16× 16. According to the
main lemma its rank is n′m′ − (n′ − n)(m′ −m) = 10, while its null space has
dimension (n′ − n)(m′ −m) = 6 and is spanned by the following vectors:
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PART I: Loewner matrices Structure of 2D Loewner matrices



(s1, t1) − 1
2 − 5

11 − 5
12 − 5

6 − 10
13 − 5

7

(s1, t2) 3
5 0 0 1 0 0

(s1, t3) 0 7
11 0 0 14

13 0

(s1, t4) 0 0 2
3 0 0 8

7

(s2, t1) 7
5

14
11

7
6

7
4

21
13

3
2

(s2, t2) − 8
5 0 0 −2 0 0

(s2, t3) 0 − 18
11 0 0 − 27

13 0

(s2, t4) 0 0 − 5
3 0 0 − 15

7

(s3, t1) − 9
10 − 9

11 − 3
4 0 0 0

(s3, t2) 1 0 0 0 0 0

(s3, t3) 0 1 0 0 0 0

(s3, t4) 0 0 1 0 0 0

(s4, t1) 0 0 0 − 11
12 − 11

13 − 11
14

(s4, t2) 0 0 0 1 0 0

(s4, t3) 0 0 0 0 1 0

(s4, t4) 0 0 0 0 0 1



Thus the 2D Lagrange bases involved are obtained from all combinations of
the 1D bases formed by (s1, s2, s3), (s1, s2, s4), and (t1, t2), (t1, t3), (t1, t4)
⇒ 6 Lagrange bases associated with L16. All 6 resulting rational functions are
equal to g.
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PART I: Loewner matrices Structure of 2D Loewner matrices

Circuit example

Given the circuit above, all elements have unit value except L2 = parameter t .
Using the voltages across the capacitors and the currents through the
inductors as state variables, we obtain the equations: Eẋ = Ax + Bu, y = Cx,
where

A =


−1 0 −1 −1

0 0 1 1
1 −1 0 0
1 −1 0 −1

 , E =


1 0 0 0
0 t 0 0
0 0 1 0
0 0 0 1

 , B =


1
0
0
0

 ,
while C = B∗. For comparison later on, we notice that (the inverse of the
resolvent) Φ(s, t) = sE− A, contains the product of the two variables st .
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PART I: Loewner matrices Structure of 2D Loewner matrices

Thus the transfer function depends on two variables, namely the (complex)
frequency s, and the value t of one of the inductors:

g(s, t) = C [sE− A]−1 B =
t s3 + t s2 + 2 s + 1

s4 t + 2 s3 t + 3 s2 t + 2 s2 + s t + 3 s + 1
.

•We will reconstruct this system using measurements at the following
frequencies and values of the parameter:

[s1, s2, s3, s4, s5, t1, t2] =
[

0, 1
2 , 1, 3

2 , 2, 0, − 1
2

]

[s6, s7, s8, s9, s10, t3, t4] =
[
− 1

4 , −
1
2 , −1, − 3

2 , −2, 1, 1
2

]
The resulting 10× 10 Loewner matrix is:
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PART I: Loewner matrices Structure of 2D Loewner matrices

L and c are:



− 268
73 − 536

219 − 1096
657 − 5072

5183 − 414
365 − 1088

1825 − 2216
2555 − 23312

1533 − 1388
1971 − 349

657

− 792
169 − 396

169 − 3728
1521 − 36904

35997 − 1468
845 − 2656

4225 − 8016
5915 − 26760

1183 − 5080
4563 − 1975

3042

−2 − 4
3 − 4

3 − 56
71 −1 − 8

15 − 4
5 − 40

3 − 2
3 − 1

2

−4 −2 − 8
3 − 84

71 −2 − 4
5 − 8

5 −20 − 4
3 − 3

4

2 4
3

10
9

172
213

3
4

3
5

14
25 − 148

15
4
9

1
4

6 3 32
9

400
213

5
2

7
5

48
25 − 72

5
14
9

17
24

82
73

164
219

148
219

7784
15549

173
365

2168
5475

132
365 − 1816

219
446

1533
473

3066
228
89

114
89

424
267

5492
6319

506
445

1532
2225

392
445 − 1100

89
1340
1869

745
2492

10
13

20
39

94
195

1668
4615

9
26

58
195

122
455 − 1948

273
17
78

23
208


,



1
8

− 1
8

− 3
2

71
64
9
2

− 15
8
−5

− 1
64
15
8
1



Lc = 0 and rank L = 9. To recover g solve the following equation for φ:
φ−1

8ts − 3φ−2
2t(s− 1

2 )
+

9φ− 9
2

2t(s−1)
− 5φ−2

t(s− 3
2 )

