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Classical and novel tensor formats
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(Format = representation closed under linear algebra manipulations)



Setting - Tensors of order d - hyper matrices
high-order tensors - multi-indexed arrays (hyper matrices)

x:(X1ﬂ"'7Xd)'_>U:U[X1,...,Xd]67-[
Ho= @V, eg: H =Q®,R =R

Main problem: Lete.g. V=H = R

dimV =0(n?) — — Curse of dimensionality!

e.g. n=100,d = 10 ~» 100'° basis functions,
~ coefficient vectors of 800 x 10'® Bytes = 800 Exabytes
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x:(X1ﬂ"'7Xd)'_>U:U[X1,...,Xd]67-[
Ho= @V, eg: H =Q®,R =R

Main problem: Lete.g. V=H = R

dimV =0(n?) — — Curse of dimensionality!

e.g. n=100,d = 10 ~» 100'° basis functions,
~ coefficient vectors of 800 x 10'® Bytes = 800 Exabytes

Approach: Some higher order tensors can be constructed

(data-) sparsely from lower order quantities.
As for matrices, incomplete SVD: reduces only to

¢DOFs > Cn? = CV/N curse of dimensionality!
r r

Alxt, xo] = Y (Uklx] @ vi[xel) = D Oy, K] - 7[x2, K]
k=1 k=1



Setting - Tensors of order d - hyper matrices
high-order tensors - multi-indexed arrays (hyper matrices)

x:(X1ﬂ"'7Xd)'_>U:U[X1,...,Xd]67-[
Ho= @V, eg: H =Q®,R =R

Main problem: Lete.g. V=H = R

dimV =0(n?) — — Curse of dimensionality!

e.g. n=100,d = 10 ~» 100'° basis functions,
~ coefficient vectors of 800 x 10'® Bytes = 800 Exabytes

Approach: Some higher order tensors can be constructed

(data-) sparsely from lower order quantities.
~+ Canonical decomposition for order-d-tensors:
r

Ulxt, ..., Xl = > (@54 uilx;, K]).
k=1



Subspace approximation instead of canonical dec.



Subspace approximation instead of canonical dec.

> Tucker format (Q: MCTDH(F)) - robust Segre -variety (closed)
But complexity O(r? + ndfr)

Is there a robust tensor format, but polynomial in d?

Univariate bases x; — (Uj[k;, X/])Z,-:1 (— GraBmann man.)

Ulx1, .., x4] = Z Z Bk, .. 7kd]®ul[klaxl

k=1 ky=1
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Subspace approximation instead of canonical dec.

> Tucker format (Q: MCTDH(F)) - robust Segre -variety (closed)
But complexity O(r? 4 ndr)
Is there a robust tensor format, but polynomial in d?

> Hierarchical Tucker format
(HT; Hackbusch/Kihn, Grasedyck, : Tree-tensor networks)

> Tensor Train (TT-)format ~ Matrix product states (MPS)
(Oseledetsr/Tyrtyshr}ikov (02)
1 d—1

Ux) = Z Z HBi[kH,Xivki] = Bi[xq] - Bg[xd]

ky=1 Kg_1=1i=1

{1,2,3,4,5}
{1} {2345{ n | U U U U U
2 > I I 3 LY}
{2} ;Aﬁ\} A § n, |n, |n, |n, |n;
{3} {45}
}/ 2



Hierarchical tensor (HT) format
> Canonical decomposition

(Example: d = 5,U; € Rk B; € Rk*ky xky)
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> Canonical decomposition not closed, no embedded
manifold!
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Hierarchical tensor (HT) format
> Canonical decomposition not closed, no embedded
manifold!

> Subspace approach (Hackbusch/Kiihn, 2009)

Bii2345)
Bii23) Bys,
B{1,2} Ps P4 [‘JS
/\
[{1 [{z =
Uiz
LU{1,2,3}

(Example: d = 5,U; € R™H B, e Rk xke )



TT - Tensors - Matrix product representation

Noteable special case of HT:

TT format (Oseledets & Tyrtyshnikov, 2009)
~ matrix product states (MPS) in quantum physics (Heisenberg
model - spin systems), Affleck, Kennedy, Lieb &Tagasaki (87).,
Fannes, Nachtergale & Werner (91), Rdmmer & Ostlund (94), Vidal
(03), Schollwock, Cirac, Verstraete, Wolf, Eisert ... )

TT tensor U can be written as matrix product form
Ulx] = U1 [xi]--- Ui[x] - - - Ug[xa]

r rd—1

= Z - Z Ui[x1, ki]Uz[kq, X2, K2]... Ug—1[Kd—2Xd—1, Ka—1]Ud[Ka—1, Xd]

k=1 kd—1:1

with matrices or component tensors
Ui[x] = (u,flf'q[x,-]) ER1%M g =ryg:=1.

