FUSION FRAMES AND G-FRAMES
IN BANACH SPACES

AMIR KHOSRAVI' & BEHROOZ KHOSRAVI?

ABSTRACT. Fusion frames and g-frames in Hilbert spaces are general-
izations of frames, and frames were extended to Banach spaces. In this
article we introduce fusion frames, g-frames, Banach g-frames in Banach
spaces and we show that they share many useful properties with their
corresponding notions in Hilbert spaces. We also show that g-frames,
fusion frames and Banach g-frames are stable under small perturbations
and invertible operators.

1. INTRODUCTION AND PRELIMINARIES

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer
[11], later Daubechies, Grossmann and Meyer [10] found a fundamental new
application. Nice properties of frames make them very useful in filter banks,
sigma-delta quantization, signal and image processing. This notion was
generalized to g-frames by Sun [16], see also [14, 15]. Fusion frames were
introduced by Casazza et al in [6] and studied by many authors see [1, 4, 13].
Fusion frames have some applications in (wireless) sensor networks, see [5, 7].
Meanwhile frames were extended to Banach spaces by Grochenig [12] and
studied in [2, 3].

In this article we introduce fusion frames, g-frames and Banach g-frames
in Banach spaces. First we recall the following definitions from [12].

Definition 1.1. Let Xy be a Banach space of scalar-valued sequences. It is
called a BK -space if the coordinate functionals are continuous on X, and it
is solid if whenever {b;} and {¢;} are sequences with {¢;} € Xy and |b;| < |¢i],
then it follows that {b;} € X4 and ||{b;}|| < |[{ci}-

We note that [2(1) is a solid BK-space and if Xy is a solid BK-space such
that for each ¢ € I, there exists some z = {z;} in X such that z; # 0, then
every e; = {0;;}jer is in Xg.

Definition 1.2. Let X be a Banach space with dual space X™* and X  be
a BK-space. A countable family {g;} in X* is called an X -frame for X if
there exist constants A,B > 0 such that for every x € X, {g;(z)} € X4 and
Allz]] < [{gi(x)}] < Bl||.
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A and B are called Xy -frame bounds. If moreover there exists a bounded
linear operator S : Xy — X such that for every x € X, S({gi(z) }icr) = =,
then ({gi}i, 5’) is a Banach frame for X with respect to Xj.

If there exists a sequence {z;} in X such that z = ) g;(z)z;,for each
x € X, then ({gi},{x;}) is an atomic decomposition of X with respect to
X,

Definition 1.3. Let X be a Banach space with dual space X*. A sequence
{z;} in X is a Schauder frame for X if there exist a BK-space X4 and a
sequence {g;} in X* such that ({g;}, {x;}) is an atomic decomposition of X
with respect to X4. We also call the bounds of {g;}, the bounds of {z;}.

In Section 2 we study g-frames in Banach spaces and in Section 3 we study
fusion frames in Banach spaces. Throughout this article X is a Banach space
with dual space X* and N, C will denote the set of natural numbers and
the field of complex numbers, respectively. I, J and I;’s will also denote a
finite set or a subset of integers.

2. G-FRAMES

In this section we introduce g-frames in Banach spaces and we generalize
some of their known results in Hilbert spaces to Banach spaces. Throughout
this section X, Y are Banach spaces and {Y; : i € I} is a sequence of closed
subspaces of Y, as usual B(X,Y;) denotes the space of all bounded operators
from X to Y; and B(X, X) is abbreviated by B(X).

Definition 2.1. We call a sequence {A; € B(X,Y;) : i € I} a g-frame for
X with respect to {Y;} if there exists a solid BK-space X4 and positive
constants 0 < A < B < oo such that

(i) for every f € X, {[|A;f[|} € Xa,

(ii) for every f € X, Al|fllx < [{lIA:f I} x, < Bl fllx-

A and B are called bounds of g-frame and we say that {A;} is an (4, B)-
g-frame.

We note that every Xg-frame {g;} is a g-frame for X, where Y; = C for
each ¢ € I. The following result is essential for our next investigations.

