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Theorem 1. Let {H, (-,-)} be a Hilbert space, let A = BG,
where B, G : ' H — H are bounded operators, B : Im (Bz,z) > 0,
G = G* 0 ¢ op(B)Uop(G), and (—oc0,0) No(G) consists of a
Kk < oo eigenvalues.

Then A has a k-dimensional G-nonpositive invariant subspace L
such that Imo(A|L) > 0.

If B = B* then there exists also an A-invariant k-dimensional
G-nonpositive subspace M such that Imo(A|M) < 0.

Proof. G = J|G|, {H, (., )1}, HC H, (z,9)1 = (|Glz,y),
x,y € H

~ ~ ~

A>A, GOG, JoJ — A= BG.

My = {7/_\[7 ['7 ] — (']Na ')1}' [:Cay] — (G:c,y), T,y € H.



~

ANk — Mg diss. = 3£, AL C L, dimL =k, [z,z] <O,
x € L and Imo(A|L) > 0.

0 ¢ op(B)Uop(Q) = AL =L,
A=BG = L CHand AL = L.

B = B* = IM, AM = M and Imo(A|M) < 0.



Example 1. Let 'H =span{eg} @ H1, |leg|| = 1.

G = [( 0 (-,e)eol , G1 >0, G1 € 6, e&ZranGy.

,eg)e Gy
10 0
-39
The operator G has kK = 1 negative eigenvalue, but
0 0
A= BG =
[('760)6 GJ

has no G-nonpositive eigenvectors.
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K(z) =R - 2zS
R=R* S=5% 0¢& op(R)Uoagp(S)

JH=H*">0:R=H+W, SS1=H+V, W,V are H-compact.
B: =Rl G:=8, and A:= R15.

In [G] spectral properties and the stability problem for such a
pencil = A = BG are studied.



du p
i JE (u(t)), u(t) € H,

E-H—R EcC? J:H—H, J=—-J1t=—-J"
Let ¢ € ‘H be a localized critical point (soliton): E’(p) = 0.

Solitons exist for some nonlinear Schrodinger, Klein-Gordon,
Korteweg-de Vries equations.

Linearization around :

dv

b 1 2
o = JE(@)v+ O([lv]l%).



Assume

L = Lﬁz.

A:=JE" = [ 0 L‘]

—Ly O

Pl oc(L+) > wt, wp >0, w_ > 0;

P2 o,(L+) is a finite set (counting multiplicity)
P3 kerL_ Cc dom Ly ([G]: domLy =domL_).
Hence one can reduce the eigenvalue problem

A(uw, w)t = Au, w)! — Liu=—-Aw, L_w = \u

to the case ker L_ = {0}:

Ru=25u, R:=1L4, S:= L:l, 2= —\?



We shown 3 a regular point (zg) of the pencil K(z) = R — zS.
z = % + 20: Ru= 2z8u = (R — 20S) " 1Su = ~u
B:=(R—25)"1, G:=8Sand A= (R—25)"15.

Let zg = 0.

By definition, an eigenvalue z of the pencil K(z) is stable iff
z > 0 and semi-simple. Otherwise it is unstable.

Proposition 2. K(z) has (i) a finite number (> 0) of negative
eigenvalues and (ii) not more than 2xk+ 1 (counting multiplicity)

nonreal and unstable positive eigenvalues.

(i) follows from assumptions P1 and P2



(ii) from Theorem 1: Unonreal(A) — Unon'real(A|£)Uanonreal(A|£)*-

Proposition 3. If R and S have different (finite) numbers
(counting multiplicity) of negative eigenvalues, the pencil K(z)
has at least one negative eigenvalue, that is, at least one unsta-
ble eigenvalue.



Example 2. Consider a scalar nonlinear Schrodinger equation:

iy = -+ F([Y12)y,  A=02, +..+02,,
(z,t) € R x R, 9 € C.

If F(|¢|2) is a localized potential, for instance, F € C* and
F'(0) = 0, the equation has a solitary wave solution

v =p(x)e*!, w>0, p:R¥ >R

Hence o(x) € C*° is an exponentially decreasing function.

(see, K. McLeod, "Uniqueness of positive radial solutions of
Au—+ f(u) =0 in R", Trans. Amer. Math.Soc. 339, 495-505

(1993)).



Substitute

v = () + [ulz) + iw(@)]eM + [a(z) + iw(z)]eM) e,

A € C and (u,w) € C2, and have a Hamiltonian system with
Schrodinger operators:

Ly =—-A+4+w+ F(p?) + 202 F'(¢°),

L_=—-A+w+ F(H2).

Here L+ are unbounded operators,
oc(L+) = [w,00), wip =w_=w>0.
dimkerL_>1, ¢(x) € kerL_,

dim ker L_|_ > d, 8;,;jgo(:p) S kerL_|_,j =1,...d.



H = W3 (R? C).

Assumptions P1 and P2 hold since the functions F(?) and
02 F'(p2) are exponentially decreasing.



