
Thursday, December 18th

9:00 – 9:20 Opening

Chair: A.A. Shkalikov

9:20 – 9:45 C. Tretter
Quadratic numerical range of analytic
block operator matrix functions

9:45 – 10:10 B.M. Brown
Inverse spectral and scattering theory for the
half-line left-definite Sturm-Liouville problem

10:10 – 10:35 A. Ran
Analysis of spectral points of the operators

T [∗]T and TT [∗] in a Krein space

10:35 – 11:45 Refund of travel expenses (MA 674)

& Coffee break (DFG Lounge MA 315)

Thursday, December 18th

Chair: V. Adamyan

11:45 – 12:10 A. Dijksma
Quadratic (weakly) hyperbolic matrix polynomials:
Direct spectral problems

12:10 – 12:35 T.Ya. Azizov
Quadratic (weakly) hyperbolic matrix polynomials:
Inverse spectral problems

12:35 – 13:00 E. Korotyaev
Inverse resonance scattering for Jacobi operators

13:00 – 13:25 A. Burchard
On computing the instability index of a
non-selfadjoint differential operator associated
with coating and rimming flows

13:25 – 14:45 Lunch break



Thursday, December 18th

Chair: A. Lasarow

14:45 – 15:10 D. Alpay
Linear systems: a white noise approach

15:10 – 15:35 A. Fleige
Sesquilinear forms corresponding to a
non-semibounded Sturm-Liouville operator

15:35 – 16:00 A.M. Savchuk
Properties of nonlinear maps associated with
inverse Sturm-Liouville problems

16:00 – 16:25 F. Philipp
Finite rank perturbations of J-selfadjoint operators
and indefinite Sturm-Liouville problems

16:25 – 17:00 Coffee break (DFG Lounge MA 315)

Thursday, December 18th

Chair: M. Dritschel

17:00 – 17:25 M. Bakonyi
Semidefinite programming and indefinite
moment problems on the unit circle

17:25 – 17:50 O. Post
On boundary triples associated to quadratic forms

17:50 – 18:15 K. Pankrashkin
Semiclassical reduction for magnetic Schrödinger
operator with periodic zero-range potentials

18:15 – 18:40 G. Wanjala
On invariant subspaces of absolutely summing operators

18:40 – 19:05 Q. Katatbeh
Non-real eigenvalues of singular indefinite
Sturm-Liouville operators



Friday, December 19th

Chair: A. Dijksma

9:00 – 9:25 H. Langer
Self-adjoint analytic operator functions:
Local spectral function and inner linearization

9:25 – 9:50 J.-P. Labrousse
The spectra of normal, equinormal and pseudonormal
closed linear relations

9:50 – 10:15 R. Hryniv
Inverse scattering on the line for
Schrödinger operators with Miura potentials

10:15 – 10:40 F.H. Szafraniec
Dissymmetrising inner product spaces

10:40 – 11:30 Conference photo

& Coffee break (DFG Lounge MA 315)

Friday, December 19th

Chair: B.M. Brown

11:30 – 11:55 H. de Snoo
Boundary relations and Dirac systems

11:55 – 12:20 H. Neidhardt
On the unitary equivalence of absolutely continuous
parts of self-adjoint extensions

12:20 – 12:45 A. Luger
On the number of negative eigenvalues of quantum graphs

12:45 – 13:10 A. Kutsenko
Nanoribbons in external electric fields

13:10 – 15:00 Lunch break



Friday, December 19th

Chair: S. Hassi

15:00 – 15:25 A.A. Shkalikov
Symmetric operator matrices.
Extensions and spectral decompositions

15:25 – 15:50 M. Langer
Dependence of the Titchmarsh–Weyl coefficient
on singular interface conditions

15:50 – 16:15 M. Kurula
On interconnection of conservative systems

16:15 – 16:40 S. Torba
p-adic Schrödinger-type operator with
point interactions

16:40 – 17:20 Coffee break (DFG Lounge MA 315)

Friday, December 19th

Chair: F.H. Szafraniec

17:20 – 17:45 S. Kuzhel
J-self-adjoint operators with C-symmetries:
extension theory approach

17:45 – 18:10 M. Karow
A max-min-principle for pairs of Hermitian matrices

18:10 – 18:35 R. Möws
Eigenvalues in spectral gaps of J-selfadjoint operators
and indefinite Sturm-Liouville operators

18:35 – 19:00 E. Lopushanskaya
Schur algorithm for generalized Caratheodory functions

19:00 – 19:30 K.-H. Förster
General meeting of the GAMM activity group
“Applied Operator Theory“

20:00 – 23:59 Conference dinner

Schnitzelei, Röntgenstr. 7, 10587 Berlin



Saturday, December 20th

Chair: Yu. Arlinskii

10:00 – 10:25 V. Adamyan
Stability of contractive lines in Hilbert space

10:25 – 10:50 V. Mehrmann
Structured matrix polynomials in indefinite
scalar product spaces

10:50 – 11:15 V. Derkach
On linear fractional transformations associated
with generalized J-inner matrix functions

11:15 – 11:40 U. Günther
Two models of Krein-space related physics:
the MHD α2-dynamo and the
PT-symmetric Bose-Hubbard model

11:40 – 12:20 Coffee break (DFG Lounge MA 315)

Saturday, December 20th

Chair: V. Matsaev

12:20 – 12:45 M.M. Malamud
Elliptic boundary value problems and the extension theory

12:45 – 13:10 V. Pivovarchik
Scattering in a forked-shaped waveguide

13:10 – 13:35 C. Mehl
Sesquilinear versus bilinear - what is
the real scalar product?

13:35 – 14:00 A.K. Motovilov
Sharp norm bounds on variation of spectral
subspaces under J-self-adjoint perturbations

14:00 – 15:20 Lunch break



Saturday, December 20th

Chair: C. Tretter

15:20 – 15:45 S.G. Pyatkov
Interpolation of Sobolev spaces and indefinite
elliptic eigenvalue problems

15:45 – 16:10 K. Veselic
Modal approximation to damped second order systems

16:10 – 16:35 I. Wood
M -functions for closed extensions of
adjoint pairs of operators

16:35 – 17:00 C. Wyss
Neutral invariant subspaces of Hamiltonian operators

17:00 – 17:30 Coffee break (DFG Lounge MA 315)

Saturday, December 20th

Chair: A. Gheondea

17:30 – 17:55 J. Brasche
Large coupling convergence

17:55 – 18:20 P. Kurasov
Inverse problems for graphs with cycles

18:20 – 18:45 N.L. Abasheeva
Some inverse problems for operator-differential
equations of mixed type

18:45 – 19:10 V. Lotoreichik
Estimate of essential spectrum of Schrödinger
operator with δ′ perturbation supported by an
asymptotically straight curve

19:10 – 19:35 L. Navarro
To be announced



Sunday, December 21th

Chair: H. Langer

9:00 – 9:25 V. Matsaev
The spectra of the product and the factors

9:25 – 9:50 A. Gheondea
Closed embeddings of Hilbert and Krein Spaces

9:50 – 10:15 Yu. Arlinskii
Conservative discrete time-invariant systems
and block operator CMV matrices

10:15 – 10:40 M. Derevyagin
On the uniform convergence of diagonal
Pade approximants

10:40 – 11:20 Coffee break (DFG Lounge MA 315)

Sunday, December 21th

Chair: R. Hryniv

11:20 – 11:45 O.J. Staffans
How to complete a maximal nonnegative subspace
of a Krein space?