Redundancy: U[X] = U1[x1]G1G7 'Uz[x] - - - Uj[x]] - - - Ug[x] -



Fundamental properties of HT (particularly TT)
Grouping indices at t € T, (D € T is the root)

t:= {i1,...,i/}CDZ: {1,,0’} ,I[:{X,'1,...,X,'/}

into row or column index of A; = A;(U) = ( Az, 7,\7,) =
matricisation or unfolding of

(X1, Xg) = Ulxy, ..., Xq] =~ Az, 101, = 1t = rank A¢(U)

e.g. TT format r; = rank Ay"'"*. There exist a well defined

rank tuple r := (rt)ter, €.9. ¥ = (r1,...,rg_1) for TT
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Fundamental properties of HT (particularly TT)
Grouping indices at t € T, (D € T is the root)

t:= {i1,...,i/}CDZ: {1,,0'} ,I[:{X,'1,...,X,'/}

into row or column index of A; = A;(U) = ( Az, 7,\7,) =
matricisation or unfolding of

(X1, Xg) = Ulxq, ..., Xq] = A, 7\7, = 1t = rank A¢(U)

e.g. TT format r; = rank Ay"'"*. There exist a well defined

rank tuple r := (rt)ter, €.9. ¥ = (r1,...,rg_1) for TT
M, ={U € H : r = rank A, t € T} is analytic manifold

M, = ( Xf'j:1 Xi)/g£

M, = | ) Ms =M, c M is (weakly) closed! | Hackbusch & Falco

Si<r;

My is a an algebraic variety



HOSVD and Summary
HOSVD- thresholding of singular values in of A; for all t € T.

HU - UbestH < HU - UHOSVDH < 2\/EHU - Ubest”

» includes the case of low rank matrices d = 2
» rank tuple (rt)ter
» complexity HT O(r® + nrd) (or TT O(ndr?)),
r=max{r:teT}
» HOSVD provides exact reconstruction and a quasi-optimal
approximation
» M, is a manifold, and M, is a variety, (but not convex!)
» But, for d > 2, best approximation argmin. \,_||U — V| is
NP hard, in general (Hillar & Lim 2012)
» convhull {UeH:||U|lo <1} #{U: > icr |A¢]l«,1}, we do
not know a good convex yet!
= HT is a good candidate to extend matrix completion to
higher order tensors, circumventing principle difficulties of the
canonical format



Tensor Completions -
Low Rank Tensor Recovery

rU)=X-U 1 TM




Low Rank Tensor Recovery - Tensor Completion
Given p measurements

y[l] :(AU)I:U[kI]7 ki:(ki,h'-'aki,d) i:17"'7p(<< ny ---

reconstruct the tensor U € H := ®§":1R”f
Tensor completion: given values

Uk) , i=1,...p<<N=n?.

at randomly chosen points k;,

Can one reconstruct U € M,?

Assumption: U € M, with multi-linear rank r = (r;)ser. of
Uc ./\/lgr

E.g. as a prototype example TT-format in matrix product
representation, oracle dimension

dimM, = O(ndr?) = p = O(ndr?log? ndr) ?

(n=max;—1__qgni, r=maXser )

.....



Hard Thresholding

Projected Gradient Algorithms: Minimize residual
J(U) = %<AU Ly, AU—y) VX)) = AT(AU —y)
w.r.t. low rank constraints

Yor1 = Uy —an(AT(AU, —y)) gradient step
Un+1 = Rn(Yn+1).

Rn (nonlinear) projection to model class

Rn CRMXM2 Mr



Hard Thresholding

Projected Gradient Algorithms: Minimize residual
J(U) = %<AU — vy, AU —y) VJ(X)=AT(AU —Y)
w.r.t. low rank constraints
Yorr == U —an(AT(AU, —y)) gradient step
Uni1 = Ra(Yny1) -
Rn (nonlinear) projection to model class
Rn: RM*M2 5 M,

e.g HOSVD o5 := o, singular values of A; = Ay(Yn41), t € T,
1. Hard thresholding, 0s := 0,8 > r, 05 < 05, S < rcs:
Blumensath et al. , matrix case: Tanner et al.

