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Abstract Fusion frames are an emerging topic of frame theory, with ap-
plications to encoding and distributed sensing. However, little is known
about the existence of tight fusion frames. In traditional frame theory, one
method for showing that unit norm tight frames exist is to characterize them
as the minimizers of an energy functional, known as the frame potential.
We generalize the frame potential to the fusion frame setting. In particular,
we introduce the fusion frame potential, and show how its minimization
is equivalent to the minimization of the traditional frame potential over
a particular domain. We then study this minimization problem in detail.
Specifically, we show that if the desired number of fusion frame subspaces
is large, and if the desired dimension of these subspaces is small compared
to the dimension of the underlying space, then a tight fusion frame of those
dimensions will necessarily exist, being a minimizer of the fusion frame po-
tential.
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1 Introduction

The analysis operator of some finite sequence of vectors {f,,}_; in an
N-dimensional Hilbert space Hy is F : Hy — CM, (Ff)(m) := (f, fm)-
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The corresponding frame operator is F*F : Hy — Hy,

M
FEf =3 f fm)fm- 1)
m=1

Generally speaking, frame theory is the study of how {f,,}M_; should be
chosen in order to guarantee that F*F is well-conditioned. In particular,
{fmIM_, is a frame for Hy if there exists frame bounds 0 < A < B < o0
such that Al < F*F < BI, and is a tight frame if A = B, that is, if
F*F = Al Of particular interest is the case of unit norm tight frames, that
is, tight frames for which || f,n|| = 1 for allm = 1, ..., M; such frames, known
to exist for any M > N, provide Parseval-like decompositions in terms of
vectors of unit length, despite the nonorthogonality of these vectors.

Fusion frame theory generalizes these concepts. In particular, when each
fm is of unit norm, the summands of the frame operator (1), namely the
operators f +— (f, fm)fm, are rank-one projections. Fusion frame theory is
the study of sums of projections whose ranks are permitted to be greater
than one. To be precise, a sequence of orthogonal projections {Pk}szl, is a
fusion frame for Hy if:

K
A< ) P < BIL

k=1
and is a tight fusion frame if A = B. As detailed below, tight fusion frames
are a focus of many emerging applications. Despite their potential appli-
cability, the question of the existence of tight fusion frames of a given size
is mostly unresolved, being heretofore only addressed in special cases using
particular constructions. The purpose of this article is to better address this
question by adapting a recent concept of traditional frame theory, namely
the minimization of frame potentials.

To be precise, the frame potential of a sequence {f,,}M_, is:

M

FP({fm}nA;[:l) = Z |<fmafm/>‘2' (2)

m,m’'=1

The frame potential quantifies the total orthogonality of a system of vectors
by measuring the total potential energy stored within that system under
a certain force which encourages orthogonality. Regarded as a functional
over E = {{fu}M_, e HY : ||fm||=1, m=1,..., M}, one may show that
every local minimizer of the frame potential is necessarily a tight frame
whenever M > N [1]. In particular, as the frame potential is continuous
and FE is compact, one may conclude that unit norm tight frames for Hy
of M elements must indeed exist for any M > N. We generalize these ideas
to the fusion frame setting.

In particular, in the next section, we introduce the fusion frame poten-
tial (6), and show how the minimization of this potential is equivalent to
minimizing the traditional frame potential (2) over a particular domain, as
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described in Theorem 2. As such, in the third section, we study the min-
imization of (2) in greater detail, strengthening and simplifying several of
the main results of [1,5,10], as summarized in Theorem 3. In the final sec-
tion, we then use these results to prove Theorem 4, which places a strong
necessary structure on any local minimizer of the fusion frame potential.
We then conclude with our main result, namely Theorem 5, which shows
that tight fusion frames will always exist, provided the number of subspaces
K is sufficiently large, and provided that the dimension of the whole space
N is sufficiently large when compared to the dimension L of the fusion
frame’s subspaces. Indeed, having Theorem 5, it is straightforward to prove
the following:

Theorem 1 For any positive integer L, and any o > 1, then for all large N
and all positive integers K > aN, there exists a tight fusion frame {Pk}szl
for Hy such that Tr(Py) =L for allk=1,..., K.

Fusion frames were introduced in [6], and later refined in [8]. Applica-
tions of fusion frames include distributed sensing [9,12], the recovery of a
signal from its frame coefficients even when some are unknown [3,4,7], and
the modeling of the human visual cortex [15]. The frame potential was intro-
duced in [1], with its domain of optimization being later generalized in [5].
It has been used to characterize tight filter bank frames [10,11]. Recently,
generalized frame potentials have been a subject of interest [2,14].

Some of the theory below is a special case of the g-potential theory
introduced in [13]. There, tight fusion frames are referred to as uniformly
weighted projective protocols. In particular, our definition of the fusion frame
potential is a special case of Definition 3.2 of [13], and our Proposition 1 is a
special case of Theorem 3.4 of [13]. Most significantly, Corollary 5.3 of [13]
characterizes the existence of tight fusion frames in a novel manner which
is quite distinct from our main results.

