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Abstract: The main result presented here is that for a fixed, suf-
i _ i _ ficiently small erasure probability, we design fusion
The main goal of this paper is the design of frames for {3 meg such that their associated coding rate is bounded
transmitting vectors through a memoryless analog erasurgyay from zero and the mean-square error remaining after
channel. T.he channel transmits tr_le frame coefficients Pelerror correction is applied decays faster than any polyno-
fectly or discards them, depending on the outcomes of v ialin terms of the number of frame vectors.

Bernoulli trials with a failure probability;. For suffi-  The techniques for our results involve combinatorial el-
ciently smallg, we construct frames which encode above @ g ments similar to the construction of product codes ini-

fixed non-zero rate and allow the receiver to recover part Oftially investigated by Elias [0], together with some frame-
the erased coefficients so that the remaining mean-squargsecific arguments.

error vanishes as the frame size increases. We give ex-
amples for which the mean-square reconstruction error re- Preliminaries
maining after corrections are applied decays faster thar?'

any inverse power of the number of frame vectors. Throughout the paper, we Ié¢ be a real or complex

Hilbert space. Instead of expanding vectors in Hilbert
1. Introduction spaces with orthonormal bases, many applications nowa-
days use frames, stable, non-unique (redundant) expan-

We are concerned with the linear transmission of vectorsSionS’ for various purposes. We first briefly recall the basic
terminology, and refer the reader to [0] for further details

through a memoryless channel that either transmits a co-
efficient perfectly or discards it, in accordance with the Definition 1. We call a family of vectors = {f;};es
outcomes of independent, identically distributed Bertioul in H a frameif there exist constantd, B > 0 such that
trials. The problem of reconstructing a vector in a finite- for all z € H with ||zf| =1, A < 3. ; [(z, i? < B.
dimensional real or complex Hilbert space when not all If we can choosel = B, then we say that the frame is
of its frame coefficients are known has already received A-tight. In caseA = B = 1 we call F a Parseval frame
much attention in the literature [0,0,0,0,0,0,0,0,0]. How A frame is calledequal-normif there is ac > 0 such that
ever, many results focus on optimal performance for theall vectors have the norrf;|| = c¢. With each frameF,
smallest possible number of erased coefficients [0, 0, 0, 0]we associate thanalysis operatoV” : H — ¢2(.J), which
which is not typical for transmissions via a memoryless maps a vector to its frame coefficienf8x); = (z, f;).

Erasm;re channel. Other results 0? so-called ma;qmallly rof‘l’he fact that a vector is over-determined by its frame coef-
ust frames guarantee recovery from a certain fraction offiiants helps correct errors which may occur in the course

lost frame coefficients [0], but this may involve inverting ot 5 transmission, or when frame coefficients are stored

an arbitrarily ill-conditioned matrix. in an unreliable medium. A main goal of frame design is
The notion of a memoryless analog erasure channel isg gptimize the performance of a frame given certain con-
simply one that transmits each frame coefficient indepen-gtraints. This could be, for example, the dimension of the
dently with a given success probabiligyand otherwise  Hilpert space and the number of frame vectors, or their ra-

erases it, meaning it does not let the receiver access thgq |n analogy with binary codes, we define a coding rate
coefficient. Within this error model for transmissions, for a given frame.

we investigate the performance of fusion frames [0, 0, 0],
previously also referred to as frames of subspaces [0] o
weighted projections resolving the identity [0], whichden
themselves to various methods of error correction. What
makes the fusion frames useful for error correction pur- The coding and error correction method we discuss here-
poses is that they have many subsets which are frames foafter relies on frames arising from tensor product con-
their span. Thus, one can design hierarchical methods fostructions. These frames are a special type of a fusion
error correction which make error estimates feasible. frame, see e.g. [0,0,0,0].

IDefinition 2. Let’H be a Hilbert space of dimensiahand
F a frame forH consisting ofn vectors. We say thaf
has acoding rateof R = d/n.



