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Introduction

Model of quantum dot

@ We take the two-dimensional Laplace-Beltrami operator and
we choose the harmonic oscillator potential to take the
confinement into the account.

@ The impurity si modelled by a point potential (J-interaction).

@ The point potential is introduced with the help of the
self-adjoint extension method which yields a boundary
condition.
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Introduction

At first we consider the flat case (Euclidian plane) and an
arbitrary position of the impurity.

Next we deal with a non-zero curvature (Lobachevsky plane),
but we restrict ourselves to the case when the impurity is
localized in the center of the potential. This problem still
remains open.

In both cases we find an explicit formula for the Green
function of the total hamiltonian.

Moreover we try to analyze the spectrum in dependence of
the problem parameters.
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Quantum dot with impurity in Eucledian plane Spectrum
Krein Q-function

Quantum dot with impurity in Eucledian plane-model

Two-dimensional isotropic harmonic oscillator:

1
H=-A+ szxz, where w > 0

WX2
Dom(H) = span {xf1x£2e4| ny,ny € No}

Perturbed hamiltonian H,(q), « € R, is a selfadjoint extension of

the following symmetric operator:

Dom(H(q)) := {f € Dom(H)| f(q) =0}, H(q) := H [pom(H(q))
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Definition
Quantum dot with impurity in Eucledian plane Spectrum
Krein Q-function

Spectrum

Krein formula:

gg’q(xa)/) = ggo(xay) - [Q(Za q) - a]—lg?O(X’ q)ggo(q,y),

where Q(z,q) = Gh Geg(a: q) is the regularized Green function of H
evaluated in x = y = g (so-called Krein Q-function).

@ An eigenvalue A, of H of the multiplicity k, is an eigenvalue
of H, of the multiplicity k, + 1, k, or k, — 1.

o Additional eigenvalues different from A, are solutions to the
equation

Q(z,q) =
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Quantum dot with impurity in Eucledian plane Spectrum
Krein Q-function

Green function of two-dimensional isotropic harmonic
oscillator

@ In the polar coordinates:
ein(p—¢")
Geo(re,r'@) 27T Z Gi(r, ")

r(l(|n|+1—5)) 1 w w
z n_ L \2 w/ = m n(—2>W n(fz)
Ga(r:r) wl(|n] + 1) P R ) < 2.2 \2 >

(H - z)gg‘)(x,y) =d§(x—y), forze C\o(H),

where M, , and W, ;, denote the Whittaker functions and
r<,r- are the smaller and the greater of r and r’, respectively.

@ The divergent part: —% In|x — y|
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Definition
Quantum dot with impurity in Eucledian plane Spectrum

Krein Q-function

Comparing the following expressions for the free hamiltonian Green

function G, (x — y) = ﬁ'Hél)(ﬁ|x — y|) we obtain a series for the
divergent part (z < 0):

o Galx—y) AT~ L(in|x — y| +In Y5E — w(1))
o Gulx—y)=§ 5 HOiv=zr)dliv=zre) cosfnlp - o)

For Krein Q-function, we conclude:

f %(%gﬁ(q,Q)Jr%Yn(ﬁq)Jn(ﬁq))Jr%gg(q’q)

n=1

+1Y0(vZq)Jo(vZq)— 2 (In Y2 ~W(1))  for z>0

Q(Z, q) = 9

> (Lo3(a.0)~H (iv=2a) n(iv/=2a))
+263(q,9)- 5 Y (iv=29) ho(iv=2q)
L %(In ‘/?f\ll(l)) for z<0.
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Quantum dot with impurity in Eucledian plane

Figure: Krein Q-function for several values of ¢

Q(z,2)
1

0.75
0.5
0.25

-0.25
-0.5

0(2,0.2)

V. Geyler, P. Stovitek, M. Tusek

z

on
rum
Q-function

0(z,1)
1

0.75
0.5
0.25

-0.25
-0.5
-0.75
-1
0(z,0)

1
0.75
0.5
0.25

-1
-0.25
-0.5
-0.75
-1

tum dot with impurity




[SEISIENY

WWWWWww

e e

0.
0.
0.
0.

Kre

ein Q-function

E3(q) E3(q) E3(q)
o\ 1 2 3 2754 T T 59 3.08
e 3.8 3.06
97 3.6 3.04
96 3.02
95 3.4
94 3.2 T 23 4 549
E2(q) 2'E026(q)
T 1 2z 3 54 2.05
98 2.04

2.03
96 2.02
94 2.01

i3 d 59

E1(q) E1(q)
] T a b Lq  1-08
gg 1.8 1.06]
97 1.6 1.04
96 1.02
95 .4 1
94 1.2 T 2 3 4 549
Eo(q) Eo (q)
T 1 754 4
98 0.5
96 7549
94 -0.5
92 -1




Definition
Radial part of the Green function
Quantum dot with impurity in Lobachevsky plane Krein Q-function