2 Fusion frame potential

The fusion frame operator of a sequence of {P;}H< | of orthogonal projec-
tions is their sum; the goal of this paper is to prove the existence of tight
fusion frames, in which this frame operator is a positive scalar multiple of
the identity. To be precise, our goal is to find sufficient conditions on N,
K and a given sequence of positive integers {Lk}szl so as to guarantee the
existence of orthogonal projections { P} | over Hy such that Tr(Py) = Ly
for all k =1,..., K and such that:

K
AL =Y Py, (3)
k=1

for some A > 0. We begin by noting that for any orthogonal projection
P : Hy — Hy, letting {f,,}}Y_, be an orthonormal basis for the range
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R(P) of P, we classically know that:

M
Pf="> Afsfm)fm:

m=1
for all f € Hy, that is, that P is the frame operator for {f,, }*_,. As such,
given a sequence of projections {Pk}k:p and, foreach k =1,..., K, letting

{ka}lL:"‘l be an orthonormal basis for R(Py), we have

K Ly

ZPkf ZZ (fs frea) fres (4)

k=11=1

for all f € Hy, namely that the fusion frame operator of { Py}, is equal
to the traditional frame operator of { ka}?:,Llfl:l‘ As such, rather than re-
garding fusion frame theory as a generalization of traditional frame theory,
one may instead regard it as a special case of traditional frame theory in
which certain frame vectors are required to be orthogonal to others.

As we shall make repeated use of this equivalence (4) between tradi-
tional and fusion frames, we, to simplify notation, let M = Zszl Ly and
consider the singly-indexed sequence {f,,}_, obtained by concatenating
each of the K sequences {fk’l}le’cl together. To be precise, we say that a
sequence of vectors { fm, }2_, generates the projections { Py }H< | if there ex-
ists a partition {Zy }< | of the indices {1,..., M} such that each {f,, }mez,
is an orthonormal basis for the range of Pj.

In light of (4), it is not surprising that many of the results that hold
for traditional frames will also apply to fusion frames. For example, in a
manner similar to Proposition 1 of [5], the constant A in (3) is uniquely
determined by N and the dimensions {L;}< | of the projections’ ranges;
taking the trace of (3) yields:

K
AN = Tr(Al) Tr(ZPk) ZTrPk:Z - (5)
k=1

k=1

Moreover, as the traditional frame potential is the trace of the square of the
frame operator [1], we define the fusion frame potential of {Py}i_; as:

K
FFP({P,}K ) = Tr(zpk)z. (6)
k=1

Indeed, in light of (4) and (6), the fusion frame potential of { P, }X_, is equal
to the traditional frame potential of any one of its generators {f, }M_,. We
further note that by distributing the square and trace in (6), we may write
the fusion frame potential in a manner more consistent with (2):

K

FEP({P}ily) = Y Tr(PuPu).
ok =1
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We shall accomplish our goal of proving the existence of tight fusion
frames by characterizing them as local minimizers of (6). In particular,
given any sequence of positive integers {Lk}szl, we take the domain of
optimization of the fusion frame potential to be:

PLe}iey) == {{Pe}izs | Pc : Hy = Hy, P{ Py = Py, Tr(Py) = Li }.
(7
Fixing some partition {Zj } | of {1,..., M} such that |Z| = L for every
k=1,...,K, note that every member of P({L;}%_,) may be generated by
a member of:

F{Tutey) == {{fm}N_1 : {fm}mez, is orthonormal, Vk = 1,..., K }.
(®)
In the next result, which generalizes Proposition 4 of [5], we show that if
a tight fusion frame of dimensions {Lk}f:1 exists, then it is necessarily a
global minimizer of the fusion frame potential FFP : P({Lx}< ) — R.
Note that this result does not imply that such a frame actually exists.

Proposition 1 For any sequence of positive integers {Lk}szl,

K
1 2
FFP({PH,) = +( ; Ly) )
for any {P | € P{Lx}E ), with equality holding in (9) if and only if
{P:}YE_| is a tight fusion frame for Hy .

Proof For any {Py}< | € P({Lx}E ), letting {\,}_, be the eigenvalues of
the corresponding self-adjoint, positive semi-definite fusion frame operator
ZkK:1 Py, we have:

N K K K
Z/\n:Tr<ZPk) =S m) = L (10)
n=1 k=1 k=1 k=1

Moreover, as the fact that FFP({P;} K |) = 22[21 A2 immediately follows
by definition (6), we, for any {Px}X_ , € P({Li}X ), have:

FFP({P:} ) > min{z 225, = ZLk}. (11)
n=1 n=1 k=1

The explicit value of the right-hand side of (11) occurs precisely when the
An's are constant, yielding (9), namely:

Rl > (L) - L(Tn). ey
n=1 =1 k=1

Moreover, equality in (12) occurs precisely when the A,,’s are constant, that
is, precisely when Ele Py, is a constant multiple of the identity. O
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Though Proposition 1 characterizes tight fusion frames, should they exist, as
the global minimizers of FFP : P({Lx}£ |) — R, our approach, paralleling
that of [1,5,10], is to study the local minimizers of this functional. Here, we
take the distance between any {Py}5_ |, {Qx}, € P({Lx}i,) to be:

[N

K
AAPH Q) = (X I1Pe - QullEs) (13)
k=1

whereas the distance between any {f,}M_, {gn}}_, € F{T,}E ) is
taken as:

[N

CZ({ﬁn}nj\{:h {gm}nj\{:l) = ( Z | frn — gm||2> . (14)

m=1

Below, we show that if two sequences of vectors are close with respect
o (14), then the projections they generate are necessarily close with re-
spect to (13). However, the appropriate converse statement is more compli-
cated. In particular, as any single projection P, may be generated by many
distinct orthonormal bases { i, }mez,, the distance between the generating
vectors (14) may be large even when the distance between the projections
they generate (13) is zero. Nevertheless, as the next result shows, this may
be remedied by choosing one’s generators carefully.

Lemma 1 For any {P,}H< | {Qr}YE, € PH{LL}YE ), we have:
d({Pe}i1: {Qi}isy) < Q(mkax \/fk) &({fm}%:1a {9m}m=1) (15)

for any {fuIM_1, {gm}M_, € FH{Ti}E,) which generate {Py}E | and
{Qi Y |, respectively. Conversely, for any generators { fu }M_, of { P},
and any € > 0, there exists § > 0 such that whenever {Qk}szl satisfies
d({ P Y {Qr}E)) < 8, there necessarily exists {gm }M_, which generates

{Qr} | and for which d({fm}M_, {gm}M_)) <e.

Proof Throughout, we, for any k = 1,..., K, let Fj and G} be the analysis
operators of the orthonormal sequences {fm}mez, and {gm }mez,, respec-
tively, noting that P, = F} F}, and Q) = G},Gj. Next, note that:

IF*F — G*Gllus = |[F*F — F*G + F*G + G*Cl|us
< ||IF*|lasl|F — Gllas + |(F — G)*||us||Gllus
< (I1F']lus + [|Gllus) |1 F — Gl|us,
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for any two operators F, G of equal size. Thus,

K
A{ P, { Qe =D 1P — Qrlifis

k=1

| Fy Fr — GiGrlliis

<> (IFxllus + Grllus)? 1 Fx — G llfs

2 M
([T R0 + [T(GEG0]* 3 IR — GaYem?

M= 10> T T

() + (1@} 3 1o — gl

k=1 meZLy,
K
S 4m]?XLk; Z Z ||f7n _gm||2
k=1meZy
~ 2
= dmax Ly [d({ Y pioy, {gm i) (16)

Taking square roots of (16) yields (15). For the converse result, fix any such
{fmIM_, and ¢ > 0. For any fixed ¥ = 1,..., K, note that the function
which takes projection matrices Q) of rank Lj; to the matrix Fj,QpF} is
continuous, and has value I = Fi, F F, Fi) = Fi, P F} at Qi = Py. As such,
F,Q Fy will always be invertible provided @), is sufficiently close to Py. For
any such Qg, we take {gm }mez, to be the sequence whose analysis operator
is:

G = (FoQuFy) ™ FyQy. (17)

Note that {gm }mez, is orthonormal:

GrGy = (FRQuFy) " FuQuFy (FuQuFy) 3

|
=

Moreover, since g,, = QkFg(FkaF,:)’%em € R(Qy) for all m € Iy, where
dim(R(Qk)) = |Zk|, we have that {gm }mez, is an orthonormal basis for
R(Qk). Thus, Qr = G5:Gy. Constructing {gm }mez, according to (17) for
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each k =1,..., K, we produce a sequence {g,,}*_, € F({Z;,}_,) where:

[} g D) = 3 o — gll?

K

ST fm = gmll?

k=1meZ,

|1 Fx — Ghllis

I
M=

a
Il
—

1By — (FQuFp) 2 FQullhs. (18)

M-

k

1
As (18) is a continuous function of {Qx}X_,, whose value at { P }X_, is:

K K
D N = (FePeF) ™2 FePellfis = > |1 Fk = (FWF} Fe ) ™% Fu Y Fe s
k=1

=
—

_ 1
[ Fr — 172 Fillfis

I
M=

1

I
o =

)

there exists § > 0 such that the (17) method of constructing {g,, }M_; yields

A({ fm}M_, {gm}M_,) < & whenever the projections they generate satisfy

d({ P}z {Qrtis,) < 6. O

An immediate consequence of Lemma 1 is a characterization of the local
minimizers of the fusion frame potential in terms of local minimizers of the
traditional frame potential:

Theorem 2 A given sequence {Py}5_ | € P({Lx} ) is a local minimizer
of FFP : P({Li},) — R if and only if every {fn})_, € FU{Zu}H,)
which generates {Py}E_, is a local minimizer of FP : F({T;} ) — R.

Theorem 2 strongly suggests a closer study of the minimizers of the tradi-
tional frame potential, as begun in the next section.

