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Abstract

The traditional methods of time-frequency and multiscale analysis have been successfully employed
for representing most classes of pseudidifferential operators. However these methods are not equally
effective in dealing with Fourier Integral Operators in general. In this paper, we show that the shearlets,
recently introduced by the authors and their collaborators, provide very efficient representations for a
large class of Fourier Integral Operators. The shearlets are an affine-like system of well-localized waveform
at various scales, locations and orientations, which are particularly efficient in representing anisotropic
functions. Using this approach, we prove that the matrix representation of a Fourier Integral Operator
with respect to a Parseval frame of sherlets is sparse and well-organized. This fact recovers a similar
result recently obtained by Candes and Demanet using curvelets. The results presented in this paper
show that directional multiscale representations (such as curvelets and shearlets) are a most powerful
tool in the study of those functions and operators where more traditional multiscale methods are unable
to provide the appropriate geometric analysis in the phase space.

1 Introduction

Fourier Integral Operators were originally introduced by Lax [16], with the construction of parametrices in
the Cauchy problem for strongly hyperbolic equations. Since then they have become an important tool in a
variety of problems arising in partial differential equations. For example, consider the hyperbolic equation

0

&uzi)\(t,x,Dac) u, (1.1)
where A(t,x, D,) is a smooth one-parameter family of pseudodifferential operators with symbol A(¢, z,£) ~
At z, &) + Ao(t, z,§), where \;(t, z,€) is homogeneous of degree j in & and A1 (¢, z,§) is real valued (which
makes the equation hyperbolic). The solution operator S(t,s) to (1.1) taking wu(s) to wu(t) is essentially
(modulo a smoothing operator) given by an integral of the form

Tu(t) = / 28 o(t, 2, €) f(€) dE,

where the phase ®(t, x, &) and the amplitude o(t, x, &) are C* functions. In particular, if Tu(t) = S(¢, s) u(s)
is the solution to (1.1), then, for small ¢, ®(¢, z,£) is close to £ z and ® solves the eikonal equation

%@ = A (t2, Vo), B(0,x,6) = Ex.

It follows (see, for example, [22, Ch.8], [20]) that the canonical transformation
(véq)(t, z, E)a 5) - (xa vm(p(ta z, f))
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defines a bijective map C(t) for all ¢ close to ¢ = 0. Then one can show that C(t) corresponds to the
Hamiltonian flows (or bicharacteristic equation):

) = Vot z(t),£(t), £(0) =&,
{)S(t) = —Vg)q(t,l‘(t%f(f)% m(O)::vo.

The traditional methods of time-frequency and multiscale analysis have proven to be very effective in
providing efficient representations for a large class of operators, including pseudodifferential operators and
Calderén—Zygmung operators (see, for example, [17, 10]). Unfortunately, they fail to provide equally efficient
representations for most Fourier Integral Operators. This paper is motivated by some remarkable recent
results by H. Smith [18, 19] and E. Candeés and L. Demanet [2] who have shown how to obtain sparse
representations of Fourier Integral Operators by combining the methods of multiscale analysis with a notion
of anisotropy and directionality. More specifically, in [2], a Fourier Integral Operator T is represented using
a Parseval frame of curvelets. This is a multiscale system of functions {¢, : p € M}, at various scales,
locations and directions, having anisotropic compact support in the frequency domain [3]. Then, denoting
by T'(u, ') the matrix elements of T with respect to the curvelets, it is proven that, for each N > 0,

T (i, 1) < Crv w(p, W)™V, (12)

where w is a certain distance and h is an index mapping. Let us recall that the ability to provide sparse
representations of an operator is very significant for the theoretical analysis of the operator as well as its
numerical implementation. In fact, sparse representations are useful to deduce sharp estimates [19] and can
be exploited to design low complexity algorithms [1].

In this paper, we show that the shearlets, introduced by the authors and their collaborators [13, 14, 11]
provide an alternative approach to the construction of sparse representations of Fourier Integral Operators.
The shearlets are a Parseval frames of well localized functions at various scales, locations and directions.
Similarly to the curvelets, they provide optimally sparse representations for two-dimensional functions that
are smooth away from discontinuities along curves [12] and have the ability to exactly characterize the
wavefront set of distributions [15]. In addition, the shearlets have some distinctive features:

e They form an affine-like system. That is, they are generated from the action of translation and dilation
operators on a single function.

e They are defined on a Cartesian grid.
e Thanks to their affine-like structure, they exhibit a group structure.

These properties do not hold for curvelets, and provide a number of advantages for some theoretical as well
as numerical applications of such representations (see further discussions in [6, 7, 14]).

In this paper we show that, by using the shearlets to represent a Fourier integral operator, one obtains
an estimate on the matrix representation of the same type as (1.2). Thus, shearlets provide sparse repre-
sentations of such operators. As we will describe later in the paper, the main outline of our construction
follows the ideas of [2]. However, to prove our sparsity result, we had to introduce several new techniques
to deal with the distinctive structure of the shearlets. The methods developed in our proof (e.g., the almost
orthogonality of shearlets in Sec. 4.2 and the atomic decomposition in Sec. 4.3) are of independent interest
and show the potential of representation methods based on shearlets for other applications in the study of
operators and functions spaces.

The paper is organized as follows. In Section 2 we recall the construction of the shearlets. In Section 3
we defined the class of Fourier Integral Operators that will be discussed in this paper and present our main
theorem. The various steps needed to prove the main theorem are presented in Section 4.



1.1 Notation and definitions
Ty
We adopt the convention that x € R™ is a column vector, i.e., z = [ : |, and that § € R” is a row vector,

Tn
ie, & = (&,...,&). A vector x multiplying a matrix M € GL,(R) on the right is understood to be a
column vector, while a vector £ multiplying M on the left is a row vector. Thus, Mz € R™ and (M € R™.
The Fourier transform is defined as

& = [ fla)e " dx,

R

where £ € @”7 and the inverse Fourier transform is
fla)= [ f(&)e*m e de.
Rn

For any E C R", we denote by L2(E)Y the space {f € L*(R™) : supp f C E}.
Recall that a countable collection {1;}ics in a Hilbert space H is a Parseval frame (sometimes called a
normalized tight frame) for H if

STUL )P = (IfI% forall f K.

icl

This is equivalent to the reproducing formula f = 3".(f, ;) v, for all f € H, where the series converges in
the norm of H. This shows that a Parseval frame provides a basis-like representation even though a Parseval
frame need not be a basis in general. We refer the reader to [4, 5] for more details about frames.