+ 15φ−5
8t(s−2)

− φ−1
8s(t+ 1

2 )
+ 71φ−58

64(s− 1
2 )(t+ 1

2 )
− 15φ−12

8(s−1)(t+ 1
2 )

− φ+38
64(s− 3

2 )(t+ 1
2 )

+
φ− 1

8
(s−2)(t+ 1

2 )
= 0.

Indeed φ(s, t) = g(s, t).
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PART I: Loewner matrices Structure of 2D Loewner matrices

Approximate interpolation and model reduction in 2D

Conclusion

As in the 1D case, in the Loewner matrix framework

the singular values of L

offer a trade-off between accuracy and complexity of the reduced system.

Here also we will present a recently obtained error expression shows that the
2-norm of the interpolation error is proportional to the first neglected singular
value of L.

MOR procedure

From rank L = n′m′ − (n′ − n)(m′ −m) determine the desired
complexities n and m.

Build a model either in numerator/denominator format, or by means of a
description realization (next section).
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PART II: Generalized state-space realizations One variable case

One variable case: g(s) =

∑n+1
i=1

βi
s−λi∑n+1

i=1
αi

s−λi

We define:
Jlag(s;λi , n)=


s−λ1 λ2−s
s−λ1 0 λ3−s

.

.

.
. . .

. . .
s−λ1 0 λn+1−s

∈Rn×(n+1)[s], (1)

and a=[α0, α1, · · · , αn]=cT (Lc = 0), b=[β0, β1, · · · , βn] (βi=αiwi ).

Lemma

Ĉ = b, Φ̂(s) =

(
Jlag(s;λi ,n)

a

)
, B̂ = en+1, (2)

is an R-controllable and R-observable order n+1 realization of g.

Corollary

C = [ 0 | − 1], Φ(s) =

[
Φ̂(s) 0
Ĉ 1

]
, B =

[
B̂
0

]
, (3)

is an R-controllable and R-observable realization of size n+2.

Ionita, Lefteriu, Antoulas (Rice U. & Jacobs U.) On parametrized systems 24 / 49



PART II: Generalized state-space realizations Two variable case

Two variable case: g(s,p)=

∑n+1
i=1
∑m+1

j=1
βi,j

(s−λi )(p−πj )∑n+1
i=1

∑m+1
j=1

αi,j
(s−λi )(p−πj )

A:=

α00 α10 · · · αn0
...

...
. . .

...
α0m α1m · · ·αnm

,B:=

β00 β10 · · · βn0
...

...
. . .

...
β0m β1m · · · βnm

.
Theorem

Φ(s,p)=

 Jlag(s;λi ,n) 0 0
A J∗lag(p;πj ,m) 0
B 0 [J∗lag(p;πj ,m), p]

 ,B =

 0
p
0

 ,
C = [ 0 | 0 | − eT

m+1],

is a realization of g(s,p) of dimension n+2m+2, R-controllable and
R-observable where p∈Cm+1 is a vector such that [J∗lag(p;πj ,m), p] is
a unimodular matrix in p. The entries of this vector can be chosen as:
pi = 1/Πm+1

j=1,j 6=i(πi − πj), in which case det [J∗lag(p;πj ,m), p] = (−1)m.
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PART II: Generalized state-space realizations Two variable case

Example: H(s,p) = 1+2s+3p+4sp
5+6s+7p+8sp

Lagrange basis: (s+1)(p+1), (s+1)(p+2), (s+2)(p+1), (s+2)(p+2)

A =

[
0 −2
−1 11

]
, B =

[
0 −2
−1 7

]
g(s,p) =

[
0 0 0 0 −1

]


s+1 −s−2 0 0 0
0 −2 p+1 0 0
−1 11 −p−2 0 0

0 −2 0 p+1 −1
−1 7 0 −p−2 1


−1

0
−1

1
0
0
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PART II: Generalized state-space realizations Examples

Numerical examples - Circuit (continued)

Measurements at the following frequencies and values of the
parameter:

[s1, s2, s3, s4, s5, p1, p2] =

[
0,

1
2
, 1,

3
2
, 2, 0, −1

2

]
Nullspace of L: c=

[ 1
8 −1

8 −3
2

71
64

9
2 −15

8 −5 − 1
64

15
8 1

]
.