11:45 – 12:10 M. Dritschel
Completely bounded kernels

12:10 – 12:35 A. Sandovici
Spectral analysis of linear relations using
Ascent, Descent, Nullity and Defect

12:35 – 13:00 N. Rozhenko
Dilations and passive impedance optimal realizations
of Caratheodory class operator-valued functions

13:00 – 14:20 Lunch break



Sunday, December 21th

Chair: S.G. Pyatkov

14:20 – 14:45 S. Hassi
Spectral properties of selfadjoint exit space
extensions via Weyl functions

14:45 – 15:10 M. Wojtylak
Shift operators as fundamental symmetries
of Pontryagin spaces

15:10 – 15:35 O.N. Kirillov
Determining role of Krein signature for
3D Arnold tongues of oscillatory dynamos

15:35 – 16:00 M. Denisov
Invariant subspaces of J-dissipative operators
in Πκ and zeros of holomorphic functions

16:00 – 16:30 Coffee break (DFG Lounge MA 315)

Sunday, December 21th

Chair: A. Ran

16:30 – 16:55 V. Strauss
On factorization of a J-selfadjoint operator
arising in fluid dynamics

16:55 – 17:20 I.A. Sheipak
On the spectrum of the Jacobi operator
with exponentially increasing matrix elements

17:20 – 17:45 M.M. Nafalska
Characterization of extremal extensions

17:45 – 18:10 K. Günther
The punctured neighborhood theorem for the
complex interpolation method

18:10 – 18:35 C. Trunk
On PT symmetric operators

18:35 – 18:40 Closing



Some inverse problems for

operator-differential equations of mixed type

N.L. Abasheeva

We consider here the following inverse problem. Find a func-
tion u(t) and an element ϕ satisfying the equation

But(t) + Lu(t) = γ(t)ϕ+ f(t),

u(0) = u0, u(T ) = uT .

Operators B and L are selfadjoint in a Hilbert space E; the
spectrum of the operator L is semibounded; γ(t) is a scalar
function. It is proved that if a finite number of orthogonality
conditions holds then the inverse problem is uniquely solvable.
The method uses the representation as a series in eigenelements
and associated elements of the pencil L− λB.

Moreover we consider the integro-differential equation

But(t) + Lu(t) =

t∫

0

k(t− s)Lu(s)ds+Bg(t), t ∈ (0, T ),

where the scalar kernel k : [0, T ] → C is unknown. We identify
a convolution kernel k — i.e. we prove existence and unique-
ness of k — in a first-order singular integro-differential operator
equation of Volterra type in two overdetermined problems in the
framework of Hilbert spaces. We stress that in the first problem,
by virtue of specific nonlocal time conditions, the kernel can be
recovered globally in time, while in the latter only locally in time
because of conditions that are of time-periodic type.

Stability of contractive lines in Hilbert space

V. Adamyan

Let Tt, 0 ≤ ∞ be a semigroup of contractions in a Hilbert
(or Krein) space H and let e be some non-zero vector from H.
By the contractive line (contractive process) in H we mean the
vector function Tte, 0 ≤ t < ∞. A line (process) is called stable
if the unitary part of semigroup Tt on the invariant subspace
formed by values of Tte has no point spectrum and unstable
otherwise.

We give a natural criterion of line (process) stability in terms
of its correlation function ϕ(t, s) := (Tte, Tse) , 0 ≤ t, s <∞.



Linear systems: a white noise approach

D. Alpay

joint work with D. Levanony

Using the white noise setting, in particular the Wick product,
the Hermite transform, and the Kondratiev space, we present a
new approach to study linear stochastic systems, where random-
ness is also included in the transfer function. We prove BIBO
type stability theorems for these systems, both in the discrete
and continuous time cases. We also consider the case of dissi-
pative systems for both discrete and continuous time systems.
We further study ℓ1-ℓ2 stability in the discrete time case, and
L2-L∞ stability in the continuous time case.

Conservative discrete time-invariant systems

and block operator CMV matrices

Yu. Arlinskĭi

It is well known that an operator-valued function Θ from
the Schur class S(M,N), where M and N are separable Hilbert
spaces, can be realized as the transfer function of a simple con-
servative discrete time-invariant linear system. The known re-
alizations involve the function Θ itself, the Hardy spaces or the
reproducing kernel Hilbert spaces. On the other hand, as in
the classical scalar case, the Schur class operator-valued func-
tion is uniquely determined by its so called ”Schur parameters”.
In this talk we present simple conservative realizations of an
operator-valued Schur class function using its Schur parameters
only. It turns out that the unitary operators corresponding to
the systems take the form of five-diagonal block operator matri-
ces, which are the analogs of Cantero–Moral–Velázquez (CMV)
matrices appeared recently in the theory of scalar orthogonal
polynomials on the unit circle. For an arbitrary completely
non-unitary contraction we obtain new models given by trun-
cated block operator CMV matrices. We show that the minimal
unitary dilations of a contraction in a Hilbert space and the min-
imal Naimark dilations of a semi-spectral operator measure on
the unit circle can also be expressed by means of block operator
CMV matrices.



Quadratic (weakly) hyperbolic matrix

polynomials: Inverse spectral problems

T.Ya. Azizov

joint work with A. Dijksma, K.-H. Förster, and P. Jonas

The main result of the talk is the following theorem: Let n be
an integer ≥ 2 and assume that the ordered set {β±j}

n−1
j=1 ∈ T2n−2

block–interlaces the ordered set {α±j}
n
j=1 ∈ T2n. Then there exist

n× n Jacobi matrices B and C such that

(i) the matrix polynomial L(λ) = λ2 +λB+C is weakly hyper-
bolic,

(ii) the ordered eigenvalues of L coincide with {α±j}nj=1, and

(iii) the ordered eigenvalues of the compression L∞;en
of L to

{en}⊥ with en =
(
0 · · · 0 1

)⊤
∈ Cn coincide with {β±j}

n−1
j=1 .

If, in addition,

α1 − α−1 > 0,

then L is hyperbolic.

The lecture is based on joint work with Aad Dijksma, Karl-
Heinz Förster, and Peter Jonas started in 2001, but just recently
finished. In another lecture Aad Dijksma will discuss a direct
spectral problem.

The research is supported partially by the RFBR grant 08-
01-00566-a

Semidefinite programming and indefinite

moment problems on the unit circle

M. Bakonyi

joint work with H.J. Woerdeman

Semidefinite programming, in which one maximizes a linear
function subject to the constraint that an affine combination of
symmetric matrices is positive semidefinite, has been success-
fully used in finding numerical solutions to several positive def-
inite matrix completion and factorization problems. Recently,
the algorithms were adapted for minimizing the rank of B(x),
subject to A(x) ≥ 0 and B(x) ≥ 0, where A and B are sym-
metric matrices that depend affinely on x. We show how the
latter can be used for finding numerical solutions for indefinite
moment problems on the unit circle.



Large coupling convergence

J. Brasche

Let E be a densely defined non-negative closed quadratic form
in a Hilbert space H and A the non-negative self-adjoint oper-
ator associated to A in the sense of Kato’s representation theo-
rem. Let P be a non-negative quadratic form in H and assume
that the sum E + bP is a densely defined closed quadratic form
for one and therefore every b > 0. Let Ab be the self-adjoint
operator in H associated to E + bP . By Kato’s monotone con-
vergence theorem, the resolvents (Ab + 1)−1 converge strongly,
as b −→ ∞.
We derive conditions which are sufficient in order that the re-
solvents converge even w.r.t. the operator norm and provide
estimates for the rate of convergence both from above and from
below.

Inverse spectral and scattering theory for the

half-line left-definite Sturm-Liouville problem

B.M. Brown

joint work with C. Bennewitz and R. Weikard

The problem of integrating the Camassa-Holm equation leads
to the scattering and inverse scattering problem for the Sturm-
Liouville equation −u′′+ 1

4u = λwu where w is a weight function
which may change sign but where the left hand side gives rise
to a positive quadratic form so that one is led to a left-definite
spectral problem.

In this talk the spectral theory and a generalized Fourier
transform associated with the equation −u′′ + 1

4u = λwu posed
on a half-line are investigated. An inverse spectral theorem and
an inverse scattering theorem are established. A crucial ingre-
dient of the proofs of these results is a theorem of Paley-Wiener
type.



On computing the instability index of a

non-selfadjoint differential operator

associated with coating and rimming flows

A. Burchard

joint work with M. Chugunova

We study the problem of finding the instability index of cer-
tain non-selfadjoint fourth order differential operators that ap-
pear as linearizations of coating and rimming flows, where a thin
layer of fluid coats a horizontal rotating cylinder. The main re-
sult reduces the computation of the instability index to a finite-
dimensional space of trigonometric polynomials. The proof uses
Lyapunov’s method to associate the differential operator with a
quadratic form, whose maximal positive subspace has dimension
equal to the instability index. The quadratic form is given by
a solution of Lyapunov’s equation, which here takes the form of
a fourth order linear PDE in two variables. Elliptic estimates
for the solution of this PDE play a key role. We include some
numerical examples.