2 Shearlets
The shearlets are elements of an affine collection of functions in L?(R?) of the form

Aap(¥) = {tjon(x) = |det AP2 (B Alw — k) : (5,4, k) € M}, (2.3)
where M = {j > 0,-2/ < ¢ <2/ k€ Z?}, v € L*(R?) and A, B € GL,(R). It will be more convenient

to define the function 1 and examine the shearlets in the frequency domain. After computing the Fourier
transform, the functons v, ¢, given by (2.3), have the form

Dj.0(€) = | det A|7I/2 (¢ AT B0 ¢~ 2misAT Bk,
For any & = (&1,&) € R2, £, # 0, let 4 be given by

B(E) = ¥(60,6) = (62) D (2) |

where 1,92 € C®(R), supp ¢y C [~3, — 1] U 15, 3] and supp ¢ C [~1,1]. We assume that
. . 1
S V)P =1 for ] = <,

and . . R
o (w — D)2+ [ha(W)? + [Pa(w+1)2 =1 for || < 1.



There are several examples of functions v, ¥» satisfying these properties (see [12, 14]). It follows from the
last equation that, for any j > 0,

2]
Z |1ﬁ2(2jw +0PP=1 for |w| <1. (2.5)

=—27

It also follows from our assumptions that ) € cge (]I/@)7 with supp ) C [—%, %]2

~ 27

&1

Figure 1: (a) The tiling of the frequency plane R? induced by the shearlets. (b) Frequency support of the
shearlet ¥j ¢ 1, for & > 0. The other half of the support, for & < 0, is symmetrical.

Let A and B be the matrices given by

(Y o)

Observe that (£1,6) A=TB™ = (2727¢,, —272¢, +277¢&,). Thus, using (2.4) and (2.5) we have that:

YD WEATBTE = Y Z 1272 €)1 |42 <2jg -0

§>0 6=—2 §>0 4=—2i
o
= Ve PP S @ 4 oP =
>0 f=—2i 3

for (&1,&2) € D¢, where Do = {(£1,&2) € R2: ST |§2\ < 1}. This equation describes the tiling of the
region D¢ in the frequency plane illustrated in Figure 1( ) (solid line). Since 1/1 is supported inside [—57 %]2
this implies that the collection of horizontal shearlets:

)

3j , . ,
SW) = {yen(x) =27 Y(B ATz —k): j>0,-2 <0<V ker?}, (2.6)
is a Parseval frame for the subspace of L? defined by

L*(Do)Y ={f € L*(R*) : supp f C Do}



In order to obtain a Parseval frame for the whole space L?(R?), we can construct another Parseval frame
of shearlets for the functions whose frequency support is contained vertical cone Dg = {(£1,£2) € R%: |&] >

5 |§—;\ < 1}. Namely, let
2 0 1 0
Aw) = (0 4) » By = (1 1)

and () be given by

(v n n h f
P06 = (61 ) = dr(en) ().
Then a similar computation shows that the collection of vertical shearlets:
3j . _ :
SE®W) = () (2) =27 O (BY ALz k) § 20, <L <D ke TP, (2.7)
is a Parseval frame for the subspace of L?(R?) given by L? (5)\/ Finally, we can easily construct an or-
thonormal basis for L2([—3, §])" (for example, by using Fourier series). As a result, any function in L?(R?)

can be expressed as the sum f = Pof + Pz f + Pof, where each component corresponds to the orthogonal

projection of f into one of the 3 subspaces of L2(IR2) described above. The tiling of the frequency plane R2
induced by this system is illustrated in Figure 1(a). Additional details about this construction can be found
in [12, 11].

The conditions on the support of 1/;1 and 1[)2 imply that, for each j, ¢, the functions J’J‘,E,k have frequency
support contained in the sets:

ijé = {(51752) : 51 € [_22]'71’ _22]'74] U [22j74722j71]a |% - 827j| S 27j}'

As shown in Figure 1, for each j, ¢, the set W;, is a pair of trapezoids centered about +¢;,, where &;, =
272(22%7 ¢27). Each trapezoid is approximately contained in a box of size 227 x 2/ in the frequency domain
(see Figure 1(b)). Thus the frequency support of the shearlets becomes increasingly thin as j increases. In
addition, since the function v is in C§°, then the shearlets are well localized. In the spatial domain, they
are centered at kj, = A~/ B~‘k, and oriented along the line o= —¢277. Similar observations hold for the

vertical shearlets 1&5”} .- These properties are essential in the ability of shearlets to provide very eflicient
representations for functions containing distributed discontinuities. In fact, shearlets provide optimally
sparse representations for a large class of functions with discontinuities along curves [12]. These properties
will also play a crucial role in the arguments used to prove the main results of this paper.

In the following, we will use the notation {¢, : p € M} and {z/J,Sv) : p € M} to denote the collection
of shearlets (2.6) and (2.7), respectively, where p stands for the multi-index (4,4, k). Each shearlet 1, has
frequency support in the set W;, and is associated to a location (k; ¢, +&;,) in the phase space. A direct
calculation shows that the set W, , has area 83 937 Similar observations hold for the vertical shearlets

() 128
{p” pe M}

3 Shearlet Representation of Fourier Integral Operators

In this paper, we consider Fourier Integral Operators T of the form

Tf(x) = / AT o (1 €) f(€) de, (3.8)

where the phase function ®(x,£) and the amplitude function o(x,&) satisfy the following assumptions:



o O(x,¢) is a real-valued function, C* in (z,¢&), for £ # 0, on the support of o, and homogeneous of
degree 1 in &; that is, ®(z, A§) = A P(x, &), for all A > 0. In addition, we assume that

|det ®pe(x, )| > ¢ >0, (3.9)
uniformly in = and &, where ®,¢ =V, V,®;
e ¢ is a standard symbol of order 0, that is, o is in C'*° and
102 0o (w,)] < Cap (1 + €)1 (3.10)

in addition, we assume that ¢ has compact support in the x variable.

Observe that, for each t fixed, the solution operator to the hyperbolic problem described in the Intro-
duction is of the form (3.8). The above assumptions about ® and o are consistent with the study of Fourier
Integral Operator associated with the solutions of hyperbolic problems (see [21, Ch.9]).

This is the main theorem of this paper:

Theorem 3.1. Let T be an Fourier Integral Operator satisfying the assumptions given above, acting on
functions on R%. For p,p' € M, let T(pu,p') = (T, ), where v, and v, are elements of the Parseval

frame of shearlets {1, : p € M} U {w,ﬁ“) i € M}. Then, for each N > 0, there is a constant Cn > 0 such
that

Tk, 1) < O w(pay hyer (1)) -

In the statement of the theorem, the function w is the dyadic parabolic pseudo-distance associated with
the indices p, ' € M, whose definition will be given in Section 4.2. For each p/ € M, the function h, is
a bijective mapping on M, induced by the canonical transformation associated with the operator 7. The
precise definition of h will be given in Section 4.3. As we observed above, the Parseval frame of shearlets
is made up of two collections: vertical and horizontal shearlets, given by (2.6) and (2.7), respectively.
Theorem 3.1 holds for any combination of vertical and horizontal shearlets. Since the structure of the
two systems is very similar, in the following we will analyze in detail the representation of the operator T
with respect to the Parseval frame of horizontal shearlets only. We will point out the differences of the
representation with respect to the vertical shearlets where this is needed (in particular, in Section 4.2).