Φ(s,p)=



s 1
2−s 0 0 0 0 0 0

s 0 1−s 0 0 0 0 0
s 0 0 3

2−s 0 0 0 0
s 0 0 0 2−s 0 0 0
1
8 −

3
2

9
2 −5 15

8 p 0 0
− 1

8
71
64 − 15

8 −
1

64 1 −p−1
2 0 0

1
8 −1 9

4 −2 5
8 0 p −1

−1
8

29
32 − 3

2
19
32

1
8 0 −p−1

2 1


,B=



0
0
0
0
1
−1

0
0


,CT =



0
0
0
0
0
0
0
−1
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PART II: Generalized state-space realizations Examples

Numerical examples - Circuit

By adding row 5 to 6, the submatrix of Φ consisting of rows & columns
6,7,8 is unimodular⇒ Schur complement⇒ realization of dimension
5:

Φ5(s,p)=


s 1

2 − s 0 0 0
s 0 1− s 0 0
s 0 0 3

2 − s 0
s 0 0 0 2− s
1
8 −25

32p − 3
2

21
4 p + 9

2 −321
32 p − 5 23

4 p + 15
8

 ,B5=


0
0
0
0
1

 ,

while

C5(p)=
[ 1

8 − 3
16p − 1 3

2p + 9
4 −45

16p − 2 3
2p + 5

8

]
.
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PART II: Generalized state-space realizations Examples

Numerical examples - Convection Diffusion

Consider the 2-dimensional convection-diffusion equation in
Ω = (0,1)2

∂x
∂t

(t , ξ) = ∆x(t , ξ) + p · ∇x(t , ξ) + b(ξ)u(t), ξ ∈ Ω,

x(t , ξ) = 0, ξ ∈ ∂Ω

A finite-difference discretization leads to an order n = 900
parametric system (note that m = 900):

ẋ(t) = Ax(t) + pA1x(t) + Bu(t), y(t) = Cx(t), x(0) = 0
H(s,p) = C(sI− A− pA1)−1B

We reduce to an order n = m = 7 system by selecting
measurements in s logarithmically spaced between j10−2 and
j106 and measurements in p linearly spaced between 0 and 10.
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PART II: Generalized state-space realizations Examples

Numerical examples - Convection Diffusion

Error evaluated for 50 freq vals logarithmically spaced 10−2 − 106, and 30 parameter vals linearly spaced 0− 10:
⇒ max error 1.3e-3.
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PART III: Computation of the error 1D case

1D Loewner-MOR

sample a 1D rational function H(s) of degree n:

wj := H(λj ), vi := H(µi ), λj 6= µi .

construct the 1D Loewner matrix, L ∈ CN×n′ , N > n′,

L :=



v1−w1
µ1−λ1

. . . v1−wn′
µ1−λn′

...
. . .

...
vn′−w1
µn′−λ1

. . . vn′−wn′
µn′−λn′

...
. . .

...
vN−w1
µN−λ1

. . . vN−wn′
µN−λn′


.

then, for n′ > n, the degree can be read off from the rank of L rankL = n.

from x ∈ kerL original system recovered as H(s) =

∑n′
j=1

wj xj
s−λj∑n′

j=1
xj

s−λj

.
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PART III: Computation of the error 1D case

1D Loewner-MOR

model order reduction:

construct a ’tall’ Loewner matrix L ∈ CN×(k+1), N > k ,

L :=



v1−w1
µ1−λ1

. . . v1−wk+1
µ1−λk+1

...
. . .

...
vk+1−w1
µk+1−λ1

. . . vk+1−wk+1
µk+1−λk+1

...
. . .