Invariant subspaces of J-dissipative operators

in Πκ and zeros of holomorphic functions

M. Denisov

In the talk we will consider the relationship between the exis-
tence of maximal semidefinite invariant subspaces of J-dissipative
operators in a Pontryagin space Πκ and the number and a loca-
tion of zeros of holomorphic functions of a special type.

The research is supported by the RFBR grant 08-01-00566-a.



On the uniform convergence of diagonal Padé

approximants

M. Derevyagin

joint work with V.A. Derkach

Let dσ be a finite nonnegative measure on E = [−1, α]∪ [β, 1]
and let

F(λ) =

∫

E

tdσ(t)

t− λ
.

As was shown by H. Stahl (1983) there exists a function F0 of
the above described type with α = β such that the diagonal
Pade approximants for F0 do not converge on R. In our work,
it is shown that there is a subsequence of the diagonal Padé ap-
proximants for F, which converges locally uniformly to F in the
gap (α, β). Moreover, we present the necessary and sufficient
condition of the existence of a subsequence of the diagonal Padé
approximants for F, which converges locally uniformly to F in
C \ ([−1− ε, α]∪ [β, 1 + ε]) for some ε > 0. Convergence results
for some larger classes of meromorphic functions are also con-
sidered.

This talk is a continuation of the talk given by Vladimir A.
Derkach at the last workshop.

On linear fractional transformations

associated with generalized J-inner matrix

functions

V. Derkach

joint work with H. Dym

We study generalized J-inner matrix valued functions W (λ)
decomposed in the block form

W (λ) =

(
w11 w12

w21 w22

)

conformally with

J =

(
Ip 0
0 −Iq

)
,

which appear as resolvent matrices in various indefinite inter-
polation problems. Reproducing kernel indefinite inner prod-
uct spaces associated with a generalized J-inner matrix val-
ued function W (λ) are studied and intensively used in the de-
scription of the range of the linear fractional transformation
TW [ε] = (w11ε + w12)(w21ε + w22)

−1 applied to the Schur class
Sp×q. For a subclass U◦

κ(J) of generalized J-inner matrix val-
ued function W the notion of associated pair is introduced and
factorization formulas for W are found. These results are used
in order to describe the set of generalized Schur functions from
TW [Sp×q] with maximal negative signature.



Quadratic (weakly) hyperbolic matrix

polynomials: Direct spectral problems

A. Dijksma

joint work with T.Ya. Azizov, K.-H. Förster, and P. Jonas

Let L be a monic quadratic weakly hyperbolic or hyperbolic
n × n matrix polynomial. We discuss the solutions of some di-
rect spectral problems: The eigenvalues of a one-dimensional
perturbation of L and the eigenvalues of a compression of L to
a space of dimension n− 1 interlace those of L. We explain the
kind of interlacing. A key role in our proofs of these results is
played by matrix valued Nevanlinna functions.

The lecture is based on joint work with Tomas Azizov, Karl-
Heinz Förster, and Peter Jonas started in 2001, but just recently
finished. In another lecture Tomas Azizov will discuss an inverse
spectral problem.

Completely bounded kernels

M. Dritschel

joint work with C. Todd and T. Bhattacharyya

Given a set X and two C∗-algebras A and B, a kernel k is
defined as a function from X×X to L(A,B), the bounded linear
maps from A to B. The kernel k is positive if for all finite sets
F = {(xj, aj)} ⊂ X ×A, the matrix

(
k(xi, xj)[aia

∗
j ]
)
F×F

(∗)

is nonnegative. If the same is true whenever we replace X ×A
by X × Mn(A) and k by k ⊗ 1n for any n ∈ N, then k is
said to be completely positive (the two concepts coincide when
A = B = C). Completely positive kernels have several equiva-
lent characterisations, including the existence of a so-called Kol-
mogorov decomposition. Constantinescu and Gheondea, gener-
alising results of Laurent Schwarz, considered kernels k where
the matrix in (∗) is merely selfadjoint with L(A,B) = B(H),
H a Hilbert space, and found necessary and sufficient condi-
tions for the decomposability of such kernels as the difference
of (completely) positive kernels. A result of Haagerup implies
that when A and B are von Neumann algebras such decomposi-
tions in terms of completely positive kernels will fail if B is not
injective.

In this talk we discuss decomposability of self adjoint ker-
nels as differences of completely positive kernels when A and B
are C∗-algebras, characterising decomposable kernels. We also
discuss the case when the matrix in (∗) is a only a completely
bounded map, giving an analogue of the Wittstock decomposi-
tion for such kernels.



Sesquilinear forms corresponding to a

non-semibounded Sturm-Liouville operator

A. Fleige

joint work with S. Hassi, H. de Snoo, and H. Winkler

Let −DpD be a differential operator on the compact interval
[−b, b] whose leading coefficient is positive on (0, b] and negative
on [−b, 0) with fixed separated selfadjoint boundary conditions
at b and −b and an additional interface condition at 0. The
selfadjoint extensions of the corresponding minimal differential
operator are non-semibounded and related to non-semibounded
sesquilinear forms by a generalization of Kato’s representation
theorems. The theory of non-semibounded sesquilinear forms
is applied to this concrete situation. In particular, the general-
ized Friedrichs extension is obtained as the operator associated
to the unique regular closure of the minimal sesquilinear form.
Moreover, among all closed forms associated to the selfadjoint
extensions the regular closed forms are identified (with two ex-
ceptions).

Closed embeddings of Hilbert and Krein

Spaces

A. Gheondea

We introduce the notions of Hilbert and Krein spaces closely
embedded, as generalizations of operator ranges and continu-
ously embedded Hilbert and Krein spaces. These spaces are
associated to unbounded selfadjoint operators that play the role
of kernel operators, and show the connection with Hilbert and
Krein induced spaces. Certain canonical representations and
characterizations of existence and uniqueness are obtained. Ex-
amples based on the Dirac operators are presented as well.



Two models of Krein-space related physics:

the MHD α2−dynamo and the

PT −symmetric Bose-Hubbard model

U. Günther

joint work with O. Kirillov, E.-M. Graefe, H.-J. Korsch,

and A. Niederle

Two simple physical models are discussed whose operators
are selfadjoint in Krein-spaces.

In the first part of the talk, the eigenvalue behavior λ(α, β) of
the 2×2 matrix differential operator of the spherically symmet-
ric α2−dynamo of magnetohydrodynamics is considered for con-
stant α−profiles and boundary conditions which depend on a pa-
rameter β. Specifically, β ∈ [0, 1] acts as parameter in the homo-
topic interpolation between idealized (Dirichlet) and physically
realistic (Robin) boundary conditions (BCs). For the quasi-
exactly solvable monopole setup (with spherical mode number
l = 0) the characteristic equation is derived explicitly. It is
shown that the β−homotopy describes an interpolation between
spectra of mesh type (idealized BCs) and a countably infinite
set of parabolas (physically realistic Robin Bcs). Interestingly,
the mesh nodes (semisimple twofold degenerate eigenvalues) are
fixed points of the β−homotopy. An underlying ruled-surface
structure of the spectrum is uncovered.

In the second part of the talk, we provide a brief summary
of recent results on the spectral behavior of the PT −symmetric
Bose-Hubbard system as it is used for the description of quan-
tum Bose-Einstein condensates with balanced gain-loss interac-
tions. For an N−particle system the corresponding Fock-space
Hamiltonian reduces to an N×N−matrix which is selfadjoint in
an N−dimensional Pontryagin space. The unfolding of higher-

order branch-points of the spectrum is considered under param-
eter perturbations. Numerical as well as analytical results are
presented which demonstrate the relevance of the Hessenberg
type of the Hamiltonian as defining matrix structure for the oc-
currence of specific Galois cycles in the eigenvalue rings of the
unfolding branch points.

partially based on:
J. Phys. A 41 (2008) 255206; arXiv:0802.3164 [math-ph].