Definition 3. Given Hillbert space${, Hs, ... H,, and Remark 1. If F is a Parseval frame theifV*EV —
tight framesF(®) = {f;Z)}jeJi, for each?,, thenthe fam- I)z = V*(E — I)Vz and the inverse can be obltained
ilv of vectorsF — { ™) @) o ... (m) . from the norm-convergent N_euma_nn SeiESEV)™! =
'y of Vectors Uy @f, @@ f, Ji € S o(V*(I — E)V)™. Applying this operator to the out-

J; for all i} is atight frame forH = H1 @ Ha®- - - @ Hpp. . . . .
We call this frameF a tight product frame put of blind reconstruction gives perfect reconstructidn o
the input vector.

Remark 1. We note that if we fix all but one index, say the ' .
_ D) (2) (m—1) Next, we define a measure for average reconstruction per-
last, then the resulting s¢f '@ £,/ @- - - £, o F(m

: ) i jo m—1 formance when probabilities for erasures are known. To
IS a tight frame fqr its span. Thereforg; has a natural ;g end, we average the square of the reconstruction error
fu_sm_)n fram_e_ archltecture._ o with the distribution of erasures and input vectors. Here
Similarly, fixing only the firstn — £ indices of the frame ;4 herafter, we denote the expectation of any random

vectors in the tensor product would provide a tight frame variablen with respect to the underlying probability mea-
for a subspace for ang < k£ < m. Moreover, there ¢ op by E[n] = [ ndP.

is a partial ordering on these tight frames for subspaces
induced by the partial ordering of the subspaces they span Definition 5. Let {3,},c, be a family of binary {0, 1}-
valued) random variables governed by a probability mea-

3. Erasures and the mean-square error sureP, and letA be the random diagonal matrix with en-
’ tries A; ; = (;. Moreover, leté be a random variable

A communication system is given by a franfefor a  With values in the unit spherer € H : [[z[| = 1} which
Hilbert spaceH, and an error model for the transmis- IS independentof the familys; }, and assume that the dis-
sion of frame coefficients. Our main error model as- tribution of U¢ is identical to that of for any fixed unitary
sumes memoryless erasures, that is, the values of ranl- Given a Parseval framg for a Hilbert spacef{ with
domly selected frame coefficients become unknown in @nalysis operato#’, we define thenean-square errday
the course of transmission, in accordance with the out- 2 _ . 2

comes of Bernoulli trials. In brief, frame coefficients are o (V. ) = E[[V"AVET.

erased, independently of each other, with a fixed probabil-There is a simple expression for the mean square error as

ity ¢ > 0. _ _ _ the square of a weighted Frobenius norm of the Grammian
Depending on the implementation of decoding, the perfor-y v/

mance of a frame can be measured in different ways; we
generally distinguish active error correction and blind re Lemmal. Let{/3;} c, be as above, assume the family is
construction. When actively correcting erasures, ons trie identically distributed with probability®(4, = 1) = g,
to fill in the values for the erased coefficients, and aims and assume the joint distribution is such thHags; =
for a high probability of successfully restoring all lostco 37 = 1) = r forall j # j'. LetA be the random di-
efficients. When blind reconstruction is used, one sets theagonal matrix with entries\; ; = ;. If V' is the analysis
missing coefficients to zero and reconstructs always in theoperator of a Parseval fram& = {f;};e,; containing
same way. In this case, the usual goal is obtaining a small» = |/| vectors in a Hilbert space of dimensidnthen
error norm, such as the mean-square error or the worst- ) n n
case error. 2 _ 14 2
In the present work we consider a combination of the two =8 d ((q ") ; 1751+ Tj,lz:1 s il )
approaches. We measure the quality of error correction by
the mean-square errorthgt results fr(_)m using the correcteqL Bounding the mean-square error for iter-
coefficients with the possibly remaining, uncorrected era- : ;

N ative decoding
sures set to zero. The average in this mean-square error

is taken over the random erasures and over random unitys section describes how product frames can be used to
norm input vectors. For simplicity, we consider input vec- trade an increase in block length of encoding for better
tors which are independent of the erasures and uniformlyerror correction capabilities

distributed on the unit sphere of the Hilbert space. We first consider the simplest case in whighhas two fac-

Definition 4. Let F = {fi, fo,... s} be a Parse- tors,H = ﬁl QHs. Also, as preparation forqurmainthe—
val frame for a real or complex Hilbert spack¥. The orem, we f|_rst consider pack.elt erasures [0] instead of era-
blind reconstruction errofor an input vectorz € sures for single frame coefficients. This means, we have
aframeF = F( @ F®? and a two-parameter family of
random variable$3; ;- } which govern erasures of frame
coefficients in such a way that either all coefficients be-
\V*EVz —z| = |(V*EV — I)z|| longing to someg’ are erased or all of them are left intact.