Theorem 2.2. Let {A; € B(X,Y;) :i € I} be a g-frame for X with respect
to{Yi:ieI}. Then W = (®Y;)a = {{vi} : vi € Vi, {llwsll} € Xa},with ||.||lw
defined by |[{yi}lw = {||vill }2, is a Banach space with coordinatewise oper-
ations and 0 : X — W, the analysis operator, defined by 6(z) = {A;(x)} is a
bounded , one-to-one, linear operator with closed range and 6= : (X) — X
s bounded.

Proof. For every w = {w;}, z = {#;} in W and every i € I we have ||z +
wi|| < ||zl + Jwil|. Since {||w;||}, {||z:]|} € X4 and X is a solid space, then
{llzi +w;il||} € X4 and so z + w € W, moreover

Iz +wliw = [Hllzi + will }lxg < [{zilH x + {lwillHxa = [zl + [wlw
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Plainly for each A € C, ||Az|lw = |A| - ||z]lw. So W is a normed space. For
the completeness of W, we consider the map n : W — X defined by

n({yi}) = {llyilly, ~ forall {yi}; € W.

Firstly for each w = {w;}; in W, we have ||n(w)|/x, = ||w||w. Secondly for
each i € I, ||z — ||wi|]| < ||z: — w;|| and X is a solid space, then

(1) In(2) = n(w)lx, < |z = wllw  forall z,we W.

Similarly by the continuity of coordinate functionals m; : X4 — C, for each
1 € I, the projection P; : W — Y, defined by

Pi(w) =w;, forallw={w;};in W
is a continuous linear map, because
(2) 1P (w) || = llwill = 7s(n(w)) < [[mi| - In(w)l| = {lm:] - wll.

Now let {w(™} be a Cauchy sequence in W, where w(™ = {wgn)}ie 1 for each

n € N. By (2) for each i € I, {wz(")}n is a Cauchy sequence in Y; and Yj is
(n)

complete. So there exists w; € Y; such that w;’ — w; as n — oco. Therefore

for each i € I, w!™ || — [|wi] as n — co.

On the other hand by (1), {n(w(™)},, is a Cauchy sequence in Xy and Xy
is complete, so there exists some A = {\;}ics in Xy such that {n(w(™)},
converges to A. Hence by the continuity of ;’s, for each ¢ € I, ngn) | = A
as n — oo. Therefore for each i € I, \; = ||w;|| and A = {[Jw;| }; is in Xg.
So w = {w;} is in W.

Now for each n € N, w™ —w € W and {w(™ —w}, is a Cauchy sequence
in W and for each i € I, wz(n) —w; — 0 as n — oco. Hence by the above proof
{n(w™ —w)}, converges to 0 in Xg4. Since ||w™ —wlly = [n(w™ —w)|x,,
then {w(™} converges to w in W. Hence W is complete.

For the second assertion for each x € X,

Allzllx <[10(2)[lw < Bllzllx,

then @ is bounded, one-to-one and #~! is bounded. Moreover since W is
complete, 6 has a closed range. [l

Corollary 2.3. With the hypothesis of Theorem 2.2 every Y; is isomorphic
to its copy E; in W, where E; = {{vyidij}jer - yi € Yi}.

Proof. First we show that E; is a closed subspace of W. Since X, is a
solid space, then for each y; € Y;, we have {||y;||0;;}jer € X4 and therefore
{yi0i;}jer € W, which implies that E; C W. Plainly E; is a subspace of
W. If {u(™}, ey is a sequence in E; converges to z = {z;}er in W, where
u = {yi(n)(sij}jej, then for each j € I,

Iy 815 = 2l = w5 (™ = 2)) < [l - (@™ = 2)1x, < [u®™ = 2llw.
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i(n)éij — zj. Specially for j =i, we get y
closed, z; € Y;. If j # 4, then ygn)éij = 0 and consequently z; = 0. Hence
z = {zi0;;} is in E; which shows that E; is closed. Now the coordinate
projection P; : E; — Y; is a continuous bijection, since ||P;j({y:di;};)|| =
lmn()Il < |lmill - ly||. Therefore by the open mapping theorem it is an
isomorphism. O

(n)

Therefore y ;. — 7 and since Y; is

For our next investigation we need the following result, and for conve-
nience we abbreviate ||.||z, , by ||.||:-

Corollary 2.4. Let for each i € I, (Z;q4,|.|l;) be a BK-space and X4 be a
solid BK -space. Then

Sa = (®icrZiq) = {{Ni}ier : Ni={Nij: je L} € Zig, {|Nillitier € Xa}

with |.||s, defined by ||[{A:i}ills, = [{l|Aillitierllx, s a BK-space and if
moreover each Z; q is solid, then Sg is solid.