The punctured neighborhood theorem for the

complex interpolation method

K. Günther

joint work with K.-H. Förster

In this talk, we consider Fredholm properties of bounded in-
terpolation operators Sλ on complex interpolation spaces, where
λ ∈ S0 := {z ∈ C : Re z ∈ (0, 1)}. With the well known punc-
tured neighborhood theorem of T. Kato, we show that if Sλ is
lower semi-Fredholm, then Sθ is lower semi-Fredholm and the
nullities, deficiencies and indices coincide for all θ in a neigh-
borhood of λ in S0; i.e. we show a non-jumping version of the
punctured neighborhood theorem.

Spectral properties of selfadjoint exit space

extensions via Weyl functions

S. Hassi

joint work with M. Malamud

Spectral properties of selfadjoint extensions in exit spaces
are studied for symmetric operators in a Hilbert space with ar-
bitrary defect numbers (n, n), n ≤ ∞. The derivation of the
main results rely on the notions of boundary relations and their
Weyl families introduced in [1], and the general coupling tech-
nique developed very recently in [2, 3]. The general version of
the coupling method needed here is a geometric approach for
constructing exit space extensions for generalized resolvent and
it provides an effective tool for studying spectral properties of
selfadjoint exit space extensions via associated Weyl functions
and their limiting behavior at the spectral points lying on the
real axis.

References

[1] V.A. Derkach, S. Hassi, M.M. Malamud, and H.S.V. de Snoo,
”Boundary relations and Weyl families”, Trans. Amer. Math.
Soc., 358 (2006), 5351–5400.

[2] V.A. Derkach, S. Hassi, M.M. Malamud, and H.S.V. de Snoo,
”Boundary relations and orthogonal couplings of symmetric
operators”, Proc. Algorithmic Information Theory Confer-
ence, Vaasa 2005, Vaasan Yliopiston Julkaisuja, Selvityksiä
ja raportteja, 124 (2005), 41–56.

[3] V. Derkach, S. Hassi, M. Malamud, and H. de Snoo, ”Bound-
ary relations and generalized resolvents of symmetric opera-
tors”, arXiv, math.SP/0610299, (2006) 46 pp. [To appear in
Russ.J.Math.Phys.]



Inverse scattering on the line for Schrödinger

operators with Miura potentials

R. Hryniv

joint work with Ch. Frayer, Ya. Mykytyuk, and P. Perry

We study direct and inverse scattering problems for one-
dimensional Schrödinger operators with highly singular Miura
potentials q ∈ H−1(R), i.e., potentials of the form q = u′ + u2

for some u ∈ L2(R). Under some additional assumptions this
Riccati representation is unique, and there is a well-defined
reflection coefficient r that determines u uniquely. We show
that the map u 7→ r is continuous with continuous inverse
and obtain an explicit reconstruction formula. Among poten-
tials included are, e.g., delta-functions, potentials of Marchenko–
Faddeev class, and some highly oscillating unbounded poten-
tials.

A max-min-principle for pairs of Hermitian

matrices

M. Karow

Let λ1(H) ≥ λ2(H) ≥ . . . ≥ λn(H) denote the eigenval-
ues of the Hermitian matrix H ∈ Fn×n in decreasing order,
F ∈ {R,C,H}. Let Gk(F) denote the Grassmann manifold of
k-dimensional subspaces of Fn. The Courant-Fischer max-min-
principle states that

λk(H) = max
S∈Gk(F)

min
x ∈ S
‖x‖ = 1

x∗Hx.

We show that the following formula holds for any pair of Her-
mitian matrices H0, H1 ∈ Fn×n. Let Ht = (1 − t)H0 + tH1.
Then

min
t∈[0,1]

λk(Ht) = max
S∈Gk(F)

{ min
x ∈ S
‖x‖ = 1

x∗H0x, min
x ∈ S
‖x‖ = 1

x∗H1x}.

This formula is a corollary of the following theorem.

Theorem: Suppose that to each t ∈ [0, 1] there exists a k-
dimensional subspace St on which the Hermitian form x 7→
x∗Htx is positive definite. Then there exists a k-dimensional
subspace S on which all of these forms are simultaneously posi-
tive definite.

The proof of the theorem uses the canonical form of Hermitian
matrix pairs under congruence transformations.



Non-real eigenvalues of singular indefinite

Sturm-Liouville operators

Q. Katatbeh

joint work with J. Behrndt and C. Trunk

We study a Sturm-Liouville expression with indefinite weight
of the form sgn(−d2/dx2 +V ) on R and the non-real eigenvalues
of an associated selfadjoint operator in a Krein space. For real-
valued potentials V with a certain behaviour at ±∞ we prove
that there are no real eigenvalues and the number of non-real
eigenvalues (counting multiplicities) coincides with the number
of negative eigenvalues of the selfadjoint operator associated to
−d2/dx2 + V in L2(R). The general results are illustrated with
examples.

Determining role of Krein signature for 3D

Arnold tongues of oscillatory dynamos

O.N. Kirillov

joint work with U. Günther and F. Stefani

Using a homotopic family of boundary eigenvalue problems
for the mean-field α2-dynamo with helical turbulence parame-
ter α(r) = α0 + γ∆α(r) and homotopy parameter β ∈ [0, 1],
we show that the underlying network of diabolical points for
Dirichlet (idealized, β = 0) boundary conditions substantially
determines the choreography of eigenvalues and thus the char-
acter of the dynamo instability for Robin (physically realistic,
β = 1) boundary conditions. In the (α0, β, γ)−space the Arnold
tongues of oscillatory solutions at β = 1 end up at the diaboli-
cal points for β = 0. In the vicinity of the diabolical points the
space orientation of the 3D tongues, which are cones in first-
order approximation, is determined by the Krein signature of
the modes involved in the diabolical crossings at the apexes
of the cones. The Krein space induced geometry of the reso-
nance zones explains the subtleties in finding α-profiles leading
to spectral exceptional points, which are important ingredients
in recent theories of polarity reversals of the geomagnetic field.



Inverse resonance scattering for Jacobi

operators

E. Korotyaev

We consider the Jacobi operator

(Jf)n = an−1fn−1 + anfn+1 + bnfn

on Z with a real compactly supported sequences (an−1)n∈Z and
(bn)n∈Z. We give the solution of two inverse problems (including
characterization): (a, b) → {zeros of the reflection coefficient}
and (a, b) → {bound states and resonances}. We describe the
set of ”iso-resonance operators J”, i.e., all operators J with the
same resonances and bound states.

Inverse problems for graphs with cycles

P. Kurasov

The talk is devoted to the inverse problem for Schrödinger
operators on metric graphs in the presence of a magnetic field. It
is claimed that the knowledge of the corresponding Titchmarsh-
Weyl (matrix) function for different values of the magnetic field
may help to solve the inverse problem, i.e. to reconstruct the
metric graph and real (electric) potential on it. This approach
is fully developed for graphs with Euler characteristic zero but
without loops. It is proven that this reconstruction is possible
if a certain non-resonant condition is satisfied.



On interconnection of conservative systems

M. Kurula

joint work with H. Zwart, J. Behrndt, and A. van der Schaft

We show that a large class of conservative systems can be
characterised by the fact that their system variables live on a
Lagrangian subspace of a certain Krein space K. Most relevant
Lagrangian subspaces of K also arise from conservative linear
systems.

Energy-preserving interconnection of two finite-dimensional
conservative systems is a conservative system. However, in in-
finite dimensions conservativity is not always preserved under
energy-preserving interconnection. We show that this intercon-
nection problem for conservative systems leads to the following
abstract compression problem:

Let Kr and Kd be Krein spaces with indefinite inner products
[·, ·]Kr

and [·, ·]Kd
, respectively. Let K be the Krein space

[
Kr

Kd

]

with inner product
[[

kr
kd

]
,

[
k′r
k′d

]]

K

= [kr, k
′
r]Kr

+ [kd, k
′
d]Kd

.

Let V be a Lagrangian subspace of K and let G ⊂ Kd. The
problem is to find necessary and sufficient conditions on V and
G for the compression

Vr :=

{
kr ∈ Kr | ∃kd ∈ G :

[
kr
kd

]
∈ V

}

to be a Lagrangian subspace of Kr.
The approach might depend on the particular properties of

K and V . We provide a full abstract solution and some more
practical partial solutions.