As described in the Introduction, a result similar to Theorem 3.1 is obtained by Candés and Demanet
in [2]. As in [2], using Schur’s Lemma, it follows from Theorem 3.1 that, for every 0 < p < oo, T'(u, ') is
bounded from /P to /P.

We shall now start to examine the matrix representation of a Fourier Integral Operator T with respect
to a Parseval frame of shearlets. For j > 0 and |¢| < 27, let

1 027
B”(o 1,)

W =Wjo=W;eBje={(€1,&) : & € [-2571, =291y 2% 4,271 2| <277}

and define the sets

and
E=WBj A7 =W; A7 = {(&,6) : & e [-271, =27 Tu 274,271, |8 < 1}.

That is, the shear matrix B;, is mapping W, into another pair of trapezoids oriented along the &; axis,
and Bj A7 is mapping W, , into a pair of trapezoids inside the unit square [—1/2,1,2]2. Also observe that

B A=A B~



For i a fixed index triple in M, let ¢, be a shearlet with location (x,,&,) in the phase space. Then, using
the notation we have introduced and the change of variables & =7 Bj_el and w = nA~7, we have

T (x) = / PTIVE) (1 £) , (€) dé

= / (PO —EATBTR) (0 ) (EATI BY) dg
Wi.e
= 279/ /W (R B0 B AT BTk (0 By ) b(n By} A B dny
J
— s [ e B AT o0 B )y A d
W; ’

J

— 93i/2 / o2mi(®(@w B AT)—wk) O’({E,WBZAJ)QZJ(W) dw (3.11)
E

In order to proceed with the analysis of T, it will be convenient to locally linearize the phase ®(x,&) to
separate the nonlinearities of £ from those of x. This is a standard approach in the study of of Fourier
Integral Operators and can be found, for example, in [21, Ch.9].

We define
i xr,n) = _ _ 7 _ .
(e, B;}) —nB;} - Ved (2. (~1,0) Bml) , forneW;,
where
Wj+ = W] ﬂ {(&1752) : 5 Z O}) Wji = WJ m{(é-lagQ) : € < O} . (313)

For p fixed, this allows us to decompose T as

_ 2 1
T=T®TV,

where
TV f(x) = /Wv 2T BT B (@, m) 0 B} }) dn,
TP f(x) = f(du(2)),

with g, (x,n) = €2mi%.0(8,. " (2).m) U(¢;1($)7773j_,g1), and ¢, (z) = V@ (30’ (1,0) B]_zl)

Observe that the operator TF(LU obtained from this decomposition has linear phase but is not a ‘standard’
pseudodifferential operator. That is, §,(x,n) is not a standard class symbol in general. To illustrate
this point, consider the following example. Let ®(£) = ||, for £ = (£1,&) # 0, and &, = 27 ¢, where
ey = (cosB,,sin6,). Then

b _

= =e
[

Vi(b(gu)
and
0u(§) = () = Ve®(Eu) € = B(€) — ek,
For §, =0, then e, = (1,0) and
0u(8) =€l =& = \/EF + & - &,

which is unbounded. Notice however that ¢,(¢) is a bounded function if we impose that the components
of & = (&1,&) satisfy a parabolic scaling condition &; = ¢£2, for some ¢ € R. This is one reason why the



shearlets and the curvelets are effective in dealing with the operator T' (see Lemma 4.3). Also notice that
the derivatives of 0,,(§) are homogeneous of degree 0 in . Hence they exhibit no decay in & and, as a result,
B (z, &) does not satisfy (3.10) unless 5, (x,§) = 0.

The detailed analysis of the operators Tlsl) and Tlsl) and the proof of Theorem 3.1 will be given in the
next section.

4 Proof of Main Theorem

In order to prove Theorem 3.1, we will now proceed with the analysis of the operator T,Sl) and T,SQ).

4.1 Analysis of the operator T,El)

In this section, we show that the operator TIEU maps a shearlet 1, into a shearlet-like function m,, which,
for analogy with similar notions in wavelet analysis, will be referred to as a shearlet molecule.

Definition 4.1. For u = (j,4,k) € M, the function m,(x) = 2%/ a,(B*Alx — k) is an horizontal shearlet
molecule with regularity R if the o, satisfies the following properties:

(i) for each v = (y1,72) € Nx N and each N > 0 there is a constant Cn > 0 such that

0% a(@)| < Cn (1 + |2]) ™ (4.14)

(i1) for each M < R and each N > 0 there is a constant Cn pr > 0 such that

|4, (€)] < Onoar (L4 1) ™Y 27% +a)™. (4.15)

For pn = (4,0, k) € M, the function mff)(x) = 231/2 aH(va)A{U)x — k) is a vertical shearlet molecule with

reqularity R if the a,(f) satisfies (4.14) and for each M < R and each N > 0 there is a constant Cn s > 0
such that

aP()] < Cnar (14167 (27 + &)™,
The constants C'y and Cy pr are independent of p.

The second factor in the inequality (4.15) is associated with the almost vanishing moments. By this
property, the frequency support of a shearlet molecule m,, is mostly concentrated around || ~ 227 Observe
that a shearlet 1, is also a shearlet molecule, but a shearlet molecule has no compact support in the frequency
domain, in general. Coarse scale molecules are defined as elements of the form {a,(z — k) : k € Z*}, where
a, satisfies (4.14).

Our definition of shearlet molecule is inspired by the curvelet molecules introduced by Candes and
Demanet [2]. Both definitions adapt the notion of vaguelettes of Coifman and Meyer [17].