Proof. By the above theorem Sy is a Banach space and for each ¢ € I,j €
I;, the coordinate functional {\;; : j € Ii}ier — Xij is m; o P; which is
continuous, because X, and each Z; 4 is a BK-space. Moreover suppose
that each Z; 4 is a solid space and let for each i € I, j € I, |b;;| < |\ij| and
{N\ij} € Sq. Let i € I. Since A; = {X\i; : j € I;} isin Z; 4 and Z, 4 is solid,
then {b;; : j € I;}isin Z; 4 and

{bij = g € Litlli < [{Nij = J € Li}[li-

Now {|[{\ij : j € L}|li}i € Xq and Xy is solid, so by the above relation
{I{bij : 7 € L}|li}i € X4. Therefore {b;; : j € I;}; € Sg and moreover

I{{bi = 7€ L}hill = I{I{bij : j € Li}lli}illx,
< M = g € Lidllitillx, = 1K = 5 € Lidall-
(]

Our next result is a generalization of Theorem 3.4 of [7] and Theorem 2.2
of [15].

Theorem 2.5. Let {A; € B(X,Y) :i € I} and let for each i € I, {I';; €
B(Y;,Wij) = j € I} be an (Aj;, B;)-g-frame for Y; with respect to {Wj : j €
I;} and associated BK -space Z; q and suppose that 0 < A = inf; A; < B =
sup; B; < oco. Then the following conditions are equivalent:

(i) {Ai € B(X,Y) :i €I} is a g-frame for X with associated BK -space
Xq.
(it) {TijoA\; € B(X,Wyj;) :i € 1,j € I} is a g-frame for X with associated
BK-space Sg.

Proof. First note that for every x € X and every i € I, we have A,z € Y;,
so {||Tij o As(z)|[ - j € i} € Zi,g and
(3)

Al Al < AdlAse] < {0y © Au(@)] : j € L} < BillAi(@)]| < BllAsa].
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To prove (i) = (i) let {A; € B(X,Y;);i € I} be a g-frame with bounds C
and D. Then for every x € X, {||Aiz]|} € X4 and

(4) Cllzllx < I{llAl}illx, < Dllx].
Since {||A;z||} € X4 and X} is solid, then by (3) we have
{I{lIT3 0 As(2) = j € Li}li} € Xa

and [[{{[{{ITs 0 Ai(2)| = 7 € Li} i}l xy < BI{l|Ai(2)[|}il[x,- Hence by (4) we
conclude that ||{||[{||T;j o Ai(x)|| : j € Li}lli}lx, < BD|z|x. Similarly we
get AC||z([x < [I{II{IITij 0 Ai()|| = 5 € Li}li}]] x,-

To prove (it) = (z) let {I';;oA; € B(X,W;;) i €1,j € I;} bea (C',D')-
g-frame with associated BK-space Sg. Then for each z € X, {{I';j o Aj(z) :
Jj € IZ}}, € Sy,

{3 0 Ai(2) = 7 € Li}ills, = [{I{IITs o Ai(@)l[ = j € Li}llabillx,

and C'||z]|x < [[{{l'; o Ai(z) = j € Li}}ills, < D'[|z|x. Again by (3) and
the solidity of X4 we conclude that {||A;z||} € X4 and A[/{||Aiz]}illx, <
D'||z||x. Similarly we get C'||z||x < Bl/{||Aiz| }illx,, which completes the
proof. O

If {A; € B(X,Y;): i €1} is a g-frame for X with respect to {Y; : i € I}
and there exists a bounded linear map 7 : W — X such that for each x € X,
n({Ai(x)};) = z, we call ({A;},n) a Banach g-frame. If {A; € B(X,Y;) :
i € I} is a g-frame and there exists a sequence {¢q; € B(Y;, X) : i € I} such
that for each z € X, x =), ¢; o Aj(x), then ({A;}, {¢;}) is called a (linear)
decomposition of X with respect to {Y; : i € I'}.