3 Perturbing the frame potential

A number of works have considered the minimization of the traditional
frame potential (2) over various subsets E of:

HY = {{fmu}¥_1: frn € Hy, Vm=1,...,M}.
In particular, [1] considers the minimization of the frame potential over

E={{fu}mr €HY : [fml =1, ¥m=1,..., M}, (19)
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while [5] generalizes this problem to the case where
E= {{fm}nj\{:l € H%I N fnll = am, Ym=1,.. ‘7M}7

where {a,,}}_, is an arbitrary nonnegative sequence. Meanwhile, in [10,
11], E consists of filter bank sequences {f,,}»_, in the ¢?-space of some
finite abelian group. For the purposes of proving the existence of tight fusion
frames, we, in light of Theorem 2, are interested in the special case of having
Ebe F({Zx}E_,), as defined in (8). As with this previous work, our approach
will be to study the effects that small perturbations of { f,,}3/_; have upon
the value of the frame potential. We shall make use of the following calculus
result, which strengthens and generalizes an argument found in the proof
of Theorem 1 of [5]:

Lemma 2 If f,,(-) : R — Hy is twice- diﬁerentiable forallm=1,...,M,
then the first two derivatives of FP({fm()}M_,) are:

7FP({fm( Vhm=1) = 4ReTr (F(£) F* () F () F*(1)),

%FP({fm(t)}%zl) = 2| F* (O F () + F* () (1) s + 4I1E ) F* (1) s
+ 4ReTr (F(t)F* (t)F(t)F* (1)),

where FU)(t) denotes the analysis operators of {f(])( M.

Proof Defining the derivative of a matrix-valued function as the termwise
derivative of its entries, one may easily show that:

d * A
SA(D) = A (1),

d .
STr(A(1) = Tr(A(1),

%A(t)B(t) — A(t)B(t) + A(t) B(1),

for all matrix-valued functions A(-) and B(-) of equal inner dimension. Our
results follow quickly from these rules. In particular, the first derivative of
the parametrized frame potential is:

SRR} = inF(t)F*(t)H%Is

—Tr( F*(t
“(O)F
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Similarly, and suppressing the dependence on ¢ in the notation, the second
derivative of the parametrized frame potential is given by:

s—;FP({ fdM_) = %4ReTr(FF*FF*)
= 4ReTr(FF*FF*) + 4ReTr(FF*FF*)
+ 4ReTr(FF*FF*) + 4ReTr(FF*FE™)
= 4ReTr(FF*FF*) + 4ReTr(F*F(F*F + F*F))
+4| FF s,

where the second term above may be simplified as:

AReTr(F*F(F*F + F*F))

= 2Te(F*F(F*F + F*F)) + 2Tx[(F*F(F*F + F*F))"]
= 2Tr(F*F(F*F + F*F)) + 2Tv((F*F + F*F)F*F)

= 2Tv[(F*F 4 F*F)?]

=2||F*F + F*F|}g. O

The following result is an immediate consequence of Lemma 2:

Theorem 3 If {f,,}M_, is a local minimizer of FP : E — R, then:

0 = ReTr(F(0)F*FF*),
0 < 3IE*(0)F + F*F(0)|[fis + |1F(0)F*||%is + ReTr(F(0) F* FF™),

for any sequence of twice-differentiable curves {fu()I¥M_i, fm : R — E
such that f,,(0) = fm for allm=1,..., M.

In the next section, we shall make repeated use of Theorem 3 in the special
case where E = F({Z; }£ ).

4 Local minimizers of the fusion frame potential

We now apply Theorems 2 and 3 to obtain a necessary condition on any
local minimizer of the fusion frame potential.

Theorem 4 If {P,}_, is any local minimizer of FFP : P({Lx}|) — R,
then there exists {fm }M_, € F({Z).}I,) which generates { Py}, and has
the property that every f, is an eigenvector of F*F'.

Moreover, the frame vectors which lie in a given eigenspace form a tight
frame for that eigenspace, with the tight frame constant being the corre-
sponding eigenvalue.
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Proof Let {fm}M_, € F({Zx} ) be an arbitrary generator for {P,}5_,.
By Theorem 2, {f,,}}1_, is a local minimizer of the restricted frame poten-
tial FP : F({Zx }H< ) — R. Without loss of generality, we assume L < N
forall k =1,..., K. Thus, for any fixed k = 1,..., K and mgy € Zj, we may
take g € R(P;)* and consider:

Fnlt) = cos(t) fm + sin(t)g, m = my,
" B f’ma m 7& mo.
We clearly have that f,,(0) = f,, for all m =1,..., M, while:
- _ g, m=mo,
Fm(0) = {O, m # mg. (20)

Moreover, as g € R(Py)*, then {fn(t)}M_, € FH{ZLHL ) for all t € R.
Thus, Theorem 3 gives:

0 = ReTr(F(0)F*FF*)

=Re Y (F(0)F*FF*ep, em)

I
=
@

E
5
3
I

:
=
&

M
Re Y (F*Ffm, fm(0)). (21)

3
I

Invoking (20), we may rewrite (21) as:
0 = Re(F*F fmq, 9)- (22)