Nanoribbons in external electric fields

A. Kutsenko

joint work with E. Korotyaev

We consider the Schroedinger operator on nanoribbons (quasi-
1D tight-binding models) in external electric fields. The electric
field is perpendicular to the axis of the nanoribbon. We give vari-
ous spectral asymptotics. Also we solve inverse spectral problem
for small potentials.



J-self-adjoint operators with C-symmetries:

extension theory approach

S. Kuzhel

joint work with S. Albeverio and U. Günther

A linear densely defined operator A acting in a Krein space
(H, [·, ·]J) with fundamental symmetry J and indefinite metric
[·, ·]J = (J ·, ·) is called J-self-adjoint if A∗J = JA.

In contrast to self-adjoint operators in Hilbert spaces (which
necessarily have a purely real spectrum), J-self-adjoint opera-
tors, in general, have a spectrum which is only symmetric with
respect to the real axis. However, one can ensure the reality
of spectrum by imposing an extra condition of symmetry. In
particular, a J-self-adjoint operator A has the property of C-
symmetry if there exists a bounded linear operator C in H such
that: (i) C2 = I; (ii) JC > 0; (iii) AC = CA.

The properties of C are nearly identical to those of the charge
conjugation operator in quantum field theory and the existence
of C provides an inner product (·, ·)C = [C·, ·]J whose associ-
ated norm is positive definite and the dynamics generated by
A is therefore governed by a unitary time evolution. However,
the operator C depends on the choice of A and its finding is a
nontrivial problem.

The report deals with the construction of C-symmetries for
J-self-adjoint extensions of a symmetric operator Asym with fi-
nite deficiency indices < n, n >. We present a general method
allowing us: (i) to describe the set of J-self-adjoint extensions
A of Asym with C-symmetries; (ii) to construct the correspond-
ing C-symmetries in a simple explicit form which is closely re-
lated to Clifford algebra operator structures; (iii) to establish
a Krein-type resolvent formula for J-self-adjoint extensions A
with C-symmetries.

The results are exemplified on 1D pseudo-Hermitian Schrödin-
ger and Dirac Hamiltonians with complex point-interaction po-
tentials.

The spectra of normal, equinormal and

pseudonormal closed linear relations

J.-P. Labrousse

Let H be a complex Hilbert space and let LR(H) denote the
set of all closed linear relations on H (which includes all closed
linear operators on H).
Denote by Γ1 the sphere in R3 described by the equation: x2 +
y2 + z2 = 1 and let Φ be the mapping of C (the one point
compactification of the complex plane) onto Γ1 given by:

If λ ∈ C, Φ(λ) = {
2Re{λ}

|λ |2 +1
,

2Im{λ}

|λ |2 +1
,
|λ |2 −1

|λ |2 +1
}

Φ(∞) = {0, 0, 1}.

Φ(λ) is the intersection in R3 of Γ1 with the straight line going
from {0, 0, 1} to the point {a, b, 0} where λ = a+ ib.
Let Ψ : E 7→ Ψ(E) = {u0, u1, u2, u3} denote a certain linear
mapping of LR(H) into the set of the 4-tuples of self-ajoint op-
erators in L(H) (the precise definition of Ψ is too long to include
in the abstract).

The following results are proved:

• If E ∈ LR(H) and Ψ(E) = {u0, u1, u2, u3} then E is normal
if and only if u0 = 0 and the other three components of Ψ(E)
commute

• If E ∈ LR(H) is normal and σ(E) denotes its spectrum then
Φ(σ(E)) is the joint spectrum of Ψ(E)

Finally using Ψ and Φ two cathegories of closed linear rela-
tions are defined: the equinormal, which are normal with an ad-
ditional property, and the pseudonormal, which generalize the
normal but retain some good properties of the normal.



Self-adjoint analytic operator functions: Local

spectral function and inner linearization

H. Langer

joint work with A. Markus and V. Matsaev

A selfadjoint analytic operator function A(z), which satisfies
the Virozub-Matsaev condition on some real interval ∆0 and is
boundedly invertible in the endpoints of ∆0, has a local spectral
function on ∆0. As a consequence, a linearization for A(z) that
correponds to ∆0, can be constructed.

Dependence of the Titchmarsh-Weyl

coefficient on singular interface conditions

M. Langer

In this talk Hamiltonian systems with a singularity in the
interior or at an end-point are considered. The question is dis-
cussed what Titchmarsh–Weyl coefficients are obtained when
interface conditions at the singularity are changed.



Schur algorithm for generalized Caratheodory

functions

E. Lopushanskaya

We define the Schur algorithm for generalized Caratheodory
functions and study its properties.

The function f(z) is called a generalized Caratheodory func-
tion with κ negative squares if it is meromorphic in the open
unit disc D and the kernel

Kf(z, w) =
f(z) + f(w)∗

1 − zw∗

has κ negative squares in the domain of holomorphy of f(z) in
D. We denote this class of functions which are holomorphic at
z1 ∈ D by Cz1

κ .
Theorem. Let f ∈ Cz1

κ has the Taylor expansion

f(z) =
∞∑

i=0

ci(z − z1)
i

and let f1(z) be the Schur transformation of f(z).Then f1 ∈ Cz1
κ1
,

where
if Re c0 6= 0 and c0 + c∗0 > 0, then κ1 = κ

if Re c0 6= 0 and c0 + c∗0 < 0, then κ1 = κ − 1
if Re c0 = 0, then κ1 = κ − k, where k > 1 is the smallest

integer such that ck 6= 0.

The research is supported by the Russian Foundation for Ba-
sic Research, grant RFBR 08-01-00566-a

Estimate of essential spectrum of Schrödinger

operator with δ′ perturbation supported by

an asymptotically straight curve

V. Lotoreichik

joint work with I. Lobanov

Perturbations of the Laplace operator by δ-potentials sup-
ported by a curve (leaky wires Hamiltonians) are studied in last
decade. In particular, for an asymptotically straight curve Γ
on R2 an estimate on the spectrum of the perturbation was ob-
tained in the article ”Conditions for the spectrum associated
with a leaky wire to contain the interval [−α2

0

4 ,+∞)” by Brown,
B. Malcolm; Eastham, M.S.P.; Wood, Ian. We generalized the
technique used in the work to obtain similar estimation for δ′-
perturbation.

Consider the operator

H := −∆ − α(x)δ′(x − Γ).

Such an operator can be defined as a closure of the e.s.a. oper-
ator

Ĥ = −∆ψ(x).

with the domain consisting of functions ψ ∈ H2(R2) which sat-
isfy δ′ boundary conditions:

{
∂ψ
∂n+

(x) + ∂ψ
∂n−

(x) = 0,

ψ+(x) − ψ−(x) = α(x) ∂ψ
∂n+

,
x ∈ Γ,

where ψ± and ∂ψ
∂n±

denote one-side limits and normal derivatives
of ψ.

Suppose α(x) tends sufficiently fast to a constant α0 as x →
∞. Then we prove that [− 4

α2
0

,+∞) ⊂ σess under certain condi-
tions on the curve Γ.



On the number of negative eigenvalues of

quantum graphs

A. Luger

joint work with J. Behrndt

This talk deals with isolated eigenvalues of quantum graphs.
It will be discussed how their number can be counted explicitly
by translating the eigenvalue problem into an analytic question
for related m-functions.

We show how this approach works for the Laplace operator.
Moreover, we give some examples where potentials are treated
as well.

Elliptic boundary value problems and the

extension theory

M.M. Malamud

joint work with F. Gesztesy

We discuss elliptic boundary value problems in the framework
of extension theory. Using the concept of boundary triplets and
the corresponding Weyl-Titchmarsh functions we discuss vari-
ous spectral properties of closed (selfadoint and non-selfadjoint)
realizations of elliptic differential expressions. Our results ex-
tend some classical results due to Visik, Povzner, Birman, and
Grubb.