We note that if ({A;},n) is a Banach g-frame, then no 6 = idx and
p = fonis a projection which implies that 8(X) = p(WW) is a complemented
subspace of W.

From the above theorem we have the following consequence.

Corollary 2.6. Let X be a Banach space and {A; € B(X,Y;): i € I} be a
g-frame. Let 0 : X — W be the analysis operator of {A; € B(X,Y;) :i € I}.
Then ({A;},071) is a Banach g-frame.

Our next result is a generalization of Lemma 2.13 in [13] to Banach spaces.

Lemma 2.7. Let {A; € B(X,Y;)}i be a g-frame with bounds A, B and let
T; € B(Y;, Z;) be a bounded invertible operator. Suppose that

1
0 < m =inf T <sup||Ti|| = M < oo.
If T € B(X) is invertible and T'; = TA;T, then {I'; € B(X,Z;)} is a g-
frame. If moreover ({A;},{qi}) is a linear decomposition of X with respect
to {Y; : i € I}, then there exists a sequence {P; € B(Z;,X) : i € I} such
that ({';},{P;}) is a linear decomposition of X with respect to {Z; : i € I}.
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Proof. Let f € X. For each j € I we have
m||A;(THI < [T £l < MIA«(T -

Since X; is a solid space and {||A;T¥||} € Xg4, then {||I';f]|} € X4 and

T £ xa < MIKIA;TfI} I x,, similarly m[{][A;T f [ x, < €175 113 x,-
Hence for every f € X,

IN

mA|Tfllx <m|{IATF351x,

I3 A1}l x, < MBITfI| < MBT| - [ f]-

If ({A;}, {g:}) is a linear decomposition of X, then by taking p; = T~ 1¢;T; !
we see that for every f € X, ZT‘lqinl(T—iAiT)(f) =T 'Y NTf=f
and we have the result. ]

1
mAr=— - 1 fllx
[l

N

Christensen and Heil in [9] showed that Banach frames are stable under
small perturbations. We show that g-frames and Banach g-frames are also
stable under small perturbations.

Definition 2.8. Let {A; € B(X,Y;) : i € I} be a g-frame and let 0 <
Ap < 1. Let {¢} € Xy4. We say that {I'; € B(X,Y;) : i € I} isa
(X, i, {ci})-perturbation of {A;} if
[Aif = Tif [l < MAif || + pllTif || + cill £, for each f € X.

Now we have the following result, see [15, Proposition 4.3].
Theorem 2.9. Let {A; € B(X,Y;): i € I} be a g-frame for X with respect
to {Y; : i € I} with bounds A, B and let {T'; € B(X,Y;) : i € I} be a
(A, i, {ci})-perturbation of it with K = |[{c¢;}||x,-

(a) If A" = (1-XN)A(1+p)"t =K > 0, then {T';} is a g-frame with bounds
A and B =1+ p) A1+ NBA—p) '+ K1+ p)(1—p) L.

(b) If ({As},m) is a Banach g-frame, A’ > 0, and ||n||(BA+uB + K) < 1,
then there exists T € B(X) such that ({I';},T) is a Banach g-frame.