Let us examine a few implications of Definition 4.1. If m,(z) is an horizontal shearlet molecule with
regularity R, then it follows from (4.14) that

|(2mi€)" @, (§)] < [|07apl[zr < Cy,
and, thus, for all N > 0 there is a constant C such that
la, (&) < Cn (1+ ).
It follows that for all N > 0 there is a constant Cy such that

[ ()] < Cn 272 (14 |€A/ BN, (4.16)



On the other hand, from (4.15) it follows that for each M < R and each N > 0 there is a constant Cy s > 0
such that

N “ o _ _as o9 M o _ —N
10 (6)] = |a, (€A™ B™)| < On 27972 {275 (14 &)} (14 |€A™ B™) (4.17)
Thus, combining (4.16) and (4.17), it follows that for each M < R and each N > 0 there is a constant
Cn,m > 0 such that
()] < Cvoar 27972 min {1,27% (1 + 1)} (1 +164~7 B~ 7. (4.18)

Similarly if mff)(a:) is a vertical shearlet molecule with regularity R, then for all N > 0 and all M < R
there is a constant Cn, s independent of i such that:

. . . —N
O < O 27972 min {1,274 (L &)} (141645 Bl (4.19)

Let m,(z) = mj(x — A77B~‘k), where we use the notation m;(x) = m;so(z). Then m;,(z) =
23112 q,,(B*Ax) and
1 e(€) =27%/%a,(EA7IB7Y).
Thus, by direct computation, observing that (&;,&) A™7 B~ = (27%¢,,279 (& — £277¢1)), we have that
e,mse(§) = 273 (279 Pi(€) — 277 P3(9))
Deuihje(€) = 273277 Po(§),
where P,(§) = 0y,,a(n)|y=( a-i p-¢), for n = 1,2. Similarly for higher order derivatives. Observe that, by

an argument similar to the one given above, it follows that also the functions P, (&) satisfy (4.18). Thus, for
each a = (a1, @) € N x N, we have that for all N > 0 there is a constant Cy such that:

|02 1i;.0(€)| < Cw 2739 279002 (1 g min {1,272 (14 |6 )} (1+1€A7 B ™. (4.20)

Next, using the partial derivatives we can compute the directional derivative Dy m,,(§) in the direction 6 as
follows

Dy T?Lj)g(f) cos 851 T?Lj’e(f) + sin 6 a£2mjyg(f)
= 2739272 P(£)cosO+ (277 sinf — €272 cos 0) Py(€)
2737 cosf (27 P(€) + 277 (tan@ — £277) P5(€)) .
Thus we have that for all N > 0 there is a constant C such that:
| D 1 o(€)] < Cn 2737 272 (1 4 29 tan 0 — €27 %) min {1,2°% (1 + &)} (14|64~ B~) ™", (4.21)

Similar estimates can be derived for the vertical molecules m,(f)(ac).

We have the following result.

Theorem 4.2. Let {1, : p € M} be a Parseval frame of shearlets. For each p € M the operator Tlgl) maps

Y, into a shearlet molecule m,, = Tﬁl)

in Definition 4.1 is independent of w.

Yy, with arbitrary regularity R, uniformly in p. That is, the constant

The same result holds for the vertical shearlets {@ZJ,(f) : u € M}. Since the argument is essentially the
same, in the following we will only examine the case of horizontal shearlets.

To prove Theorem 4.2 we need the following lemmata. We will use the notation introduced in Section 3.
In particular, d;, is given by (3.12) and I/VjlL is given by (3.13).



Lemma 4.3. For z € suppo, n € W; and a = (a1, a2), we have
|07 05 8j.0(,m)| < Co g 27 Corted,
where Cy g s independent of x,n,j and £.

Proof. Without loss of generality, we will consider only the case n € Wj+. The case n € W~ is similar.
Since ®(x,n) is homogeneous of degree one in 7, it follows that

®(z,m) =n-V,®(z,n)

for all z and n. Also Vy®(x,n) = O(|n|*~1e1) and 7 - V2®(x,m) = 0 and . By the definition of §;¢(z,n), we
have that d; ¢(z,n) is homogeneous of degree one in 7, d;¢(z,71,0) = 0 and 9,,9; ¢(x,m1,0) = 0 for all n > 0.
These equations imply that, for each n, 9y 8;0(x,m,0) =0 and On, Oy, ;¢(x,m,0) = 0. Thus, the Taylor
series expansion of d;¢(x,n) about gy =0 is

2
delw,m) = 02,0,6(w,m,0) 2 + hodt. (4.22)

Recall that on the set W]ﬂ', we have that:

1 2j 1 o, 1 .
_ < < = J <7.7.
162 77)1722 and772722

Thus, using (4.22) and the homogeneity assumptions on ®, we obtain that ':

Onidiewn) = Ol ol ™7*) = O(27*9) on W
877267(7)[116%5(%’77) = O(|n2] ‘77|_1_°‘1) = O(2—j—2a1j) on Wj+§
O2d5idsewm) = O(Inl'~*17°%) = O(27>7=°%) on W, for ag 2 2.

In the last estimate, we have used the observation that, for as > 2,
|,’,}|1—a1—a2 S |n1|1—a1—a2 S C2—2a1j22(1—a2)j S C2—2a1j—a2j.

Therefore:

8562ﬂi5j,£(¢u($)_1’n)‘ <C, 272a1j*a2j’ on Wj+' O

Lemma 4.4. For x € suppo and w € E we have

02 92 (Bl wA) b(w) )| < Cas,

where Cy, g is independent of x and p = (4,0, k).
Proof. It follows from Lemma 4.3 that

sup |a£ 83 5j,£(¢;1(x)a wAj)| § Cozﬁa (423)

weEk, qub;l(supp o)

where C, g is independent of j and ¢. Notice that w # 0 on the set E. Also recall that o is a symbol of
order 0. Thus |8§8§‘0(¢;1(x),§)| < Cy (14 |¢)~1l. This implies that

sup 107030 (¢,, " (), wA B )| < Co g, (4.24)

wek, x€¢;1(supp o)

1We only need these estimates for = € supp a(qb;l(x),f). Since o has compact support in z, the estimates are uniform in z

10



where (Y, 5 is independent of j and ¢. It follows from (4.23) and (4.24) that

0005 (Bul(e,wA”) b)) | < Ko

sup
weE, weqﬁ;l(supp o)

where K, g is independent of j and £. O

Lemma 4.5. Suppose that
flz) = / PTEATTE) F(x, €) dt,

where A € GL,(R), k € R", F is C§° and, for all a = (a1, as) satisfies )8? F(x,f)‘ < Cy, where Cy, is
independent of & and x. Then, for each N € N, there is a constant Cn such that, for any x € R™, we have

[f(2)] < On (L + Az — k)[) ™. (4.25)

If, in addition, |8§ F(m,ﬁ)’ < Cg, where Cg is independent of & and x, then

02 @I <1BIOx s [( €A (€AE] (1 + 1Az — K1), (4.26)
Eesupp F

In particular, Cy = Nm(R) (||77/A1||oQ + ||Aévl/;||oo), where R = supp (F, Ne = Y7, 53—22 is the frequency

domain Laplacian operator and m(R) is the Lebesgue measure of R.