The spectra of the product and the factors

V. Matsaev

joint work with H. Langer and A. Markus

Consider a quadratic operator polynomial positive on the real
axis. It’s known (M.Rosenblum-J.Rovnyak) that it admits a
factorization in the product of two linear factors. The typical
question of the talk: what may be told about their spectra?

Sesquilinear versus bilinear - what is the real

scalar product?

C. Mehl

Indefinite inner products arise in many applications - real or
complex. But, when generalizing real indefinite inner products
(i.e., bilinear symmetric forms) to the complex case, then one
could consider either sesquilinear forms or bilinear forms. Which
generalization is more natural? We will answer this question in
terms of canonical forms and, in particular, we will see that the
answer is not as direct as one may think.



Structured matrix polynomials in indefinite

scalar product spaces

V. Mehrmann

joint work with R. Byers, S. Mackey, C. Mehl, and H. Xu

We give several different formulations for the continuous and
discrete linear-quadratic control problem in terms of structured
matrix polynomials.

We discuss the relationships among the associated structured
objects: symplectic matrices and pencils, BVD-pencils/poly-
nomials, and the recently introduced classes of palindromic ma-
trix pencils/polynomials in the discrete-time case, Hamiltonian
matrices, Hamiltonian pencils, even/odd matrix pencils/polyno-
mials in the continuous time case.

Eigenvalues in spectral gaps of J-selfadjoint

operators and indefinite Sturm-Liouville

operators

R. Möws

joint work with J. Behrndt and C. Trunk

Consider two J-selfadjoint operators A and B with ρ(A) ∩
ρ(B) 6= ∅, which are a one-dimensional perturbation in the re-
solvent sense of each other, i.e.

dim ran((A− λ)−1 − (B − λ)−1) = 1

for λ ∈ ρ(A) ∩ ρ(B).
Assume that B has κ negative squares and there exists some

inverval I ⊂ ρ(B) ∩ R. We show that σ(A) ∩ I consists only
of at most finitely many eigenvalues. Furthermore, we give an
upper bound on the number of eigenvalues of A in I depending
only on κ.

This result can be applied to a J−selfadjoint operator A as-
sociated to the singular indefinite Sturm-Liouville expression

sgn(−f ′′ + qf),

defined on R, where q ∈ L1
loc(R). Assume that the limits

q∞ = lim
x→∞

q(x) and q−∞ = lim
x→−∞

q(x)

exist and fulfill −q−∞ < q∞. Then (−q−∞, q∞) is a gap in the
essential spectrum of A. We will give an estimate for the number
of eigenvalues of A in (−q−∞, q∞).



Sharp norm bounds on variation of spectral

subspaces under J-self-adjoint perturbations

A.K. Motovilov

joint work with S. Albeverio and A.A. Shkalikov

We establish a number of bounds on variation of spectral
subspaces of a self-adjoint operator under off-diagonal J-self-
adjoint perturbations. In particular, we obtain an a priori sharp
norm estimate on variation of the spectral subspace associated
with a part of the spectrum whose convex hull does not intersect
the remainder of the spectrum. This bound may be viewed as
an analog of the celebrated Davis-Kahan tan 2Θ theorem for J-
self-adjoint perturbations. We also obtain sharp norm estimates
on solutions to the associated Riccati equations. Some of our
results are formulated in terms of the Krein space theory.

Characterization of extremal extensions

M.M. Nafalska

joint work with K.-H. Förster

We give a representation of all nonnegative selfadjoint ex-
tensions Ã of a nonnegative densely defined operator A in a
Hilbert space H. These representations are connected with the
famous result of M.G. Krĕın which implies a partial ordering
AN ≤ Ã ≤ AF , where AF and AN are the Friedrichs and the
Krĕın-von Neumann extension of A, respectively. In particular,
we will discuss extremal extensions of A which were introduced
by Yu. Arlinskĭı and E. Tsekanovskĭı. Examples on regular
Sturm-Liouville operators − d

dxp
d
dx are presented as well.



To be announced

L. Navarro

On the unitary equivalence of absolutely

continuous parts of self-adjoint extensions

H. Neidhardt

The classical Weyl-Neumann theorem states that for any self-
adjoint operator A on a Hilbert space there exists a (non-unique)
Hilbert-Schmidt operator B = B∗(∈ S2) such that the per-
turbed operator A + B has purely point spectrum. We are
interesting whether this result remains valid for non-additive
perturbations by considering self-adjoint extensions of a given
densely defined symmetric operator A in H and fixing an exten-
sion A0 = A∗

0. We show that for a wide class of symmetric opera-
tors the absolutely continuous parts of extensions Ã = Ã∗ andA0

are unitarily equivalent provided that their resolvent difference
is a compact operator. Namely, we show that this property holds
true whenever a Weyl function M(·) of a pair {A,A0} satisfies
the following property: the limit M(x) := s− limy→+0M(x+ iy)
exists and is bounded for a. e. x ∈ R. This result is applied to
some direct sums of symmetric operators.



Semiclassical reduction for magnetic

Schrödinger operator with periodic

zero-range potentials

K. Pankrashkin

joint work with B. Helffer

The two-dimensional Schroedinger operator with a uniform
magnetic field and a periodic zero-range potential is considered.
For weak magnetic fields we reduce the spectral problem to the
semiclassical analysis of one-dimensional Harper-like operators.
This shows the existence of parts of Cantor structure in the
spectrum for special values of the magnetic flux.

Finite rank perturbations of J-selfadjoint

operators and indefinite Sturm-Liouville

problems

F. Philipp

joint work with J. Behrndt and C. Trunk

We prove an abstract result concerning the local definitizabil-
ity of J-selfadjoint operators in Krein spaces which are in some
sense not far from being fundamentally reducible. This result
will be applied to a class of indefinite Sturm-Liouville operators.



Scattering in a forked-shaped waveguide

V. Pivovarchik

joint work with Y. Latushkin

We consider wave scattering in a forked-shaped waveguide
which consists of two finite and one half-infinite intervals hav-
ing one common vertex. We describe the spectrum of the direct
scattering problem and introduce an analogue of the Jost func-
tion. In case of the potential which is identically equal to zero
on the half-infinite interval, the problem is reduced to a problem
of the Regge type. For this case, using Hermite-Biehler classes,
we give sharp results on the asymptotic behavior of resonances,
that is, the corresponding eigenvalues of the Regge-type prob-
lem. For the inverse problem, we obtain sufficient conditions
for a function to be the S-function of the scattering problem on
the forked-shaped graph with zero potential on the half-infinite
edge, and present an algorithm that allows to recover potentials
on the finite edges from the corresponding Jost function. It is
shown that the solution of the inverse problem is not unique.
Some related general results in the spectral theory of operator
pencils are also given.

On boundary triples associated to quadratic

forms

O. Post

We define a boundary triple associated to a quadratic form.
As motivation we think of the Laplacian on a manifold with
boundary. We derive the corresponding Dirichlet-to-Neumann
operator and Krein’s resolvent formula.

Our focus here is not to characterise all self-ajoint extensions
of a given symmetric operator, but to use as much as possi-
ble intrinsic quantities. For example, we define a natural norm
on the boundary Hilbert space associated to the Dirichlet-to-
Neumann operator. Using first order objects only, we can con-
trol parameter-depending spaces.

As an application, we define resonances (poles of a meromor-
phic continuation of the resolvent) and show the convergence of
resonances for certain parameter depending spaces (”graph-like
manifolds” converging to a metric graph).



Interpolation of Sobolev spaces and indefinite

elliptic eigenvalue problems

S.G. Pyatkov

Let Ω be a bounded domain with a Lipschitz boundary Γ and

let the symbol Wm
p (Ω) stand for the Sobolev space. By

◦
W m

p (Ω)
we mean the closure of the class C∞

0 (Ω) in the norm of Wm
p (Ω).

The main our results are connected with the property:

∃s ∈ (0, 1) : (Wm
p (Ω), Lp,g(Ω))1−s,p = (

◦
W

m
p (Ω), Lp,g(Ω))1−s,p.