Proof. (a) By assumption for each f € X we have |A;f — T f|| < A|Aif] +
ulITif || + cill £1l- Hence

(=@l fIF < W+ DIAF] + el £1]-

Now {||Aif||}i € Xa, {ci} € Xq and X is a solid space, therefore {||I'; f]|} €
X4 and moreover

(1= I3, < 0+ DILTA I, + I

Similarly we have

(1= MI{IAf 3 xg < @+ @IEIT I x, + I1FTE

Now a simple calculation shows that

Al flx < H{IT:fI}x, < B'llflx,  foreach f € X
which completes the proof of (a).
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(b) In (a) we proved that for each f € X, {||Iif||} € X4 and therefore
{T;f} € W. So we can define S : X — W by S(f) = {I';f}. Plainly S is
a linear operator and by the above relation ||S|| < B’. Moreover for every
feX,

[0 S(f) = fll = lIn(S = ) (N Il - 1S(f) = 0(F)lx,

[9I[(AB + pB' + K)||f]-
Hence ||[no S —1I|| < |n||(AB + pB’+ K) < 1, therefore o S is invertible in

B(X) and for T = (noS)~! on we have T'S = I, which completes the proof
of (b). O

IN A

3. FusioN FRAMES

Fusion frames in Hilbert spaces were introduced by Casazza et al. in [2],
[3], it has been intensely studied and some of its applications are discovered
[3] and [6]. In this section we introduce fusion frames in Banach spaces and
we discuss some of their properties.

Definition 3.1. Let X be a Banach space, {p;}icr be a sequence of contin-
uous linear projections on X, W; = p;(X) for each i € I and let {v; : i € I}
be a sequence of weights, i.e., v; > 0. We say that {(v;, W;) : i € I} is a
fusion frame for X if there exists a sequence {¢; € B(W;,X): i € [} and an
invertible operator S € B(X) such that ({v;S™! o ¢;}, {vip;}) is an atomic
decomposition of X with respect to {W; : ¢ € I'}.

We note that if {(v;, W;) : i € I} is a fusion frame for X with associated
sequence {q; € B(W;, X) : i € I}, then for each = € X, the series Y, ; vZg;0
pi(z) converges to S(z) and there exist a solid BK-space X, and constants
0 < A < B such that for every x € X,

Allzllx < [Hllpi()[Hx, < Bll=]].

The constants A and B are called the fusion frame bounds of {(v;, W;) :
i € I}, it is called tight if A = B and Parseval if A = B = 1. Also
note that if {(v;, W;) : i € I} is a fusion frame, where W; = p;(X), then
{vipi € B(X,W;) : i € I} is a g-frame.

Lemma 3.2. Let X be a Banach space and {f; : ¢ € I} be a Schauder
frame for X with bounds A and B. Then {||fi|| =1, Span{fi})ics is a fusion
frame with bounds A and B.

Proof. Since {f; : i € I} is a Schauder frame with bounds A and B, there
exists a sequence {g; : 7 € I'} in X* and a solid BK-space X such that for
cach z € X, x =3 gi(z)f; and Alz[|x < [{gi(2)}x, < Bllz|lx.

In a Banach space every finite dimensional subspace is closed and com-
plemented, so W; = span{f;} is closed, complemented and its associated
continuous projection p; : X — W; is defined by

pi(f) = gi(f)fi  forall f e X,
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and

Allfllx < [{vpi(f)}Ix, < BIlfllx
where v; = 1/|| f;]|. We can take ¢; the identity map on X for each i € I. O

The following result shows that our definition consistent with the defini-
tion in [7].

Example 3.3. Every fusion frame {(v;, W;) : i € I} in a Hilbert space H
is a fusion frame in H as a Banach space. To see this, we know that there
exist constants A and B such that for each x € H,

Allalf <Y oF lmw, (@)])? < Bll|?
7

and Sy, the fusion frame operator of {(v;, W;) : i € I'} is defined by
Sw(f) =Y vimw,(f) forall f e H,

is invertible. So {(v;, W;) : i € I} is a fusion frame for the Banach space
X = H, where p; = my, = ¢; and Xy = (2(I).

For constructing g-frames, from Theorem 2.5 we have the following results
for fusion frames and g-frames.

Lemma 3.4. Let {A; € B(X,Y;) : i € I} be a sequence of bounded operators
and let for each i € I, {(cu;,Wij) : j € Ii} be a fusion frame forY; with
bounds A;, B; and suppose that 0 < A = inf; A; < B = sup; B; < co. Then
the following conditions are equivalent:

(i) {Ai}ier is a g-frame for X with respect to {Y; : 1 € I},

(it) {ovijmij o Ny = i € I, j € Li} is a g-frame for X with respect to
{Wij o iel, je i}, where m; 1 Y; — Wiy is the projection of Y; onto Wi;.