2. Riemannian techniques including ALS: e.g. Kressner et al.
(2013), da Silva & Herrmann (2013)

3. Soft thresholding, o5 + max{os — ¢,0}



Hard Thresholding - Riemannian optimization

1
J(U) = 5(AU -y, AU —y) , VJ(X) = AT(AU —y)

Projected gradient is the Riemannian gradient w.r.t. to the

embedded metric

Yor1 = Us — Prjan(AT(AU, —y)) projected gradient step

= Up+¢,, Me+Ty

Un+1 = Rn( Yn) = R(Un,&n) .

Pr, : H — Ty orthogonal projection onto tangent space at U

retraction (Absil et al.) R(U, &) : Ty, — My,

R(U, &) = Uy + £ + O(J|€]?)

e.g. R is an approximate exponential map
in matrix completion: e.g. MLAFIT and several others, e.g Kershavan et al.,

Vandereycken, Saad et al., Sepulchre et al., Kressner et al.. etc.



Iterative Hard Thresholding
(local) convergence

Recovery of low-rank tensors of size 6 x 10 x 15

percentage of success
o
g
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percentage of measurements



HOSVD - high order SVD

- Vidal (2003), Oseledets (2009), Grasedyck (2009), Kiihn (2012)

Matricisation or unfolding
Ax1). (02, xa)

The tensor x — U(x)
U(xi, -, xg) = Us (1) - - Ui(x) - - Ug(xq)

rd—1

= Z > Us(x1, ki) Un(kt, %o, K2) - .- Ug—1(Kg—2Xa—1, Ko—1) Ua(Ka—1, Xa)
=t k=1

with matrices or component functions
Ui(x;) = (Uk,',1;k,'(xi)) = (Ui(ki_1,xi, ki) € K/i=1>1i ,hh=rg:=1.

Complexity: O(ndr?), r =max{r;:i=1,...,d -1},



HOSVD - high order SVD

- Vidal (2003), Oseledets (2009), Grasedyck (2009), Kiihn (2012)

Matricisation or unfolding
A(X1 7X2)7(X37"'7Xd)

The tensor x — U(x)
U(xi, -, xg) = Us (1) - Uj(x) - - - Ug(xq)

rd—1

= Z Z Ui (., ki) Uz(kq, X2, k2). .. Ug—1(Kg—2Xd—1, Kg—1) Ug(Kg—1, X4)
k=1 ky_i—1

with matrices or component functions
Ui(xj) = (Uk,',1;k,'(xi)) = (Ui(ki_1,xi, ki) € K/i=1%1i ,hh=rg:=1.

Complexity: O(ndr?), r =max{r;:i=1,...,d -1},



HOSVD - high order SVD

- Vidal (2003), Oseledets (2009), Grasedyck (2009), Kihn (2012)

Matricisation or unfolding
A oxa—1),(x0)

The tensor x — U(x)

U(X1, ..., Xg) = U1(x1) - Ui(x;) - - - Ug(Xa)

Id—1

= Z Z Ui (xq, ki) Uz (ki xo, ko) . .. Ug—1(Kg—2Xd—1, Ka—1) Ug(Kg—1, Xa)
k=1 ky_i=1

with matrices or component functions
Ui(x;) = (Uk,',1;k,'(xi)) = (Ui(ki_1,xi, ki) € Ki=1%l | ry = rg:=1.

Complexity: O(ndr?), r =max{r;:i=1,...,d -1},



lterative Hard Thresholding

UIH-1 = Hr(Un + OénA*(y - AUn)) S Mr .

where H, : H — M« an operator resulting a quasi-best
approximation, e.g. H; is provided by the HOSVD for hard
thresholding,

[HV = V| < rianz;.VIJHV* Wil .
Here we focus on locally almost best
IHeV = V|| < infyen, ||V = Vil + O(|HV — V|?)

is valid for H(V) := R(U, Pr,(V — U) for Riemannian
optimization and HOSVD.