Quantum dot with impurity in Lobachevsky plane-model

Lobachevsky plane IL2 in polar coordinates

ds? = dg? + a2 sinh? §d02,

where 0 > const. = R = —% is scalar curvature

Hamiltonian of the two-dimensional isotropic harmonic oscillator
with the central point interaction in the Lobachevsky plane is a s.a.
extension of:
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Definition
part of the Green function

Quantum dot with impurity in Lobachevsky plane I\nem Q function

Partial wave decomposition

@ Substitution £ = cosh 2 yields

+

Y
Nig
—
oy

N

I

—
—

|
NN
[

Il
8=

I

=2 [1-8) -2 G +(1-8)

@ H may be decomposed in the following way

& A

Fln=(1-) 5 26 &~ (1-8) 1+ 222 (€-1)- 1, Dom(Fa)=C5*(1,00)
@ We conclude

° IEI,7 ises.a. forn#0
o Hy has deficiency indices (1,1)
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Definition
Radial part of the Green function
Quantum dot with impurity in Lobachevsky plane Krein Q-function

Radial part of Green function G, (df = 0)

@ To find the Krein Q-function, we may restrict ourselves to the
radial part of the Green function since

Q(z):gzx’eg(]':(];l?()) and gz(§76;170):gz(£)5
@ and hence (A—2)G.(&)=(Fo—z)G.(£)=0 for £€(1,00).

(F—2)0== [ (1-€2) 27 —26 G —c*+ A (<) G0

4.2 4.2
2__aw — aw 1
where ¢*=—22—, A, (c)=—z—5——;

The only solution which is in L?((1,00), a%d€) near infinity is the

following combination of radial spheroidal functions:

RUG)_ROM) | ;p002)
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Definition
Radial part of the Green function
Quantum dot with impurity in Lobachevsky plane Krein Q-function

Asymptotic expansion for RS(3) as & — 1+

@ We make use of the relation

RB(3):[i COS(V?T)]71 [Rg(l) l_e*l'ﬂ'(l/‘*’l/z) RB(I)] .

v—

@ Then we convert radial spheroidal functions to angular
spheroidal functions with the help of so-called joining factor

RB(l) (C,ﬁ):ﬁ?,(l)(c) e imY  (cg)”

= @&
[g (2 cos(vm)— LT sin(u7r)) 53(1)(c,g)fsin(uﬂ)SB(Q)(c@)]

@ Angular spheroidal functions may be written in infinite series
of Legendre functions

()= ¥ dp()Qail6)

=—00
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Definition
Radial part of the Green function

Quantum dot with impurity in Lobachevsky plane Krein Q-function

@ Using the asymptotic expansion
QUE R Lin(552)+W(1)~W(r+1) i T +O((¢-1) In(6-1))
we conclude that

RO (c,2)* < aln(e—1)+B8+0((6-1) In(¢—1)).

[0}

The ratio £ is propotional to the Krein Q-function and holds

o)

—y-109) eiﬂ'(3u+3/2)1>

Q()\,,(C))O(ng In(2)72lli(1)+ﬁ(c)\|15y(c)*m‘2(7:,r) ( 20 5

where A, (c)= > d%(c), Wsu(c):k_§ d%” ()W (v+2k+1)
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Definition
Radial part of the Green function

Quantum dot with impurity in Lobachevsky plane Krein Q-function

Theorem

Let d(x,y) denotes the geodesic distance between the points x, y
of a two-dimensional manifold X of bounded geometry. Let
UeP(X):={U| Uy:=max(U,0)€L}2(X), U_:=max(—U,0)eX ", LPi(X)} for an
arbitrary n € N and 2 < p; < 0o and A € (C®(X))?. Then the
Green function Ga y of the Schrodinger operator Ha y = —Apx+ U
has the same on-diagonal singularity as that for the

Laplace-Beltrami operator, i.e.,

1 1 re
Gaulx,yi¢) = 5. N d(xy) + G5 (x, ¥ €),

where G %, is continuous on X x X. [BGP]
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Definition
Radial part of the Green function
Quantum dot with impurity in Lobachevsky plane Krein Q-function

Krein Q-function

Using the previous theorem we conclude for the Krein Q-function

(1)
Fy— (c) im(3v
Q()\u(c)):—% (7 In(2)72W(1)+AU2(C)\Ils,,(c))+m (Me € +3/2)1>

@ We may ask for which v the spheroidal eigenvalue
Av(c), ¢ =ilc|, is real.

@ For those v, the Krein Q-function should be real too.

e Knowing dependencies of A\, (c) and Q(A,(c)) on v, we may
find Q-function as a function of spectral parameter.

@ For numerical computation we use a Mathematica package
Spheroidal.m by Peter Falloon, which | have modified a bit,
but it still gives wrong numbers for some values of parameters!
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Quantum dot with impurity in Lobachevsky plane Krein Q-function

Figure: Dependence of A, (/) on v. It can be proved that \,(c) € R for
v € R. Note the axial symmetry with respect to v = —1/2.
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Figure: Krein Q-function as a function of the spectral parameter z.
Unfortunately there are still 'white places’.
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Quantum dot with impurity in Lobachevsky plane Krein Q-function

Thank you for your attention!
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