We compute the mean-square error for this error model.

and an erasure of frame coefficients with indid€s =
{jlaj?a .. ]m}a m S n, iS giVen by

where E is the diagonaln x n matrix with E; ; = 1 if P tion 1. L B dletV: andVs be th
j ¢ K andE; ; = 0 else. If the positive operatdr* EV roposition 1. LetH = H, ®H; and letV; andV; be the

. . i _ @
has a bounded inverse, then we say that the correspondingnalysis operators of Parseval fram@st) = {f;"}je,
erasure is correctible. andF®? = {fﬁ)}j/eb for H; and’Hs having dimension



d, anddy, respectively. Le{s; ; : j € Ji,j’ € J2} be Lemma 4. Let {01, 09,...,08.}, n > 1, be indepen-
a two-parameter family of binary random variables which dent, identically distributed binary random variables hvit
have probabilitiedP(5; ;; = 1) = g and are distributed  probability P(5; = 1) = ¢. Let the random variables
such that there is a famll\jﬁ NVies, andB; o = ﬁ@) V1,72 - - - Yo D€ defined by; = g; if 357, 8; > 3, and
almost surely, regardless gf "The mean- square error for  Otherwisey; = 0forall j € {1,2,...n}. Then, for anyj,
the frameF and this type of packet erasures reduces to 1

that of 7(2), P(y; =1) < 6n3q4,

o* (Vi @ Va, B) = 0% (Va, BP).

Next, we continue with three combinatorial lemmata. Plve = e = 1) < 12
They prepare the main result which concerns the error (v =752 = 1) <n7q’.

correction capabilities of tight product frames. The main These lemmata allow us to formulate an error bound for

PrOb'eT“ we W'.Sh to ado_lre_zss with this result is the follpyv- the remaining mean-square error for blind reconstruction
ing: Given a fixed, sufficiently small erasure probability after the error correction protocol has been applied.

q, find frames such that their associated coding rate is

bounded away from zero and the mean-square error reTheorem 1. LetV = V1 @ 12 ® - - - ® V,,, be the analysis
maining after error correction is applied decays fast in operator of a Parseval product framge = F(V @ F?)
terms of the number of frame vectors. --.®@F (™) for a Hilbert spaced = Hi @Ha @ - - - @ Hom.

We show hereafter that product frames of the fafim= Denote the dimension of eadH; by d; and the num-
FU @ ... @ Fm), for which each factorr( can cor-  ber of frame vectors itF(?) by n;. Let{3;, j,. ..} be

yeon

rect up to two erased frame coefficients, satisfy the desiredan m-parameter family of binary independent, identically

and forj; # j», we have

properties. distributed random variables, defir{éJ(m_l)} as above,
Lemma 2. Letn; > 3andlet{s, (s, ... 6, } beafam-  and |et%1,72, Jm = 53: Y if P 5(-::71) > 3 and
ily of independent, identically distributed random vari- v;, ... = 0 otherwise, then
ables which take values {0, 1}. Supposey = P(8; = .

1) and letg; = P(>."2, 3; > 3), then 1 = a(m

Jandletn =50 =) V) < = (@ =) Y15

1
q < gnfqg’-

3™, )

The probability estimated in this lemma is that of a packet

of n; coefficients remaining corrupted after an error cor- e

rection protocol has been applied which can correct anywith

two erased coefficients. Lgam—1 3 43l 432 pgm—1 ggm—1
By iteration, we obtain a simple consequence. qm =6 R L | 9o
Lemma 3. Let{n;}", be the sizes of index sdtg; } 7 ,, and

withn; > 3 forall : € {1,2,...m}. Assume there is P = iqm-

an m-parameter family of binary, independent identically Nm

distributed random variablesﬁjhjz,,,,jm} andassociated  Corollary1. f V=1V, @ Vo ® --- ® V,,, and all V; be-

families {8, . 1, {6737“7 7m} {8V} which  long to equal-norm Parseval frames, then it is well known

are iteratively defined by'”. . =g;, ;... and that | £{”]|2 = £ and by the Cauchy Schwarz inequality
@ #2 < @2 /n2. Thus, we have