Proof. It is enough to note that {c;;m;; : j € It} is a g-frame for W;; with
bounds A;, B; and use Theorem 2.5. O

Another version of these combinations is as follows:

Corollary 3.5. Let {(«;,Y;) : @ € I} be a fusion frame with bounds C
and D. Let for each i € I, {Ay; € B(Y;,Ws5) : j € Li} be an (A;, By)-
g-frame for Y;, such that 0 < A = inf; A; < B = sup; B; < oo. Then
{aiNijjomy, : ie€l, jel;}is an (AC, BD)-g-frame.

Proof. 1t is enough to note that {a;my;, : ¢ € I} is a (C, D)-g-frame for X
and use Theorem 2.5. U

Theorem 3.6. Let {(v;,W;) : i € I} be a fusion frame for X with bounds
C, D; associated sequence {q; € B(W;, X) : i € I} and let {fij}jc1, be
a Schauder frame for W; with bounds A;, B; for each i € I. If 0 < A =
inf; A; < B = sup; B; < oo, then {{S™1q¢;(fij)}jer1, }ier is a Schauder frame
for X with bounds AC and BD. In particular if {(vi,W;) : i € I} and
{fij : j € I} are Parseval, then {{S7'q;(fij};}i is Parseval.
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Proof. Since {(v;,W;) : i € I} is a fusion frame with associated sequence
{¢; € B(W;,X) : i € I}, then there exists an invertible linear operator S
in B(X) such that for each z € X, z = Y, v2S™! 0 ¢; o p;i(x), where p; is
the projection of X onto W;. We also know that for each i € I, {fi;};er, is
a Schauder frame for Wj, so there exists a sequence {g;;}jer, € W;* and a

solid BK-space Z; q such that for each z € X, {gi; o pi(2)}jer, € Ziq and
pi(z) = > ey, 9ij(pi(x)) fij. Therefore for each z € X we have

(5) z=> " gii(pi(x)S " ai(fiy)-

i€l jel;

Now a small modification in the proof of Theorem 2.5 shows that for each
z € X, {{vigij o pi(2)}jer, tier € Sq and

ACz|x < |{I{vigis o pi(x)}jllitillx, < BDlz|[x.

Since {{vigij o pi}jer tier € X*, Sq is a solid BK-space and (5) holds for
each x € X, then {{S7'qi(fi;j};er, }ier is a Schauder frame for X. O

Proposition 3.7. Let {(v;, W;) : i € I} be a fusion frame for X and
T € B(X) be invertible. Then {(v;,TW;) : i € I} is a fusion frame for X.

Proof. Since {(v;, W;) : i € I} is a fusion frame for X, then each W;
is complemented in X, there exist a solid BK-space X4, constants 0 <
A < B < o0, a sequence {¢; € B(W;,X) : ¢ € I} and an invertible
operator S € B(X) such that for each z € X, {v||pi(x)|| : @ € I} € Xy,
z=3v;S8  ogiopi(z) and Allz|x < |{villpi(@)ll}illx, < Bllzlx, where
pi = T, is the projection of X onto Wj.

Now since T' € B(X) is invertible and W; is complemented, then TW;
is complemented in X and wrw, = Tp; T, for each i € I. Moreover
for each z € X and i € I, |[Tp T x)|| < |IT| - |lps T~ (z)|]. Since
{villps T~ 1(2)||} € Xgq and X is a solid space, then {v;||Tp; T~ (z)||}; € X4
and [{o| T (@) }illx, < IT] - |{oillpT~ @)l x,. Hence for each
x e X,

1 1 B i
7l 'WAH%HX < {oillTpT ) 3illx, < 170 1B 1T - Nl

Finally {¢;T~! € B(TW;,X)}, ST~ € B(X) is invertible and for each
z € X,wehavex =Y, v}T(S L ogoT 1) (Top;oT~1)(z), which completes
the proof. O
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