Proof. First observe that
|f(@)] < m(R) | Foc- (4.27)

An integration by parts shows that
emit(Az— x =—(2n x — x
[ e A (a,6) d = — (202 | Ax — K Fl2)
R

and thus, for every x € supp F,
(@2m | Az = k)N [ f(2)] < m(R) AN F| oo (4.28)

Using (4.27) and (4.28), we have

(1+ @2r [Az — kD)) [f(@)] < m(R) (| Flloo + |AY Fllo).- (4.29)
Observe that, for each N € N,

(L 2N < (14 @0 o)™ < N (L4 (@2 [])?).

Using this last inequality and (4.29), we have that for each x € R™

[f(@)] < Nm(R) (1 + Az — k)™ (||Flloc + AV Fllo0).

This proves inequality (4.25). In order to prove (4.26), observe that

01 1(e) = 3 o [ (€A TN 1 o)
a+'y:5 Rn
Inequality (4.26) now follows using the same argument as above. O

We can now prove Theorem 4.2.
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Proof of Theorem 4.2.
From (3.11), using the change of variables w = 1 A™7, we observe that:

mule) = T (@) = 2700 [ BT g o) iy A7)
— 3/ /E (2ri(wd! B la—wk) 5 (0 AT h(w) duw
= 93/ /E 2riw(B' Aa—k) 3 (0 A7) h(w) dw. (4.30)
For 1 € M, let a, be defined by
my(x) = 2%/ a,(B* Az — k).
It follows from (4.30) that

au(y) =272 m, (A7 B~ (y + k) = /Ee”i“’y Bu(A™ B~ (y + k), w AT) f(w) dw. (4.31)

We need to show that a, satisfies (4.14) and (4.15).
By Lemmata 4.4 and 4.5 applied to (4.31) it follows that, for all N > 0, there is a constant Cy such that

lau(y)] < On (1+ [y~ (4.32)
For any v = (71,72) € N x N, we have that
A auly) = /E 07 (€™ B, (A~ B~ (y + k),w A7) ¥ (w) dw.
By applying to this expression Lemmata 4.4 and 4.5 we obtain the same estimates as a,(y), given by (4.32).

This gives (4.14).
To deduce the second estimate, let us compute the Fourier transform of a,,(y), given by (4.31). We have:

() = [ [ e g, (A7 B (g4 k) w0 ) ) s (4.33)

The integral (4.33) is well defined since 3,,(y, w) has compact support in y. Next set D1 = ﬁayl and observe
that
D1 eZm’wy =uw eQTriwy.

Thus, using an integration by parts, we have that

a(€)

[ [ D (emen) DY (e s, (479 B (g4 ) A7) ) dsdy
R2JE

/ / wl_N e2miwy D{” (efzmgyﬂ#(A*j B*Z(y +k),w Aj)) z[)(w) dw dy.
R2JE

This expression can be written as a sum of the form

M M
(&) =Y g2 /R IR (y)dy =) a gy 27TV (), (4.34)
=0 =0

where
Fi(y) = /E e2miew 921 (M=0 gM =1 (g (A= B~ (y + k), w A7) wi ™ (w) dw.

12



Observe that, in the expression above, w; ' < 16 on E and [22(M=D 9M=1 (g (A~J B~ (y + k),w A7)) | <
C)r uniformly. Thus, by applying Lemma 4.5, we have that for all M > 0 there is a C'y such that

IFi(y)| < Cur (1+[y2) ™,

and, similarly, that for all M > 0 and all «

95 Fiw)| < Canr (L4 15?) "
It follows that, for all £ € supp F,
|2m)* Fi(§)] < [0 Fillpr < Ca,
and, thus, for all M > 0 there is a constant Cj; such that
[F(&) < COn (14 €)™, (4.35)
The estimate (4.15) now follows from (4.34), the binomial theorem, and (4.35). O
The following observation shows that the molecules m,,, © € M are well localized.

Proposition 4.6. Let m, = T,Sl)wu, For all N € N there is a constant Cy, independent of j, €, k,x such
that
Im,.(z)| < On 23972 (1 + |B® Alx — K)|?) V. (4.36)

Further, for all 8 = (81,02) and all N € N there is a constant Ky, independent of j, 0, k,x such that
10%m,,(x)| < Cn 2%9/22%B+52) (1 1| B Al — K)|?) V. (4.37)

Proof.
To prove inequality (4.36) we apply Lemma 4.5 to the function m,(z), given by (4.30). Observe that the
assumptions of Lemma 4.5 are satisfied by Lemma 4.4. Next observe that

(w1, w2)BYAY = (2% w1, 27 (fwy + wy)).
Thus, inequality (4.37) also follows from Lemmata 4.4 and 4.5 by observing that, for w € E:

(wBeAj)fl (waAj)’gZ < (C22%h 2j/32‘£‘ﬂ2 < (22t o

4.2 Almost orthogonality

While shearlets do not form an orthogonal family, they are associated to a notion of almost orthogonality.
In fact, the inner product of two shearlets v,, and v, exhibits an almost exponential decay as a function of
an appropriate distance defined on the indices p and u’ in M.

Given a pair of indices p = (4,4, k) and p/ = (', ¢, k') in M, the dyadic parabolic pseudo-distance w(p, ')
is defined by:

() = 2771 (14 290 d(p 1) )

where ' '
d(’u,’ 'u,/) = |£27‘7 - 6/27‘7 |2 + |]€j7g - k;/7g/|2 + |<6l"7 kjj - k;'/,el>|,

e, = (cosf,,sind,) and 0, = arctan(¢277). This psedo-distance is a slight variation of a similar definition
introduced by Smith [18] and modified by Candés and Demanet [2].
The following result follows directly from [2, Prop.2.2].
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Proposition 4.7. For p,u',pu” puo € M, the dyadic parabolic pseudo-distance w satisfies the following
properties.

1. Symmetry. w(p, p') ~w(p', ).
2. Triangle Inequality. There is a constant C' > 0 such that d(p, ') < Cd(u, p”") + d(p”, 1').

3. Composition. For every N > 0, there is a constant C > 0 such that

> wlp i) N 1) N < Oy w(p,p) TV
IJ'//

4. Invariance under the bijective index mapping hy,, induced by the canonical transformation: w(p, ') ~
Wl (1), hyo (1)), uniformly over py € M.

As mentioned above, the precise definition of the mapping & will be given in Section 4.3 (see Remark 4.1).

The following Propositions 4.8 and 4.9 show that the shearlet molecules, defined by Definition 4.1, form an
almost orthogonal family with respect to the dyadic parabolic pseudo-distance w. The almost orthogonality
will play a major role in the proof of Theorem 3.1.

Proposition 4.8. Let m, and m,s be two shearlet molecules with regularity R. Let j,j'" > 0. For every
N < f(R), there is a constant C > 0 such that

[(my,my )| < Cn w(p, /)™,

The number f(R) increases with R and goes to infinity as R goes to infinity.