(k—1) |<fg 7fl >| = z/nz '

ﬁ(k) Lo if Z]k 16jk;.jk+1a---jm =3,

Jk+15Jk+25---Jm {0’ else. dm

dm
a2(V, ) < gm—= + "y = Tqm—=

m m

If P(B11,..1 = 1) = go, then the family{ 3™~} is inde-

with
pendent, identically distributed with, _, = P(5" ") = B o o
1) having the bound gm =672 g g g, o0t gt
_l(3m 1_1) 31 32 gm—1 gm-—1
qm-—1 <672 Ny 1Mm—o "N G . Example 1. Assume that an equal-norm product frame
F=FV@...0Fm™ hasF® with n; = i>n; vectors

The probability computed in the above lemma is the prob-]cor eachi € {1,2,...m} andn, > 3. Let the dimension
ability of an erased block after applying erasure correctio of the Hilbert spacéi spanned b)f:(l be

iteratively. The next lemma considers what happens when

the error correction is applied to packets at the final level. dim(H;) = i®ny — 2,

Here, we deviate from the strategy of only reconstruct-

ing nontrivially when at most two packets are missing. and assume the frame can correct any two erased coeffi-
Instead, we correct for missing packets and compute thecients. Examples of such frames are the harmonic ones,
probabilities for the residual mean-square error. see e.g. [0].



The tensor product of theser Hilbert spaces,H = [3] J. Kovacevit, P. L. Dragotti, and V. K. Goyal, “Filter
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The preceding theorem then states that after correcting [8] B. G. Bodmann and V. |. Paulsen, “Frames, graphs
erasures, the probability of an uncorrected block at the and erasuresl’inear Algebra Appl. 404: 118-146,
final level is 2005.

[9] D. Kalra, Complex equiangular cyclic frames and
erasures, Linear Algebra Appl., 419:373-399, 2006.
,glO] M. Puschel and J. Kovacevic, “Real, tight frames
with maximal robustness to erasures”, Proc. Data
Compr. Conf., Snowbird, UT, 63-72, March 2005.
m—1 o0 3 [11] P. G. Casazza and G. Kutyniok, Robustness of fu-
2 Z 37FInk <2 Z 37%Ink <In 3 sion frames under erasures of subspaces and of local
k=1 k=1 frame vectors, Contemp. Math., 464, Amer. Math.
Soc., Providence, RI, 149-160, 2008.
[12] P. G. Casazza, G. Kutyniok, and S. Li, “Fusion
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Harmon. Anal, 25:114-132, 2008.
To achieve exponential decay@f in 3™ requires [13] G. Kutyniok, A. Pezeshki, A. R. Calderbank,
and T. Liu, “Robust Dimension Reduction, Fusion
—2In6+4Ingy +61Inn; + 121n§ <0, Frames, and Grassmannian Packinggjpl. Com-
2 put. Harmon. Anal.26:64-76, 2009.
which amounts to [14] P. G. Casazza and G. Kutyniok, “Frames of sub-
spaces,” in: “Wavelets, frames and operator the-
ﬂqon?ﬂ? <1. ory,” Contemp. Math., 345, Amer. Math. Soc., Prov-
sv6 idence, RI, 87-113, 2004.

Sincen; = 3 is the smallest dimension to start the it- [15] B. G. Bodmann, “Optimal linear transmission by

; ) loss-insensitive packet encoding&ppl. Comput.
g:?g?;l’ Lasot'f:cay of the mean-square error negas: Harmon. Anal, 22:274-285, 2007.
The number of transmitted frame coefficient&id)?n’", [16] P. Elias, Error-free codindRE Trans. IT 4:29-37,
so by Stirling’s approximatiorQ(e(m+32)mmtminniy 1954. . _
whereas by the preceding corollary the decay of the mean{17] O_' Chnstensen,_ An Introduction to Frames and
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This implies that the mean-square error decays faster than
any inverse power of the number of transmitted coeffi-
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m—1 m—1 m—1ogm—k 2
m < mOn361~23 q§'3 A S 8™ T R In(k )

and upon estimating the sum in the exponent with Jensen
inequality,

we have

gm <m
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