(1)
By definition of a Lipschitz domain, for any x0 ∈ Γ there exists
a neighborhood U about x0 and a local coordinate system y

obtained by rotation and translation of the origin from the initial
one in which

U ∩ Ω = {y ∈ Rn : y′ ∈ Br, ω(y′) < yn < ω(y′) + δ},

y′ = (y1, y2, . . . , yn−1), Br = {y′ : |y′| < r},

where the function ω meets the Lipschitz condition in Br. Given
y ∈ U ∩Ω, put Ky(a) = {η ∈ Ω : |η′−y′| < a(yn−ηn)}, a > 0.
Our conditions on the weight g are connected with some integral
inequalities. The simplest of them is the following analog of the
A1-condition.

(A) There exist a finite covering Ui (i = 1, 2, . . . , N) of Γ
(the domains Ui possess the properties from the definition of a
Lipschitz domain) and the corresponding local coordinate sys-
tems such that for some a > 0, c > 0 and almost all y ∈ Ui ∩ Ω
(i = 1, 2, . . . , N)

∫

Ky(a)∩Ui

g(η) dη ≤ cµ(Ky(a))g(y)

(here the nonnegative function g(y) is written in the local coor-
dinate system y). We have the following theorem.

Theorem. Under the condition (A) (1) holds.

We also present applications to the elliptic eigenvalue problems
with indefinite weight function of the form

Lu = λBu (x ∈ G ⊂ Rn), Bju|Γ = 0 (j = 1,m), (2)

where L is an elliptic differential operator of order 2m defined
in a domain G ⊂ Rn with boundary Γ, the Bj’s are differential
operators defined on Γ, and Bu = g(x)u with g(x) a measur-
able function changing a sign in G. We assume that there exist
open subsets G+ and G− of G such that µ(G± \ G±) = 0 (µ
is the Lebesgue measure), g(x) > 0 almost everywhere in G+,
g(x) < 0 almost everywhere in G−, and g(x) = 0 almost ev-
erywhere in G0 = G \ (G+ ∪ G−). Let the symbol L2,g(G \ G0)
stand for the space of functions u(x) measurable in G+ ∪ G−

and such that u|g|1/2 ∈ L2(G \ G0). We study the Riesz basis
property of eigenfunctions and associated functions of problem
(2) in the weighted space L2,g(G \G0).

Analysis of spectral points of the operators

T [∗]T and TT [∗] in a Krein space

A. Ran

joint work with Micha l Wojtylak

Spectra and sets of regular and singular critical points of
definitisable operators of the form T [∗]T and TT [∗] in a Krein
space are compared. The relation between the Jordan chains of
the above operators (corresponding to the same eigenvalue) is
discussed.



Dilations and passive impedance optimal

realizations of Caratheodory class

operator-valued functions

N.A. Rozhenko

joint work with D.Z. Arov

Let ℓ(U) be the class of all Caratheodory functions (analytic
inside open unit disc with nonnegative real part) whose values
are bounded linear operators mapping separabel Hilbert space
U into U . In the development of the Darlington method for pas-
sive linear time-invariant input/state/output systems (by Arov,
Dewilde, Douglas and Helton) the following question arose: do
there exist simple necessary and sufficient conditions under wich
a function c ∈ ℓ(U) has a (J1, J2)-bi-inner dilation θ mapping
Y1 into Y2; here Y1 and Y2 are two separabel Hilbert spaces such
that U ⊂ Y1, U ⊂ Y2, and the requirement that θ is (J1, J2)-
bi-inner means that θ is analytic and (J1, J2)-bi-contractive in
open unit disc and has (J1, J2)-unitary nontangential limits a.e.
on unit circle. We prove that there are two necessary and suf-
ficient conditions of existing of such a dilation: 1) factorization
equations

ϕ(ζ)∗ϕ(ζ) = 2ℜc(ζ), ψ(ζ)ψ(ζ)∗ = 2ℜc(ζ), a.e. |ζ| = 1,

have nonzero solutions ϕ and ψ in classes of analytic inside
open unit disc operator-valued fuctions; 2) scattering suboper-
ator sc(ζ) of function c has a denominator {b1, b2}. We discribe
the set of all dilations of function c ∈ ℓ(U). Also we prove that
c ∈ ℓ(U) has a (J1, J2)-bi-inner minimal and optimal (minimal
and *-optimal) dilation θ if and only if the minimal and optimal
(minimal and *-optimal) passive impedance realization of c is
strongly bi-stable.

Mentioned above results can be found in [1], [2].
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Spectral analysis of linear relations using

Ascent, Descent, Nullity and Defect

A. Sandovici

The main ingredients of this talk are the ascent, descent,
nullity and defect of a linear relation in a Banach space. Their
algebraic theory was developed in [1]. These notions are used
in order to study the spectrum of a closed linear relation A in a
Banach space in terms of the ascent, descent, nullity and defect
of the relation A − λ, where λ is a complex number. Certain
classes of linear relations are characterized.

References

[1] A. Sandovici, H.S.V. de Snoo, and H. Winkler, ”Ascent, de-
scent, nullity, defect, and related notions for linear relations
in linear spaces”, Lin. Alg. Appl., 423 (2007), 456–497.

Properties of nonlinear maps associated with

inverse Sturm-Liouville problems

A.M. Savchuk

joint work with A.A. Shkalikov

Denote by LD the operator generated by the Sturm-Liouville
differential expression Ly = −y′′+q(x)y and the Dirichlet bound-
ary conditions at the finite interval [0, 1]. We assume that q(x)
belongs to the Sobolev space W θ

2 [0, 1] with some θ > −1. The
classical inverse problem for this operator is formulated as fol-
lows: to recover the potential q(x) by the given spectral function
of LD which is defined by the spectrum {λk}∞1 and the so-called
norming constants {αk}

∞
1 . These two sequences are called the

spectral data of LD.
For given θ > −1 we construct special Hilbert space (denoted

by l̂ θ2 ) where the spectral data are placed in when the potential
q runs through the Sobolev space W θ

2 [0, 1]. Then we study the
maps F : q → η = {λk, αk}∞1 acting from W θ

2 to l̂ θ2 and show
that for any θ > −1 the map F is is weakly nonlinear, i.e. a
compact perturbation of a linear map.

The main result (which is new in classical case, too) roughly
can be formulated as follows: if η and η̃ are the vectors charac-
terizing the spectral data of the potentials q and q̃, respectively,
then the difference q − q̃ in the norm of W θ

2 can be uniformly
estimated through the difference η − η̃ in the norm l̂ θ2 .



On the spectrum of the Jacobi operator with

exponentially increasing matrix elements

I.A. Sheipak

The class of three diagonal Jacobi matrix with exponentially
increasing matrix elements is considered. Under some assump-
tions this matrix corresponds to unbounded self-adjoint oper-
ator in the weighted space l2(ω) with scalar product (x, y) =∑∞

k=1 ωkxkyk.
We proved that eigenvalue problem for this operator is equiv-

alent to the eigenvalue problem of Sturm–Liouville operator with
discrete weight. The asymptotic formulas for eigenvalues are ob-
tained.

Symmetric operator matrices. Extensions

and spectral decompositions

A.A. Shkalikov

We deal with operators of the form

L =

(
A B1

B0 C

)

acting in Hilbert space H1 ×H2, where A and C are symmetric
operators in H1 and H2, respectively, while B0 and B1 are mutu-
ally adjoint. We find sufficient conditions which guarantee the
existence of self-adjoint extensions of L and prove the existence
of graph invariant subspaces for such extensions.



Boundary relations and Dirac systems

H. de Snoo

In this talk the connections between boundary relations (a
boundary relation is an extension of the notion of boundary
triplet) and Dirac systems are discussed.

How to complete a maximal nonnegative

subspace of a Krein space?

O.J. Staffans

joint work with D.Z. Arov

Let Z be a maximal nonnegative subspace of a Krein space
K, let Z⊥ be the orthogonal companion to Z in K, and let
Z0 = Z ∩ Z⊥ be the maximal neutral subspace of Z. Then the
quotient spaces Z/Z0 and Z⊥/Z0 inherit posite inner products
from K and −K, respectively. The topologies induced by these
two inner product spaces are not, in general, complete. We show
that the completions of the spaces Z/Z0 and Z⊥/Z0 with these
inner products can be identified in a natural way with certain
subspaces of the quotient spaces K/Z⊥ and K/Z, respectively.
The construction of these subspaces is similar to the de Brange-
Rovnyak construction used to realize an operator-valued Schur
function in the unit disk D as the characteristic function of a
discrete time input/state/output system.