Proof. The following argument adapts some ideas from Lemma 2.3 in [2].
Consider the integral:

I(p, 1) ://Wﬁp(fhﬁz)?u’(fhfz)d§1 déo,

where the functions p,, pj, satisfy the estimate (4.18).
For j' > j, we split the integral as

I(p, ') = Ii(p, ') + Lo (py 1) + Is(ps 1) + s, 1),

where I, corresponds to the region of integration {(&1,&) : |&1] > 2%'}, Ir to the region of integration
{(&1,8) : 2% < |€&1] < 227"}, I5 to the region of integration {(£1,&) : 1 < |&| < 2%} and I to the region of
integration {(&1,&2) : 0 < [&1] < 1}

We can assume & > 0 (the case & < 0 is similar). Using the change of variables £ = u &5, we have

L) o 0o oo 9—-2(i+5") de, dt
i, ) < COn / / ; : : - ~ ~ 2081
220" ) oo (14272 & +270 |6 — 0277 &)Y (14272 & + 270" |6 — 01 2-3" &)
[e'e] [e’e] 2—§(j+j/)
= Cy / / : , 2 200 4 . __ dudg,
22 Joo (1427278 + 2776 u—0277])" (14272 +277" & lu— 00277

c /oo /oo 2—%(j+j/) 51
227" J —oo (1 +2-2% & +277 §1|u|)N (1 + 227 &+ 27 & |U + AIMH/D

< dudé,,

2_j/51

m, we can factorize

where A, v =1 273" — 0277, By introducing the variables oo = % and o/ =

the fraction inside the integral sign to obtain

h) <oy [ 27800 ¢ * !
Mo ) < / Y 5 /
' M Jpr U+ 272 )N (14272 )N - (1 + aful)Y (1+ o |u+ Apw)

N du d§1
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A classical estimate (see [9, Appendix K]) gives that, for a > o/, and N > 1,

o0 1 1
du < Cy . (4.38)
va 1+ afu)™ (1 + o [ut Ay )™ o (1+a |8y )

From the definition o, for & > 22", we have that %2jl < o' <27, Thus, for & > 2% provided N > 1,
from the last inequality we obtain

h ! (L+27% &) ’ N
du < Oy ——5——— (142 [Auwl) - 4.39
w/—oo (1 + « |u|)N (]_ —+ o' |'LL+ A,u”u")N N 2—j 51 ( | YN |) ( )

If o/ > «, arguing in a similar way, we obtain that, for N > 1 and & > 22",

e} 1 1 2—2jl . —
/ < NdugCNM(1+2J|AH,H/|) M
—oo (Lt+alul)™ (1+a Ju+ Ay ) 276

Also observe that, for each N, N’ € N, we have that

e 1 s\ —N oo 1
I S T N S
/221' A +2-2" )Y (1+2-% &) ' 225 (14272 )N '

./ . -N ./ o0 1
— (1 + 220 —J>) 921 / e déy.
1 1

For N’ > 1, it follows that

e 1 y RN\
_ g < Oy 2¥ (1 4220 —J>) . (4.40)
S Trrm AT

Thus, using (4.39) and (4.40), for & > o’ > 1, we have that

/ o0 2-30U+i") , y -
L(p,p') < Cn /w I T T(1 256N 27 (1+2J IAM/I) &
< Oy 23U giva (1+22<j'—j>)_N (1427 18u])
< CNQ%(j/*j) 9—2N (' —j) (1+21' |A#7M|>_N
< On2RUD) 2 INGD) (140 (A )Y (4.41)

The same estimate holds for o > a.

To estimate the integral I, we will use the additional factor 22N (1 4 |&;])" from (4.18) (we choose
N = M). We still assume that j* > j > 1. Thus, for o > o’ (the case o < &' is handled in a similar way)
we have:

924’ YA Y 0o
2720+ g 272N (1 N 1
I(p,p') < Cn / - 3 1L+&) /

K 7 . dU'dfl
2 (14272 )V 14226V Jooo A+ au)N 0+ Ju+ A, )Y
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Thus, using (4.38) we have

- . ./ ./ . -/ N
: 2 2R g e N (L )N (1427 ) (14279 6
L(p,p') < Cy , , , ; , d&,
22 (1422 )N (14272 &)V 2776 (1422 & + 277 & |A, )Y
224’ N
— CN 2_%(3+3]/) 2—2j/N ‘ T (1 + 51) ‘ 5 dg]
221 (1+27% &) (L2728 + 277" & | Ay )
1(‘ ‘/) . 1 22]‘/ é—N
< COn272 J+33") 9—2'N S / % dé¢
(1+2%73" Dy DN S (1 2-20)N
L y : 1 220" gajN | N
= C —3(+35") 9=2j'N 92j - / de .
v T T B L @ O
Thus, observing that
220" —4) uN
—— d& < 22079,
/1 (1 +u)™
we conclude that
' 1('—3) 92" -)N 255" N
L) < Cyn280' 02 (1 +2 |AW|)
< Oy 230D o GIN (1p A, ) (4.42)

To estimate the integral I3 we will use the additional factor 2-20"+3)M (1+ &)™ (notice that we choose
M # N). We still assume that j > j > 1. Thus, for o > o’ (the case @ < ¢’ is handled in a similar way)
we have:

227 L _ 3 (il (it
o 9—30+i") ¢, 920 +i)M (1 4 ¢,)2M oo 1
-[3(]7.7/767 e/) S CV]V,M / 51, N/ ( , 51)]\] / N N du dgl
1 (1+272&)" (1+27%7 &) —oo (L4 aful)” (1+a ju+ Ay )
Using again (4.38) we have
N
229 2730+ ¢ 9 2UHOM (1 4 )2M (14272 &) (1 +27% £1>
Ii(p, ') < Cnom / . : : : : dé;
1 (4272 )N a2 )N 27 (14279 6 4277 & | A )Y
227 2M
_ cNMgf%<j+3j'>272(j+j’>M/ (1+&) e
7 1 Q272N T (1270 + 277 & [ A
L G+37) o2+ M 92 2M
< Cnp 2729272720 / ; , dé:
1 A2 Y a)Y (42 G A )Y
229 —2§'M ¢M
_1(j134" 272 M
< Cya 2730189 / ‘ , dé1.
L2t (142 G A )Y

Let M = 2N. Then
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227

/ 1(3+37") 2N
I(p,p') < COn27297 / , ; j i1
122N NN (L4277 6 A )Y
e 27 —2j'N ¢N

< CN2—§(<7+3J)/ , 2N 3 , w d&1
1 (14+2728)7 (1427 [Ay )
229 —2j'N ¢N

< Cy2 6 / 28 _ag
1 (1 + 27 |A,u,,u'|)