...
vN−w1
µN−λ1

. . . vN−wk+1
µN−λk+1


with number of columns k < n.

then L has full column rank

rankL = k + 1,

and
Lx = b 6= 0, ∀ x ∈ Ck+1.
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PART III: Computation of the error 1D case

1D Loewner-MOR

for each row of Lx = b, rewrite vi as: vi =

∑k+1
j=1

wj xj
µi−λj∑k+1

j=1

xj
µi−λj

+ bi∑k+1
j=1

xj
µi−λj

.

define reduced model of order k as: G(s) :=

∑k+1
j=1

wj xj
s−λj∑k+1

j=1

xj
s−λj

.

the error is: H(λj )−G(λj ) = 0, j = 1, . . . , k + 1,

H(µi )−G(µi ) = bi∑k+1
j=1

xj
µi−λj

:= di , i = 1, . . . ,N.

for L ∈ CN×(k+1), find b ∈ CN and x ∈ Ck+1 such that

min
Lx=b

‖d‖2.
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PART III: Computation of the error 1D case

1D Loewner-MOR

eliminate b and re-write the minimization problem as

min
x
‖d̂‖2, with d̂i :=

k+1∑
j=1

(vi −wj )xj

µi − λj

/
k+1∑
j=1

xj

µi − λj

solve a sub-optimal minimization problem

min
x
‖d̃‖2, with d̃i :=

k+1∑
j=1

(vi −wj )xj

µi − λj
⇔ min

x
‖Lx‖2.

compute SVD of Loewner matrix (L = YΣX∗).

solution:

x = right-singular vector corresponding to σk+1.

error formula:
H(µi )− G(µi ) = σk+1

yi∑k+1
j=1

xj
µi−λj

,

where y = left-singular vector corresponding to σk+1.
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PART III: Computation of the error 1D case

1D Loewner-MOR

original system of order n = 348, take measurements
wj := H(λj ), λj ∈ {0,±.1j,±.4j,±1.4j,±2.4j,±3.3j,±4.5j,±7.5j,±16j,±250j},
vi := H(µi ), µi ∈ {± 10−3 j, . . . ,± 103 j}.

construct ’tall’ 1D Loewner matrix L ∈ C100×18, Li,j :=
vi−wj
µi−λj

.
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PART III: Computation of the error 1D case

1D Loewner-MOR

(y,x) = (left-,right-) singular vectors for smallest singular value of L, σ18.

reduced model of order k = 18

G(s) :=

∑k+1
j=1

wj xj
s−λj∑k+1

j=1
xj

s−λj

.
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PART III: Computation of the error 1D case

1D Loewner-MOR

by construction, measurements wj interpolated exactly.

for measurements vi , maximum point-wise error

max
i

∣∣∣H(µi )−G(µi )
∣∣∣ = σk+1 ·max

i

∣∣∣∣∣ y(i)∑
j

xj
µi−λj

∣∣∣∣∣ = 0.5.
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PART III: Computation of the error 2D case

2D Loewner-MOR

sample a 2D rational function H(s, t) of degree (n,m):

wi,j := H(λi , πj ), vk,` := H(µk , ν`), λi 6= µk , πj 6= ν`.

construct 2D Loewner matrix, L ∈ CN×(n′m′), (NM) ≥ (n′m′)

L :=



v1,1−w1,1
(µ1−λ1)(ν1−π1)

. . .
v1,1−wn′,m′

(µ1−λn′ )(ν1−πm′ )

...
. . .

...
vn′,m′−w1,1

(µn′−λ1)(νm′−π1)
. . .

vn′,m′−wn′,m′

(µn′−λn′ )(νm′−πm′ )

...
. . .

...
vN,M−w1,1

(µN−λ1)(νM−π1)
. . .

vN,M−wn′,m′

(µN−λn′ )(νM−πm′ )


.

then for n′ > n,m′ > m, dim ker L = (n′ − n)(m′ −m).

and from x ∈ kerL, recover H(s, t) =

∑n′
i=1

∑m′
j=1

wi,j xi,j
(s−λi )(t−πj )∑n′

i=1
∑m′

j=1
xi,j

(s−λi )(t−πj )

.
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PART III: Computation of the error 2D case

2D Loewner-MOR

model order reduction:

construct a ’tall’ 2D Loewner matrix L ∈ C(NM)×(p+1)(q+1)

L :=



v1,1−w1,1
(µ1−λ1)(ν1−π1)

. . .
v1,1−wp+1,q+1

(µ1−λp+1)(ν1−πq+1)

...
. . .

...
vp+1,q+1−w1,1

(µp+1−λ1)(νq+1−π1)
. . .

vp+1,q+1−wp+1,q+1
(µp+1−λp+1)(νq+1−πq+1)

...
. . .

