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Range space relations

(9, (-,-)): Hilbert space

M C H range subspace of §H if

M =ran A for some A € L(RK,$H)

3 inner product (-,-)4 on M

|ul|l+ > cl|lullg, v e MM, ¢>0

(M, (-,-)4) Hilbert space

Note: If 991 closed then 9t range space
Neubauer’s Lemma

M, Y1 range subspaces of H

If 9T+ 9%, M NIt closed then N, D closed



A C$H x 9 is range space relation (RSR) if

A is a range subspace of H x H

If A, B are RSR

then A+ B, AB are RSR and

ker A, mul A, ran A, dom A range subspaces

if dom A closed then ker A closed

if ran A closed then mul A closed

if ker A and ran A closed then A closed

if mulA and dom A closed then A closed



The degree of a relation

A(A) =

{neN: ranA"Nker A=ran A™Nker A, Vm > n}
5(A) =min A(A) if A(A) #0

0(A) =00 if A(A)=0

Equivalent are

-de A(A)

- ker A™ C ker A+ ran A", m,neN

- ran A%Nker A™ C ran AMnNker A", m,n €N



Quasi-Fredholm relations

RSR A in $ is quasi-Fredholm of degree d if
(QRQ1) d=6(A) < 0

(Q2) ran AN ker A closed in $:

(Q3) ran A + ker A% closed in ).

A is quasi-Fredholm of degree O iff

ker AC ran A™, m € N

and ker A is closed in 9

and ran A is closed in $

If A is quasi-Fredholm of degree 1 then

ker A, ran A are closed by Neubauer’'s Lemma



T heorem

Let A be quasi-Fredholm of degree d.
Then 3 closed subspaces M, N C H

(K1) H=9M+MN MnNnN = {0}

(K2) ran A? C M

(K3) M Cker A4, ifd>1, M ¢ ker Ad—1
(K4) A= AgpyontAgpym, direct sum
(K5) Agpyon quasi-Fredholm of degree 0

(K6) (Apyo)? =N x {0}



Construction of 971 and N

Mo =9

M; 1 = (ran A+ker Ad)l—l—{v  {u,v} €A, uc Sﬁj}
M1 €Ny

Mo = {0}

N1 = {u c (ran A%nker A)L: {u,v} € A, ve ‘ﬁj}
N, C N

Mg =M,;, Ng =N, for j >d

M =My, N=Ny

Theorem

Let A be quasi-Fredholm of degree d. Then

- ran A™ 4+ ker A™ closed forn4+m > d

- mul A™ closed for n € N



Decompositions

RSR A in 5 is Kato decomposable

of degree d if 3 closed subspaces 9,91 C H
such that (K1—6) are satisfied.

RSR A in 9 is normally decomposable

of degree d if 4 RSR D, operator T with

(N1l) A=D+T, TD=domA x {0}
DT = $H x mul A;

(N2) D quasi-Fredholm of degree <1

(N3) T¢9=0



Theorem

Equivalent are

- A is Kato decomposable of degree d

- A is normally decomposable of degree d
- A is quasi-Fredholm of degree d
Remark

D = AgpyomPom, T = AnxnPn

If A is quasi-Fredholm then A is closed



Theorem
Let A be a quasi-Fredholm of degree d. Then
- A* is quasi-Fredholm relation of degree d

- ran A™ 4+ ker A™ = (ker A** N ran A*™)-t
n+m>d

- ran A*™ 4+ ker A*™ = (ker A™ Nran A™)-+
n+m>d

- (ker AL =ran A*"?, (ker A*")L = ran A"
n>d



Semi-Fredholm relations

Closed relation A in $ is semi-Fredholm if
(S1) ran A closed;

(S2) dimker A < oo or dim($/ran A) < oo
Semi-Fredholm implies quasi-Fredholm

If dimker A < oo

dim (ker Anran A™) nonincreasing

3 d with ker ANnran A% = ker ANran A4tk
dimker A9 < co = ran A + ker A9 closed
If dim($H/ran A) < oo

dim (ker A/(ker ANran A™))

= dim (ker A™ +ran A)/ran A

<dm($H/ran A) < o