< ON2 30D 920N (1497 |A, )TN (4.43)

To estimate the integral Iy we choose M = N. Then, still assuming that j* > 5 > 1, we have

oo 9—3(i+i") ¢ 9-20+i" N (1 2N
I4(lu7,UJ/) S CN / / : g ( +§1) dudfl
0 +277¢& |u|)
)2V
< Oy 273U+ 920 +HON / / At+&) - dv d§;
- 1+ )V
< Oy 220131 920457 (4.44)

Combining the estimates for (4.41), (4.42), (4.43) and (4.44) we conclude that, if j* > j, for all N € N
there is a constant Cp such that:

-N

I(p, ') < On 270 =DN (1427 |A,, ) (4.45)

We will now deduce another estimate for the decay associated with the spatial location. We still assume
that j' > j. Recall that, for = (j,£,k), mu(z) = m;¢(x — A7 B~'k) and 1, (€) = 1 4(€) e 2mEA B~k
Let A = 8521 + 8522 be the frequency Laplacian operator. By (4.20), we have that for all N, M > 0 there is a
constant Cy, s such that:

. S o . M
2720 2780 min{1,27% (1416 )} min{ 1,272 (14161 ) }
(142727 |€1|+277 [€2—£277 &)V (1427207 |61 | +23" |6 —€/ 27" 1)

[ (s () g @) )| < e (1.16)
Let D, be the directional derivative in the direction of y, that is, tan6 = 279¢. Then, using (4.21) we have
that

D2 1i;,0(6)] < Caoar 2739279 min {1,275 (1 + |6 )} (141647 B~ o

and
-/ -7 .’ " M . _N
D2 s (€)] < Onoar 2737 274" (14 23|80 2) min {1,275 (14 )} (1416477 B
It follows that
247 .
: D2 (1, Nar g
(1+221|A,, 02) 0 (m”(g)mj a ('5))‘
5 ) M , M
27200 min {1,272 (1 + [&a)}" min {1,272 (1 + Ja) |
<Cnum : , R - - — (4.47)
(14272 [6y] +277 |6 — 0279 1) (1+2°20" |&4] +27' |€2 — €27 &)
Set N 4'
. 047
L=1-2% - : D2.

(2m)? (2m)? (1 + 2% |Au,u’ )
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Then, using (4.46) and (4.47), we have that, for all N, M > 0 and for each n < N there is a Cy, s such that

2~ 30+ min{1,272 (1416 )} min{ 1,272 (141}
(142723 &1 [+279 |e2—0 277 £2])™ (14272 &1 +277" |ga—0 277 &)

| (150(6) 1y (©)) | < O (4.49)

We also have that for each n € N
) , ) 9247
" <6727rlf(kj,e*kj,g)) — (1 + 92 \kjo — k;74|2 +

(1+2%[A,

2) (e, kje — k;e>|2> e~ 2mit ki e=kj0)
(4.49)

where kj = AT B~k k), = A3 Bk, Repeated integrations by parts give
(M, myer) = / / 1o (€) 1y o0 (§) €2 Wik dey

[ (@ @) Lo (om0 dey s

Therefore, by (4.48) and (4.49) we have that for all N, M > 0 there is a constant C'x ps such that:

. 94j -N
[y, mu)l < COnom (1 + 227 |k — K |* + A28, (e kje — k§7z>|2>

3000 min{1,272 (141N} min{ 1,272 (1 +je )
//(1+2 2j { 1 } { - } d§1d€27

|€1]4273 [€2—023 &)V (142720 |&1| 423" |€a—0/ 27 &1])"

where the integral is of the same form as I(u, ). Thus, from the last expression, using (4.45), we have that
for every N > 0 there is a constant C'x such that:

< On2UIN (1495 A, 2T (14 2%k, — K[ 2y kjo —
[(my,mu)| < Cn ( + 2 [Ay ) + 2% kj 0 — K ol +m|<em 3,0

(i . 24 -
< CN 2 (3'"=3)N (1 + 22] (|AH7#’|2 + |kj,£ _ k;-72|2) + m‘<ey7 kj,l - k;,£>|2)
I

(i — ; —-N
< COn2 G=N (1 + 2% (|Au,u"2 + |kj,lf - ké‘,e|2 + |<€uvkj,l - ;e>|))

In the last step we have used the observation that

. 2% (e, kip — k'
P fepbse Kyl = T+ BIA 0 )
Hop!

2 |(eps kje — K5 o) P
1+ 227[A,, 2

IN

¢ <(1 + 2% |Au7u'|2) +

The case j' < j is symmetric to j < j' and follows easily from the estimates above. O

The almost orthogonality of shearlets molecules extends to the situation where there are both vertical and
horizontal molecules. The case where both shearlet molecules are of vertical type follows easily by adapting
Proposition 4.8. The case where one molecule is horizontal and the other one is vertical is proved by the
following proposition.

Proposition 4.9. Let m, and ml(jf) be a horizontal and a shearlet molecules with reqularity R, respectively.
Let j,j' > 0. For every N < f(R), there is a constant Cy > 0 such that

[(mye,m)] < v (g )™V

The number f(R) increases with R and goes to infinity as R goes to infinity.
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Proof. Consider the integral:
I(Maﬂl):// ﬁu(§17§2)]3$)(§1,52)d§1 d&a,
R2

where the functions p,, and f)gf) satisfy the estimates (4.18) and (4.19), respectively. It will be sufficient to
estimate the integral in the region I' = {|&| < |£1|}. The estimate in the complementary region follows by
interchanging the roles of &; and &;.

As in the proof of Proposition 4.8, for j' > j, we split the integral as

I(p, ') = Li(ps 1) + Io(p 1) + I3 1) + La(pe, ).
In the following, we will use the following inequality: if @ and b such that |a|, || < 1, then
|1 —ab| > |a—0l. (4.50)

Observe that, unlike Proposition 4.8 the case j/ < j is not symmetric to the case j > j' and will be
discussed later.
For & > 0 (the case & < 0 is similar), using the change of variables & = u&; we have:

Lpw) < C /oo /Oo S dé dé
1L p > N - ; - ” ” - 2 a1
220 Jooo (142720 € + 277 & — £279 &)Y (1+ 272" |&| + 277" & — /277 &)Y
oo poo 2-3(+i")
— CN/_/ GRS - dudg,
2000 (14 272y 4 27 afu— 0279 (14272 Gaful + 2770 & u — 3
o 9-3(+i) g [ 1
< C : / du de,,
My 275N |1y afu— 23 )Y A+ alfu—e2-7pN