Since the vector g in (22) is an arbitrary element of R(P;)", we, in the case
where H is complex, may replace g with ig to also obtain

0 =Re(F*F fgy,19) = Im(F*F f1,, 9)- (23)

Combining (22) and (23) gives 0 = (F*F f,,,,g) for all g € R(Py)*. Thus,
F*Ffm, € [R(P.)*]* = R(Pg). As mg is an arbitrary index in Zj, we
therfore have that F*F preserves R(Py) = span{fm}mez,, that is, that
F*F[R(Py)] C R(Py). As the restricted operator F*F : R(Py) — R(Py) is
self-adjoint, there exists an orthonormal basis for R(Py) that consists en-
tirely of eigenvectors of F*F. Rechoosing { fm }mez, to be these eigenvectors
for each kK =1,..., K gives the first conclusion.

The second conclusion follows from the proof of Theorem 5.1 in [1]; we
include the proof here to establish the notation used in the proof of our
main result below. That is, let {)\j}jzl be the distinct eigenvalues of the
frame operator F*F, and let {&; }3]:1 be their corresponding eigenspaces.
As each f,, is an eigenvector of F*F, we have {1,..., M} = ujzljj where
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J;j = {m: fm € &}. To see that each {fn}meys, is a Aj-tight frame for
&;, note that since eigenvectors corresponding to distinct eigenvalues of the
self-adjoint operator F'*F' are necessarily orthogonal, then for any f € &;,
we have (f, fm) = 0 for any m ¢ J;, and so:

M
Nf=FFf =" (f fndfmn =D f: fn) fm,

m=1 mESj
as claimed. As such, (5) gives A\; = |7;|/dim(&;) for all j=1,...,J. O

Our proof of the first claim of Theorem 4 is significantly more elementary
than the Lagrange multipliers-based proof of the corresponding result for
the traditional frame potential, namely Theorem 7.3 of [1], which does not
generalize to our E = F({Z }X_,) setting. Moreover, the statement of The-
orem 4 is itself of much greater significance in the fusion frame setting than
in the traditional frame setting. Indeed, in [1] where E is given by (19), the
result of Theorem 4 is superseded by a stronger result, namely that every
local minimizer of the frame potential is a unit norm tight frame whenever
M > N. The situation for fusion frames is more complicated. In particular,
there is, as of yet, no known characterization of those K, {Lk}{c\le and N
for which a tight fusion frame {P,}X_ | for Hy, Tr(Py) = Ly, will exist.
The main result of this article, namely Theorem 5 below, only provides
sufficient conditions for the existence of tight fusion frames. Nevertheless,
even in cases where tight fusion frames are known to not exist, one may
still apply Theorem 4 to help determine the global minimizer of the fusion
frame potential, which is hopefully nearly tight.

For example, we claim that there does not exist a tight fusion frame
for H3 which consists of three projections of ranks 1, 1 and 2, respectively,
despite the fact that M = 4 > 3 = N. Indeed, such a tight fusion frame
would necessarily be generated by a tight frame {f,,}4,_1 € F{Zr}i_,),
where 7y = {1}, Zo = {2} and Z3 = {3,4}. As such, f3 would be necessarily
orthogonal to f4, which is impossible if { f,,, }2,_; is tight, since such a frame
is necessarily a tetrahedron, and thus has |(fs, f4)| = %

Despite this fact, we may nevertheless attempt to minimize the fusion
frame potential for these parameters. Indeed, by Theorem 4, there exists
some { fim}r—1 € F({Zr};_,) which generates the global minimizer of the
fusion frame potential and has the property that its four frame elements
may be partitioned into the mutually orthogonal eigenspaces of the 3 x 3
matrix F*F, with each eigensubframe being tight for its eigenspace. There
are essentially only five ways that this may occur: (1) f1, f2 and f3 are scalar
multiples of each other, and orthogonal to f4, in which case the eigenvalues
of F*F are {3,1,0}; (2) f1 is orthogonal to fs, and both lie in the span of f3
and fy, with eigenvalues {2,2,0}; (3) both f; and fy are orthogonal to the
span of f3 and fy, with eigenvalues {2,1,1}; (4) f1 and f3 are orthogonal,
with fo and f; being orthogonal to them both, with eigenvalues {2,1,1};
(5) f1, fo and f3 form a Mercedes-Benz tight frame for the orthogonal
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complement of f,, with eigenvalues {%, %, 1}. Taking the sum of the squares
of these eigenvalues, the frame potentials of these sequences are then 10,
8, 6, 6 and 1—21, respectively, all of which are greater than the unattainable
lower bound of 13—6 given in Proposition 1. As such, the fifth example is the
optimal fusion frame for these parameters.

We now turn to the main result of this work, which provides a sufficient
condition for the existence of tight fusion frames in the special case where
all of the L;’s are taken to be equal. In particular, we show that tight fusion
frames will always exist provided K is sufficiently large, and provided that N
is sufficiently greater than L. Note that this result does apply to cases where
the Lj’s are not all equal, as L may simply be taken to be their maximum,
though the tight fusion frame we produce will satisfy more orthogonality
relations than necessary.