...
vN,M−w1,1

(µN−λ1)(νM−π1)
. . .

vN,M−wp+1,q+1
(µN−λp+1)(νM−πq+1)


.

with p < n, q < m.

then L has full column rank

rankL = (p + 1)(q + 1),

and
Lx = b 6= 0, ∀ x ∈ C(p+1)(q+1).
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PART III: Computation of the error 2D case

2D Loewner-MOR

define reduced model of order (p,q) as:

G(s, t) :=

∑p+1
i=1

∑q+1
j=1

wi,j xi,j
(s−λi )(t−πj )∑p+1

i=1
∑q+1

j=1
xi,j

(s−λi )(t−πj )

.

the error is: H(λi , πj )−G(λi , πj ) = 0,
H(µi , νj )−G(µi , νj ) =

bk,`∑p+1
i=1

∑q+1
j=1

xi,j
(µk−λi )(ν`−πj )

:= dk,`.

for L ∈ C(NM)×(p+1)(q+1), find b ∈ C(NM) and x ∈ C(p+1)(q+1) such that

min
Lx=b

‖d‖2.
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PART III: Computation of the error 2D case

2D Loewner-MOR

eliminate b and re-write the minimization problem as minx ‖d̂‖2,

d̂k,` :=

p+1∑
i=1

q+1∑
j=1

(vk,` −wi,j )xk,`

(µk − λi )(ν` − πj )

/p+1∑
i=1

q+1∑
j=1

xk,`

(µk − λi )(ν` − πj )
.

solve a sub-optimal minimization problem

min
x
‖d̃‖2, d̃k,` :=

p+1∑
i=1

q+1∑
j=1

(vk,` −wi,j )xk,`

(µk − λi )(ν` − πj )
⇔ min

x
‖Lx‖2.

solution:

x = right-singular vector corresponding to σ(p+1)(q+1).

error formula:

H(µi , νj )−G(µi , νj ) = σ(p+1)(q+1)
yk,`∑p+1

i=1
∑q+1

j=1
xi,j

(µk−λi )(ν`−πj )

,

where y = left-singular vector corresponding to σ(p+1)(q+1).
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PART III: Computation of the error 2D case

2D Loewner-MOR

Example of 2D MOR in the Loewner framework:

Two-variable rational function of order (n,m) = (6,6)

H(s, t) =
(s4 + t4 + 0.5)(s + 1)

(s4 + t4)(s2 + 2s + t2 + 1)
.

Given: measurements H(si , tj ).

Goal: construct reduced model G(s, t) of order (p,q) = (2,2) s.t.

G(si , tj ) ≈ H(si , tj ).
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PART III: Computation of the error 2D case

2D Loewner-MOR

data: wi,j := H(λi , πj ), λi ∈ {0,±j}, πj ∈ {2,4,6},
vk,` := H(µk , ν`), µk ∈ {±3.2j , . . . ,±30j}, ν` ∈ {8, . . . ,14}.

2D Loewner matrix L ∈ C104×9, with entries [L] :=
[

vk, `−wi ,j
(µk−λi )(ν`−πj )

]
.
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PART III: Computation of the error 2D case

2D Loewner-MOR

reduced model of order (p,q) = (2,2)

G(s, t) :=

∑p+1
i=1

∑q+1
j=1

wi,j xi,j
(s−λi )(t−πj )∑p+1

i=1
∑q+1

j=1
xi,j

(s−λi )(t−πj )

.

[x1,1, x1,2, . . . , x3,3]T := right singular vector of L corresponding to σ9.
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PART III: Computation of the error 2D case

2D Loewner-MOR

by construction, measurements wi, j interpolated exactly.

for measurements vk, `, maximum point-wise error

max
k,`

∣∣∣H(µk , ν`)−G(µk , ν`)
∣∣∣ = σ9 ·max

k,`

∣∣∣∣∣ yk,`∑3
i=1
∑3

j=1
xi,j

(µk−λi )(ν`−πj )

∣∣∣∣∣ = 0.1.
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Conclusions

Conclusions

We presented a data-based model reduction method.

Based of the Loewner matrix framework.

Provides trade-off between accuracy and complexity.

Aposteriori error computation.

Extension to parametrized systems.
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