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Model of quantum dot

We take the two-dimensional Laplace-Beltrami operator and
we choose the harmonic oscillator potential to take the
con�nement into the account.

The impurity si modelled by a point potential (�-interaction).

The point potential is introduced with the help of the
self-adjoint extension method which yields a boundary
condition.
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Problem

At �rst we consider the 
at case (Euclidian plane) and an
arbitrary position of the impurity.

Next we deal with a non-zero curvature (Lobachevsky plane),
but we restrict ourselves to the case when the impurity is
localized in the center of the potential. This problem still
remains open.

In both cases we �nd an explicit formula for the Green
function of the total hamiltonian.

Moreover we try to analyze the spectrum in dependence of
the problem parameters.
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Quantum dot with impurity in Eucledian plane-model

Two-dimensional isotropic harmonic oscillator:

H = ��+
1

4
!2x2; where ! � 0

Dom(H) = span

�
xn11 xn22 e

�!x2

4 j n1; n2 2 N0

�

Perturbed hamiltonian H�(q); � 2 R; is a selfadjoint extension of
the following symmetric operator:

Dom(H(q)) := ff 2 Dom(H)j f (q) = 0g ; H(q) := H �Dom(H(q))
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Spectrum

Krein formula:

G�;qz (x ; y) = Gho
z (x ; y)� [Q(z ; q)� �]�1Gho

z (x ; q)Gho
z (q; y);

where Q(z ; q) = Gho
z;reg(q; q) is the regularized Green function of H

evaluated in x = y = q (so-called Krein Q-function).

An eigenvalue �n of H of the multiplicity kn is an eigenvalue
of H� of the multiplicity kn + 1, kn or kn � 1.

Additional eigenvalues di�erent from �n are solutions to the
equation

Q(z ; q) = �:
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Green function of two-dimensional isotropic harmonic
oscillator

In the polar coordinates:

Gho
z (r '̂; r 0'̂0) =

1

2�

1X
n=�1

Gzn(r ; r 0)ein('�'
0)

Gzn(r ; r 0) =
�
�
1
2(jnj+ 1� z

!
)
�

!�(jnj+ 1)

1

rr 0
M z

2!
;
jnj
2

�!
2
r2<

�
W z

2!
;
jnj
2

�!
2
r2>

�

(H � z)Gho
z (x ; y) = �(x � y); for z 2 C n �(H);

where Ma;b and Wa;b denote the Whittaker functions and
r<; r> are the smaller and the greater of r and r 0, respectively.
The divergent part: � 1

2� ln jx � y j
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Comparing the following expressions for the free hamiltonian Green

function Gz(x � y) = i
4H

(1)
0 (

p
z jx � y j) we obtain a series for the

divergent part (z < 0):

Gz(x � y)
jx�y j!0� � 1

2� (ln jx � y j+ ln
p�z
2 �	(1))

Gz(x � y) = i
4

1P
n=�1

H
(1)
n (i

p�zr>)Jn(i
p�zr<) cos[n('�'0)]

For Krein Q-function, we conclude:

Q(z ; q) =

8>>>>>>>><
>>>>>>>>:

1P
n=1

( 1
�
Gz
n(q;q)+

1
2
Yn(

p
zq)Jn(

p
zq))+ 1

2�
Gz
0 (q;q)

+ 1
4
Y0(

p
zq)J0(

p
zq)� 1

2�
(ln

p
z
2
�	(1)) for z>0

1P
n=1

�
1
�
Gz
n(q;q)� i

2
H

(1)
n (i

p�zq)Jn(i
p�zq)

�
+ 1

2�
Gz
0 (q;q)� i

4
H

(1)
0 (i

p�zq)J0(i
p�zq)

� 1
2�

(ln
p�z
2
�	(1)) for z<0:
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Figure: Krein Q-function for several values of q
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Figure: Energy levels En for � = 2; � = 0; � = �2
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Quantum dot with impurity in Lobachevsky plane-model

Lobachevsky plane L2
a in polar coordinates

ds2 = d%2 + a2 sinh2
%

a
d�2;

where 0 > const: = R = � 2
a2

is scalar curvature

Hamiltonian of the two-dimensional isotropic harmonic oscillator
with the central point interaction in the Lobachevsky plane is a s.a.
extension of:

H = � 1p
g

@

@x i
p
gg ij

@

@x j
� 1

4a2
+

1

4
a2!2 sinh2

�%
a

�

Dom(H) = C10 (L2
a n f0g)

V. Geyler, P. �St'ov���cek, M. Tu�sek Quantum dot with impurity



Introduction
Quantum dot with impurity in Eucledian plane

Quantum dot with impurity in Lobachevsky plane

De�nition
Radial part of the Green function
Krein Q-function

Partial wave decomposition

Substitution � = cosh %
a
yields

H= 1

a2

h
(1��2) @2

@�2
�2� @

@�
+(1��2)�1 @2

@�2
+ a4!2

2
(�2�1)� 1

4

i
=: 1

a2
~H:

~H may be decomposed in the following way

~H=
1L

n=�1
~Hn

~Hn=(1��2) @2

@�2
�2� @

@�
�n2(1��2)�1+ a4!2

2
(�2�1)� 1

4
; Dom( ~Hn)=C10 (1;1)

We conclude
~Hn is e.s.a. for n 6= 0
~H0 has de�ciency indices (1,1)
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Radial part of Green function Gz (d� = 0)

To �nd the Krein Q-function, we may restrict ourselves to the
radial part of the Green function since

Q(z)=Gz;reg (1;0;1;0) and Gz (�;�;1;0)=Gz (�);

and hence ( ~H�z)Gz (�)=(~H0�z)Gz (�)=0 for �2(1;1):

( ~H0�z)Gz=
h
(1��2) @2

@�2
�2� @

@�
�c2�2+��(c)

i
Gz=0

where c2=� a4!2

2
; ��(c)=�z� a4!2

2
� 1

4

The only solution which is in L2((1;1); a2d�) near in�nity is the
following combination of radial spheroidal functions:

R
0(3)
� =R

0(1)
� +iR

0(2)
�
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Asymptotic expansion for R
0(3)
� as � ! 1+

We make use of the relation

R
0(3)
� =[i cos(��)]�1

h
R
0(1)
���1�e

�i�(�+1=2)R
0(1)
�

i
:

Then we convert radial spheroidal functions to angular
spheroidal functions with the help of so-called joining factor

R
0(1)
� (c;�)=�

0(1)
� (c) e

�i��

�
(c�)�

(c)� (�)�h
�
2

�
2 cos(��)�

p���1p
�+1

sin(��)
�
S
0(1)
� (c;�)�sin(��)S

0(2)
� (c;�)

i

Angular spheroidal functions may be written in in�nite series
of Legendre functions

S
0(2)
� (c;�)=

1P
k=�1

d0�k (c)Q0
�+2k (�)
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Using the asymptotic expansion

Q0
�(�)

�!1� � 1
2
ln( ��1

2 )+	(1)�	(�+1)�i �
2
+O((��1) ln(��1))

we conclude that

R
0(3)
� (c;z)

�!1� � ln(��1)+�+O((��1) ln(��1)):

The ratio �
�
is propotional to the Krein Q-function and holds

Q(��(c))/ �
�
=� ln(2)�2	(1)+ 2

A� (c)
	s�(c)� 2�

tan(��)

 
�
0(1)
���1

(c)

�
0(1)
� (c)

e
i�(3�+3=2)�1

!

where A�(c)=
1P

k=�1
d0�k (c); 	s�(c)=

1P
k=�1

d0�k (c)	(�+2k+1)
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Theorem

Let d(x ; y) denotes the geodesic distance between the points x ; y
of a two-dimensional manifold X of bounded geometry. Let
U2P(X ):=fUj U+:=max(U;0)2Lp0loc (X ); U�:=max(�U;0)2Pn

i=1 L
pi (X )g for an

arbitrary n 2 N and 2 � pi � 1 and A 2 (C1(X ))2. Then the
Green function GA;U of the Schr�odinger operator HA;U = ��A +U
has the same on-diagonal singularity as that for the
Laplace-Beltrami operator, i.e.,

GA;U(x ; y ; �) = 1

2�
ln

1

d(x ; y)
+ GregA;U(x ; y ; �);

where GregA;U is continuous on X � X. [BGP]
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Krein Q-function

Using the previous theorem we conclude for the Krein Q-function

Q(��(c))=� 1
2�

�
� ln(2)�2	(1)+ 2

A� (c)
	s�(c)

�
+ 1

tan(��)

 
�
0(1)
���1

(c)

�
0(1)
� (c)

e
i�(3�+3=2)�1

!

We may ask for which � the spheroidal eigenvalue
��(c); c = i jc j, is real.
For those �, the Krein Q-function should be real too.

Knowing dependencies of ��(c) and Q(��(c)) on �, we may
�nd Q-function as a function of spectral parameter.

For numerical computation we use a Mathematica package
Spheroidal.m by Peter Falloon, which I have modi�ed a bit,
but it still gives wrong numbers for some values of parameters!
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Figure: Dependence of ��(I ) on �. It can be proved that ��(c) 2 R for
� 2 R. Note the axial symmetry with respect to � = �1=2.
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Figure: Dependence of Q(��(I )) on �.
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Figure: Krein Q-function as a function of the spectral parameter z .
Unfortunately there are still 'white places'.
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Thank you for your attention!
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