Linear measurements and TRIP - tensor RIP

Here ||U||y is the norm in H

Definition

Restricted isometry property (RIP) of order s : there exists a
restricted isometry constant (RIC) 0 < és < 1 s.t. for all

U € M<s there holds

(1= 0|V < IAUIE < (1 + 69| UIIE - (1

Bi- Lipschitz estimate : with 0 < o = a<s < 8 = B<s

a|Ullp < JAUI < BIlUJIH YU € M<s ()



TRIP - Tensor RIP

Theorem (Stojanac & Rauhut)

Given 0 < 6 < 1. For (sub-)Gaussian measurements A the RIP
holds with isometry constant0 < 6, < § <1 with probability

exceeding (1 — e~) provided that
» Tucker format:
p > Ci~2(dnr + r%log d ~ D(6)m,
» TT format
p > Cé~2ndr?log(dr) ~ D(8)m
» conjecture: HT (work in progress)
p > C&~2(ndr + dr®)log(dr) ~ D(6)m

for constants D(¢),c > 0



lterative Hard Thresholding - Local Convergence

Theorem
Let V), := Un+ A*(y — AU,), assume that A satisfies the RIP of
order 3r, 2r with RIC’s and

|U=Unl <6, 6~ dist(U,dM;)

both sufficiently small,
Then, there exist0 < p < 1 s.t the series U" € M <
convergences linearly to a unique solution U € M <, with rate p

U™t — U|| < pllU" - U

Remark: Suppose |U|| = 1 then

i <  min
dist(U, 0M;) < 1‘611‘,0'<ka1 Otk

is smallest (non-zero) singular value of A;(U)!



lterative Hard Thresholding - Convergence Proof

For X € M, define the orthogonal projections Py : H — M«
s.t PxX = X, (e.g Px = EJ Ey),
Q= Pu(H) ) PUN(H) S¥) ’DU”+1(7-[) C Mcar and P": H — Q".



lterative Hard Thresholding - Convergence Proof

For X € M, define the orthogonal projections Py : H — M«
stPxX =X, (egPx= EJEd),
Q= Pu(H) ) Pun(H) S¥) PU”+1(7-L) C Mcar and P": H — Q".

We estimate
U = P - )
< PYUTT V| £ 1PU— V)|
< A4 DIPYU - V) +O(IU - UT|P)
= 2PT((U— U") — A%y — AUM) | + O(lU — U"]?)
= 2(IP((U— U — PTAT AU — UM)])) + O(|U — U"]12)
- 2(\\P"((U— U™ — (AP")* (AP"(U — U">))||) +o(lU - UTP)
< plP(U- U]
= lU-u).

For 0, ||[U — Up|| sufficiently small
Since Q" = P"(H) C Mgy, for suff. small RICs 0 < d<3, there
ex. 0 < p < 1, and the series converges.



lterative Hard Thresholding - Convergence Proof

UMt = H VN, V1 = U+ AFA(U — UN)

HU”+1 -V = ||Upest — V™| +O(||U — U”||2)
1U— V" +O(|U - U"|7)

IN

Let PPU™! = VM then (I — PM)U™! =0, (I — P")U = 0 and

U™t = VIR = [ PAUTT = V) (1= PTY(UTT - V)2
< U= VIE+o(IU - Um?)

= [IP"(U—= VTP +||(I= PV +O(|U - U"|[?)
hence, by subtracting the last terms on both sides, we obtain

IPT(UMT = V)2 < |[PP(U— V)2 + O(|U — U|?) .



First numerical examples
J.M. Claros -Bachelor thesis, M. Pfeffer, TT d = 4, r = 1,3, Stojanac-Tucker d = 3
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Numerical examples

Stojanac Gaussian measurements

Recovery of tensors of size 10 x 10 x 10 with TIHT — and NTIHT ——, completion Recovery of tensors of size 10 x 10 x 10 with TIHT — and NTIHT —, gaussian
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Hierarchical Tensor - lterative Hard Thresholding -
Remarks

>

>

local convergence - but to global minimum

global convergence - only conditional for (HT)-IHT
Robustness ??77?

TRIP (tensor RIP) not valid in general for completion ?
Convex optimization formulation?

the step size i1 should be chosen adaptively (NIHT), see
Tanner & Wei for matrix completion.

Usually, the correct or appropriate (multi-)rank is not known
in advance, and to be adapted through computation

Notice that U"” is low rank and in tensor completion

A*(y — AU") = PyU — PyU" is p-sparse,
M={k;:i=1,...p}.

acceleration techniques enhancing convergence



Thank you
for your attention.