Theorem 5 For any positive integers N and L, and any K > N such that:
0<(N-L*+1)K? -~ N(2N — L+ 1)K + N*, (24)

there exists a tight fusion frame {Py}5_ for Hy such that Tr(Py) = L for
all k =1,..., K. In particular, letting L, = L for all k = 1,..., K, every
local minimizer of FFP : P({Li}_,) — R is a tight fusion frame for Hy.

Proof Take any N, L and K > N such that (24) holds, let Ly = L
for all k = 1,...,K, and let {P;}X | be any local minimizer of FFP :
PH{Lx}H ) — R. By Theorem 4, there exists {fn}M_, € F{Zx}E )
which generates {Pk}i(:l and has the property that every f,, is an eigenvec-
tor of F*F. By Theorem 2, {fn,}_, € F({Z},}[£ ) is a local minimizer of
FP: F({Z;}/_,) = R. Let {);};_, be the distinct eigenvalues of the frame
operator F*F'| arranged in decreasing order, with corresponding eigenspaces
{Sj}}]:r Partitioning {1,..., M} into the sets J; = {m: f, € &;}, Theo-
rem 4 gives that each {f,}meys, is a tight frame for £; in which, by (5), the
tight frame constant is \; = |7;|/ dim(&;).

The main idea of the proof is to examine how the value of the frame
potential changes as the local minimizer {f,, }}_, is perturbed in the direc-
tion of some {g,,}M_, C Hy. In particular, let {g,,}»_, be any sequence
of vectors that has the properties that (a) (fm,gm’) = 0 for any m,m/’
which belong to the same 7 and (b) (g, gms) = 0 for any distinct m, m’
which belong to the same Z;,. Consider the sequence of parametrized curves

{fm()bim=1:
Im

() = {coS(Hgm”t)fm + Sin(HgmHt)m, Gm # 0,
fma gm = O

We claim that { f,,,(-)}}1_, satisfies the hypotheses of Theorem 3. In particu-
lar, we clearly have each fy,(-) is twice-differentiable with f,,(0) = f, for all
m =1,..., M. We further note that { f,, (t)}M_, € F({Zx}_,) forallt € R,
that is, that {f (¢) }mez, is orthonormal for all k =1,..., K and all t € R.
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Indeed, the normality of f,,(t) follows immediately from having (fy., gm) =
0, while for any m,m’ € I, m # m/, the fact that (f,,,(t), fu(2))

follows from having (fm, fm') = (fi, 9m') = (Gm, fm') = (Gmsgms) = 0.
Having this claim, Theorem 3 gives:

0 < I|F*(0)F + F*F(0)||}s + |1 F(0)F* ||} + ReTr(F(0)F*FF*). (25)

To explicitly evaluate the right hand side of (25), note that regardless of
whether or not g,, = 0, we have:

Fn() = ~llgm | si12(1| g 1) Frn + cO8([1g1 1) g
Fn () = =llgm|* cos(lgmllt) fi = lgm|| (g 1£)gom,
and 50 frn(0) = gm and fi, (0) = —||gml/2fm for all m = 1,..., M. Letting

G be the analysis operator for {g,, }M_,, we have F'(0) = G. Thus, the first
term on the right hand side of (25) is 1||G*F + F*G||}g, while the second
term is:

|GF*|}s = Tt (GF*FG*)

-

(FG"em, FG¥en)

3
l‘

1F g 1.

o

3
ﬂ.

As f,0(0) = —||gm||? fm, the third term on the right hand side of (25) is:

M
ReTr(F(0)F*FF*) =Re Y (F(0)F*FF* ey, em)
m=1

M

=Re Y (FF*ep, FF*(0)en,)
m=1
M

=Re Y (Ffm, Ffin(0))

m=1
M
== > NgmlPIF fml>.
m=1
Substituting these expressions into (25) yields:

M
0< |G F + F*Gliiis + Y (1Egml? = lgm*IF fml®),  (26)

m=1

for any {g,,}M_, that satisfies (a) and (b).
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We now use the eigenspace structure of {f,,}2_, discussed above to
construct sequences {g,, }2_; for which (26) holds. In particular, for each
k=1,...,K such that J3 NZ # 0, pick some my € J1 NZ, and let Jy be
the collection of these my’s. That is, {fi }mes, contains exactly one frame
element from any of the fusion frame subspaces which intersects the highest
eigenspace. As each of these subspaces is generated by L frame elements,
the cardinality of Jy is at least 1/L that of J;. To see this more formally,
note that since {f,,}M_, € F{Zx}E_,) where |Z| = Ly = L, then:

K
A=) IANT < > Ll =%l (27)

k=1 k s.t. J1NZ#£0

Having Jp, we shall consider those sequences {g,, }}?_, which satisfy the
following four requirements:

(i

) gm =0, Vm ¢ Jo,
(ii)

) F

)

g
gmeé’l,Vmejo,

(iii

(iv) Vm € Jo, taking ky, = 1,..., K s.t. m eIy, ,
we have (g, fm/) =0, Vm' € I, ,m #m/.