On factorization of a J-selfadjoint operator

arising in fluid dynamics

V. Strauss

joint work with M. Chugunova

We prove that some non-self-adjoint differential operator as-
sociated with the periodic heat equation admits a factorization
and apply this representation of the operator to construct ex-
plicitly its domain and to prove compactness of its resolvent.
Let us note that this operator is J-self-adjoint in a chosen Krein
space.

Dissymmetrising inner product spaces

F.H. Szafraniec

This is my final attempt, I hope, at presenting basics of spaces
with not necessarily symmetric inner product. It looks like they
now take more mature, definite form. What I want to discuss
is:

1. adjoints,

2. selfadjoint and normal operators,

3. some elementary spectral properties,

4. links with Krein spaces.



p-adic Schrödinger-type operator with point

interactions

S. Torba

joint work with S. Albeverio and S. Kuzhel

The function calculus of functions acting on the field Qp of
p-adic numbers with values in C is considered. There are ana-
logues of integral, scalar product, L2-space and Fourier trans-
form in this calculus, but no derivative. So an operator of frac-
tional differentiation Dα of order α > 0 plays a corresponding
role. p-adic Schrödinger-type operators with potentials V (x) :
Qp → C are defined as Dα + V (x). In this talk, finite rank
point perturbations are considered. General expression of such
perturbation is VY =

∑n
i,j=1 bij〈δxj

, ·〉δxi
, where δx is the Dirac

delta function and {xi}
n
i=1 are some p-adic points. Operator re-

alizations of Dα + VY in L2(Qp) are described. Such problem is
well-posed for α > 1/2 and the singular perturbation VY is form-
bounded for α > 1. Spectral properties of operator realizations
are studied, and the corresponding Krein’s resolvent formula is
given.

Let η be an invertible bounded self-adjoint operator in L2(Qp).
An operator A is called η-self-adjoint in L2(Qp) if A∗ = ηNη−1.
η-self-adjoint operator realizations of Dα + VY in L2(Qp) for
α > 1 are described, and each realization is given in the form of
some boundary valued space.

Each η-self-adjoint operator A is self-adjoint in a Krein space
(L2(Qp), [·, ·]) with indefinite metric [f, g] = (ηf, g). To over-
come difficulties of dealing with the indefinite metric, the hidden
symmetry of operator A that is represented by the linear oper-
ator C is considered. Remind that an η-self-adjoint operator A

has the property of C-symmetry if there exists a bounded linear
operator C in L2(Qp), such that (i) C2 = I; (ii) ηC > 0; (iii)
AC = CA. It is proven that if AB is the η-self-adjoint operator
realization of Dα +VY , then the following statements are equiv-
alent: (i) AB possesses the property of C-summetry; (ii) the
spectrum σ(AB) is real and there exists a Rietz basis of L2(Qp)
composed of eigenfunctions of AB.



Quadratic numerical range of analytic block

operator matrix functions

C. Tretter

We extend the recently introduced concept of quadratic nu-
merical range (QNR) of block operator matrices to analytic
block operator matrix functions. The main results include the
spectral inclusion property and resolvent estimates.

On PT symmetric operators

C. Trunk

joint work with T. Azizov

We consider so-called PT symmetric operators in the Krein
space (L2(R), [., .]), where [., .] is given via the fundamental sym-
metry Pf(x) = f(−x). The action of the anti-linear opera-
tor T on a function of a real spatial variable x is defined by
Tf(x) = f(x), and thus T 2 = I and PT = T P follow. An op-
erator A is said to be PT -symmetric if it commutes with PT .

In the last decade the following operator defined via the dif-
ferential expression

(τy)(x) := −y(x) + x2(ix)ǫy(x), ǫ > 0

was studied intensively.
We will start our investigations with the discussion of the

case ǫ is even. In this case we give a full description of the
spectral properties and of all boundary conditions which lead to
PT symmetric operators. Further results are obtained via the
perturbation theory for self-adjoint operators in Krein spaces.



Modal approximation to damped second

order systems

K. Veselić

Small/proportional/modal damping are common approxima-
tions when dealimg with damped linear systems in practice. We
assess these approximations by means of the perturbation the-
ory. The results give rigorous meaning to some known asymp-
totic estimates. Some annoying difficulties with the perturba-
tion of the matrix exponential are addressed as well.

On invariant subspaces of absolutely

summing operators

G. Wanjala

Let 1 ≤ p, q <∞ and let T be a bounded linear operator act-
ing on a Krein space K. We say that the operator T is absolutely
(p, q)-summing if there exists a constant c > 0 for which

(
n∑

i=1

‖Tki‖
p

)1/p

≤ c·sup





(
n∑

i=1

|〈ki, k〉|
q

)1/q

: k ∈ K, ‖k‖ ≤ 1





irrespective of how we choose a finite collection {k1, k2, . . . , kn}
of vectors in K. These operators form a linear subspace of B(K),
the class of all bounded linear operators acting on K, which we
denote by Πp,q(K).

We shall discuss the question of existence of definite invariant
subspaces for this class of operators.



Shift operators as fundamental symmetries of

Pontryagin spaces

M. Wojtylak

joint work with F.H. Szafraniec

Let S be a commutative ∗-semigroup with 0. We say that a
function φ : S → C is positive definite (we write φ ∈ P(S)) if
for every N ∈ N we have

N∑

i,j=1

ξiξ̄jφ(s∗j + si) ≥ 0, s1, . . . , sN ∈ S, ξ1, . . . , ξN ∈ C.

Each function φ ∈ P(S) generates a positive definite kernel Kφ

on S by
Kφ(s, t) := φ(t∗ + s), s, t ∈ S.

Furthermore, with each Kφ there is linked the reproducing ker-
nel Hilbert space Hφ (consisting of complex functions on S). We
set

Kφ
s := Kφ(·, s) : S → C, s ∈ S,

it is known that the linear span lin{Kφ
s : s ∈ S} is contained

and dense in Hφ.
For an element u ∈ S and a function φ ∈ P(S) we define the

shift operator, by
A(u, φ)Kφ

s = Kφ
s+u.

It can be shown that A(u, φ) is well defined and extends uniquely
to a linear mapping on lin{Kφ

s : s ∈ S}. Moreover, as an oper-
ator in Hφ, it is densely defined and closable.

The aim of this talk is the following: Provide necessary and
sufficient conditions on the element u ∈ S for the operator A :=
A(u, φ) to be a fundamental symmetry of a Pontryagin space,
i.e. to satisfy

A = A∗, A2 = IHφ, dim ker(A+ IHφ) <∞

for every φ ∈ P(S). To solve the problem we will use the
theory of the structure of a ∗-semigroup, developed by T.M.
Bisgaard and results on RKHS by F.H. Szafraniec.
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M-functions for closed extensions of adjoint

pairs of operators

I. Wood

joint work with M.B. Brown, G. Grubb, J. Hinchcliffe, M.

Marletta, and S. Naboko

We consider the generalisation of the Weyl m-function from
Sturm-Liouville problems and the Dirichlet-to-Neumann map
from PDEs to the setting of adjoint pairs of operators. We show
that in this setting every closed extension of a minimal operator
is associated with an abstract M-function and discuss spectral
properties of the extension via the M-function. The results can
be applied to elliptic PDEs.

Neutral invariant subspaces of Hamiltonian

operators

C. Wyss

The so-called Hamiltonian operator from control theory is
a block operator matrix which is connected to two Krein space
fundamental symmetries J1 and J2: it is J1-skew-symmetric and
J2-accretive. In this talk, Hamiltonians with compact resolvent
and a Riesz basis with parentheses of root vectors are consid-
ered. The existence of infinitely many invariant subspaces of the
Hamiltonian which are hypermaximal J1-neutral is established;
one of these subspaces is J2-nonnegative, one J2-nonpositive.
Under additional assumptions, these subspaces are shown to be
the graphs of selfadjoint operators, which in turn satisfy an op-
erator Riccati equation.