We claim that the only instance when all four requirements of (28)
are met is when ¢g,, = 0 for all m = 1,..., M. To see this claim, note
that (28.1) immediately implies requirement (b) is met, as Jo, by definition,
contains at most one index from any set Zj. We next note that (28.1), (28.ii)
and (28.iv) together imply requirement (a) is met. Indeed, if m’ ¢ 7,
the statement of (a) immediately follows from (28.i), while if m € Jy and
m’ # m, it follows from (28.iv); in the remaining case where m € Jy and
m/ = m, then f,, € & while (28.ii) gives gn' = gm € E. As (a) and (b)
are satisfied, (26) necessarily holds for {g,, }»_,. Moreover, (28.iii) implies
the first term of (26) will vanish; coupled with (28.i) and the fact that
|Ffonll> = (F*F fon, fm) = A1 for all m € Jo C J1, (26) simplifies to:

0 S Z (HZ;‘gmH2 - )‘lllgmHZ)' (29)
meJo

However, as (28.i1) holds, where Ay is the largest eigenvalue of F*F, we
necessarily have that [|[Fgn||? = (F*Fgm,gm) < Millgml?, with a strict
inequality whenever g,,, # 0. The only way this does not contradict with (29)
is to have g,, =0 for allm=1,..., M, as claimed.

Thus, letting I be the subspace of HA! consisting of all {g,,}}_; which
satisfy the four conditions (28), we have just shown that & = {0}. We now
use this fact to obtain an inequality relating the dimension of £&; to L, N and
the number of elements in Jy. To do this, we first estimate the dimension



16 Peter G. Casazza, Matthew Fickus

of the larger subspace V of HA! which consists of all {g,, }2/_; which satisfy
(28.1), (28.ii) and (28.iii). In partlcular we claim that:

dim(V) > (|Jo| — dim(&1))(N — dim(&y)). (30)

To prove (30), let d = dim(&;), and let {b, }N ¢ be an orthonormal basis for
Eit. Next, consider the null space of the analysis operator Fy of {fmtmes,:

N(FY) = {c €T Y elm)fm = o}.
meJo
Note that as the vectors { fi, }me, all lie in the eigenspace &1, the dimension

of N(F§) is at least |Jo| — d. Let {cq}|‘7°| ¢ be a linearly independent

collection of vectors in N (F{), realizing that when | 7| < d, this collection
N—d,|Jo|—d

p=1,g—1 - the following

is empty. We now claim that for any scalars {z, 4}
sequence {gm }2_; lies in V:

N—d|Jo|l—d
b 7 e )
Gm = pz::l ; Zp,qCq(m)bp, m € Jo (31)
0, m ¢ jo.

Indeed, g,, immediately satisfies (28.1). Moreover, since each b, lies in &,
it is also clear that (28.ii) is satisfied. Thus, we need only show (28.iii); for
any f € Hy, we have:

M
F*Gf = (f.gm)f

m=1
N—d|Jol—d
= <fa Z Zp,ch >fm
meJo p=1 g=1
N—d|Jo|—d

I
1M1
5
_é\l

;
M
B
N

where the last equality follows from the fact that each ¢, is a member of
N(F}).

Having that any {g, }}_; of form (31) indeed lies in V, all that is needed
to prove (30) is to show that if g,, =0 for allm =1,..., M, then 2z, , =0
forallp=1,...,N —d, ¢ = 1,...,|Jo| — d; essentially (31) is writing G
as a linear combination of cqb*’b Wthh we must now verify are linearly
independent. To do this, note that since {bp}p:1 is orthonormal, then for
allm=1,..., M,

d||Jol—d 2
0=l = 3| 3 5 (32)
p=1]| ¢g=1
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As m is arbitrary, (32) implies that

|Jo|—d

0= § Zp,qCq>
q=1

for any p =1,..., N — d. Since {cq}ll‘fll_d is linearly independent, this, in
turn, implies 2z, , = 0 for all ¢ = 1,...,|J| — d, as claimed. Having (30),
we next claim that the dimension of & = {0} is bounded below:

0 = dim(U) > dim(V) — (L — 1) J- (33)

Indeed, for each m € [Jy, the requirement (28.iv) that (g, fm) = 0 for
all m’ # m which lie in the same Zj as m imposes at most L — 1 linear
homogenous constraints on the z, ,’s of (31), each of the form:

Substituting (30) into (33) then gives:
0> (|%] = dim(&1))(N — dim(&1)) — (L = 1)| 7],

which, when rearranged, yields:

(1-=%)

Next, recall (27) that |Jp| > |J1|/L and that Ay = |J1]/dim(&;), which,
being the greatest eigenvalue, is greater than their average, which, as noted
n (10), is M/N. As such:

| Jol S Al M M

)(N—dim(é’l)) <L-1 (34)

dim(&;) = Ldim(&,) L = LN’
which, when combined with (34), yields:
LN
_ =7 —di < 7T —
(1 = )(N dim(&,)) < L — 1. (35)

Continuing, note that since M = KL where K > N by assumption, then
M — NL > 0, and so (35) is equivalent to:

(L-1)M

N - M — LN

< dim(&). (36)

Having (36), we now again exploit the fact that &« = {0} to obtain a
complementary upper bound on dim(&;). In particular, let J_; consist of
those m € Jp for which, given k,, = 1,..., K such that m € Zj,_ , we have
Tk,, N Jy = 0. That is, consider those f,;’s in the highest eigenspace &;



18 Peter G. Casazza, Matthew Fickus

which are not required to be orthogonal to each other, nor to any frame ele-
ment which resides in the lowest eigenspace ;. In particular, since {Z }5_,
partitions {1,..., M}, we have:

K
ol =D 10 NI
k=1

= Y RNLl+ D> N
{k:ZxNTs#0} {k:ZxNT;=0}

= > RNl +]T-l
{k:TixNT;#0}

To estimate the right hand side above, recall that the definition of J, guar-
antees that |[Jp NZg| < 1lforall k =1,..., K. As any element of J; can lie
in at most one of the Z;’s, we therefore have:

|Tol < HEk:Ze N Ty # 0} + |T-a| <|Tg| + [Tl (37)
that is, [J_1] > |Jo| — [T

We now assume to the contrary that {f,,}*_, is not a tight frame for
Hy, and will derive a contradiction of our underlying assumption (24). In
particular, since F*F has more than one eigenvalue, there exists g # 0,
g € &5 C & We claim that the existence of such a g necessarily implies
that |J-1] < dim(&;). Otherwise, the vectors {fi}mes_,, all of which lie
inside of &;, are necessarily linearly dependent, and as such, there exists
c€3(J_1), ¢ # 0 such that:

Z e(m) fr, = 0.

meJ_1

In this case, we, as a special case of (31), may define {g,, }21_; as:

— C(m)gv m6j_1,
gm—{ 0 Ty (38)

Being of this form, we have already shown that {g,,}M_; satisfies (28.i),
(28.i1) and (28.iii); we further claim that it satisfies (28.iv). Indeed, by def-
inition, if m € J_1, taking k,, such m € Z,_ , we have that Z, N J; = 0.
In particular, for any m' € Z , m’ # m, we necessarily have m’ ¢ J;,
that is, fy ¢ 7. And, since f,,,/ is an eigenvector for F*F, it necessarily
lies in an eigenspace of F*F which is distinct from, and therefore orthog-
onal to, £;. As such, for any m’ € I, , m' # m, the fact that g € &;
implies (gm, fm') = c(m)(g, fm/) = 0. That is, the {g,,}}_, defined in (38)
indeed satisfies all four properties of (28), and as such, is necessarily zero.
However this contradicts the fact that both g and ¢ are nonzero. Thus, our
assumption that |J_1| > dim(&;) was incorrect.
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Having proven our claim that |J_1| < dim(&;), we revisit (37), again
recalling from (27) that |Jo| > |J1|/L, to obtain:

|J1]

Dividing by dim(&;) then yields:

1 Jnl | Jy] dim(Ey)
Ldim(&) dim(&y) dim(&)
1 dlm(gj)

=7 My (39)

1>

To continue, note that as the {f,,}M_, is still assumed to be not tight, the
greatest and least eigenvalues of F*F are strictly greater and less than their
average, namely M/N. As we also have dim(&;) < dim(&f) = N —dim(&;),
(39) becomes:

Lo M MN - dim(&) M(l N )

CNL TN am@) N\ dm@E)

Solving for dim(&;) yields:

LMN
i B E ——— 4
dim(&1) < T TN (40)
Combining (36) with (40) then gives:
N (L=DM LMN )

TM-LN SMI+1)-NL'

Since M = KL where K > N, both denominators above are positive, and
so (41) is equivalent to:

0>(N—L?*+1)M? — LN(2N — L+ 1)M + L*>N?3.
Writing M = KL and dividing by L? then gives:
0>(N-L*+1)K? - N(2N - L+ 1)K + N?,

which is a contradiction of our underlying assumption (24). Thus, for K > N
which satisfy (24), every local minimizer of FFP : P({L;}5 ;) — R is a
tight fusion frame for Hy. In particular, as the fusion frame potential is a
continuous function over the compact set P({Ly}E_,), it necessarily has a
global minimizer, and so tight fusion frames necessarily exist for any such
K, Land N. O

Note that in light of Proposition 1, Theorem 5 actually shows that if K, L
and N < K satisfy (24), then every local minimizer of FFP : P({L; }H< ) —
R is a global minimizer. We conclude by showing how Theorem 1 is a corol-
lary of Theorem 5.
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Proof (of Theorem 1) Letting K = SN where 8 > 1, (24) becomes:
0<(N-L*+1)8*N* -~ N(2N — L+ 1)3N + N*,
which may be simplified to:
(L=1)(L+1~%)
(- 37

And, as for all 5 > « > 1 we have:

< N.

(L-DE+1-5) _(L-1(L+1)
G-1F = a-1p -

we have that (24) will hold for all N > (L* —1)/(1 — 1)2. O
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