27 I =25 p
where o = T and o =2 0.

If « > o, using (4.38) and (4.50) we have

, oo 9-5@+i") 9i
Li(p i) < CN/_, - v dé1
P (4 2ue) T (142 0 g3 - 027
o /00 9—3(i+35") ”
= N X — X X ) 1
22 (14+2-26) V(14270 g1 — v 2= 02-3)
o0 2-3(5+35")
< Cn w A&

021 (14 2-20¢) N1 (1 4 29 &[0 23" — £2-7])

, . _ o0 9—3(j+35")

< On(1427 |27 *WﬂI)*N/ 1 4G
22 (1427%&)

< Cn273UD) 9 20 mDWN=2) () 4 od |pr9md o),

If & < o, using (4.38) and (4.50) we have

L) < © /OO —30+ ¢ "
My b =~ N
1 2" iy N, o ~ N 1
(1+2726)" o (1+a|Z — 0279
- ¢ 00 2—%(j+j/) 51 dé‘
=~ N X X .
22 (1+2-26) N a (1+al02-3' —¢2-3)N
oo 9—3(+34")
S C(N . ngl

2 (1+27%6)" 7 (1427 |02 — £277))
< Oy 2—%(j'—j) 2_2(j’_j)(N—2) (1 + 2j/ |€/ 2_j/ — 82_j|)_N.
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For I, when & > 0, using the change of variables {&; = u&; we have:

L) < C / / 272U 27BN (14 [|)
2\ = N - ; X » i -,
221 Jigaler (142726 +279 & — 0271 &) (1+ 272" |&] + 277" |6 — /277 &))
- c /22_7‘/ /1 2*%(]4;’/)51 272j1N (1+€1|u|)N dudf
> N ; - ; - ) 1
2 Ja (14272 +270 G u— 027N (14279 &1 — 0 2-3" u))N
2;/ 30yt ol
< Cn /2 27204 & 272N (1 + &afu))™ /OO : du dé;
- 223 (1427276 oo (T4 afu— 2= 1+ o/ ju— 2= YN ’
22" o 2(i4s") eN+1 o—24 oo
2-20+s") (N1 9=2j'N 1
< ON/ L / : —— du dE;.
22 (142727&)N oo (T4 afu— 271D 1+ o/ ju— 2= YN '

Now we proceed as for I;. When « > o, using (4.38) and (4.50), and then proceeding as in Proposition 4.7
we have:

2%’ 9-3U+i) ¢N 9-21'N 9i

I(p,p') < CN/ w7 A&
2

oz ma) T (12 e gl - 2o)

2!
229 9—3(+35") E{v 9—2j'N

2 (142-2¢)N (14270 g |02-0" — 02-0))

22’

IN

Cn

N dfl

. -/ . -/ -/ y N272]IN
< Cn 2 BUEE (1402 g *527”)%/ el
227 (142720&)

< On27 20309 G0N (1 497 |¢/ 27" —g2-i|)~N,

The case where a < o is similar.
The integrals I3 and I, are treated as in Proposition 4.7.
We next consider the case j' < j.
For & > 0 (the case & < 0 is similar), using the change of variables &, = u¢; and (4.50) we have:

nww) < on [ 2 U du d
1 My < N/ / X 3 X » » » U agy
27 oo (14272 ¢ 4277 & |u— 027N (14220 & fu| + 277 & |1 — 027 u|)N
'] 2*§(j+j/)
< ON/ / . | TS _ —dudg,
22 Jjuz1/2 (142728 + 277 & u—£277))" (142727 & 4+ 277 & |u—01277"))

0o 2—%(j+j/) El
+CN / / y y y N ! i/ i/ N
22 Jul<i/2 (1 4+2729& + 279 & |lu—£277))" (14272 &lul + 277" & |1 — 0277 u))

Observe that the first of the two integrals in the last sum can be estimated similarly to the integral I; in
Proposition 4.7. Since |u| < 1/2 (and, thus, |1 — #2779 u| > 1/2), the second integral is controlled by

o0 230+ ¢

Cn : :
2 (14272 6)Y (14277 &)

(oo}
dEr < O b(6i—37) 2—(2j—j’>N/ Yy 4
v s O s (Lry)V Y

< Oy 2:0i=31") 9=(i=i")N 9=iN
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For I, when & > 0, using the change of variables {&; = u&; we have:

22] 1 3¢ ./ o
2—5(i+3") ¢, 2—2iN (1 N
) < O [ f e UrGu) v dudey
22 Jo1 (142728 +277&u—£277))7 (14272 & |ul + 277 &1 — 0277 u)
92 —3(j4+4") 9—24 N+1
92—5(+s") 9—2jN ¢N+
< o[ , ° S v dudg,
223" Jizjuz1/2 (14277 & lu—£0273))7 (142727 & +279" & ju—0'277'|)

9—3(+i") 9—2jN 5{V+1

227
+C’JV\/ / ; ; VIV i - - Ndu
2 Jarcre (14275 64 +29 Gl — (29" (142727 §ulul + 29 € [1— £27'ul)

Observe that the first of the two integrals in the last sum can now be estimated similarly to the integral I,
case j' > j. Since |u| < 1/2 (and, thus, |1 — 277 u| > 1/2), the second integral is controlled by

227 N+1
CN2—%<3j—j’>2—<2j—j')N/ y
220 (L +y)N

Cy 22Bi+3) 9=(=3 )N 9=iN

227 80 Y N1
9—5(+3") 9—2iN ¢N+
CN/ 51

2

> d&y dy
257 (1 + 27 fl)N

IN

The integrals I3 and I, are treated in a similar way.
The remaining part of the proof, involving the estimate for the spatial decay, is very similar to the one
in Proposition 4.8. O

4.3 Analysis of the operator T,EQ)

)

To analyze the operator T;Sl in Section 4.1 we have taken advantage of the compact frequency support of

the shearlets {1, : © € M}. In contrast, to analyze the operator Tf) it will be convenient to introduce a
family of shearlet-like function with compact support in the space domain. Using this analyzing family, it
will be possible to introduce an atomic decomposition

f(z) = ZV;L pu(l‘),

for functions f € L?(R?), where the shearlet atoms pu have compact support and satisfy certain regularity
and vanishing moments conditions. Their precise definition will be given after Proposition 4.18. Recall that
the notion of atomic decomposition is standard in harmonic analysis (see, for example, [8]).

We have the following result.
Theorem 4.10. Let {p, : pf € M} be a family of shearlet atoms with regularity R. For each ' € M, the
operator Tf) maps pys into a shearlet atom my, () with the same regularity R, uniformly over " € M.

As in Theorem 3.1, for each 1 € M, the function h,, is a bijective mapping on M. The precise definition
of h will be given later in this section.

We will construct a family of shearlet-like functions with compact support of the form

Vast(x) = |det Ag| V2 (A7 BT (2 — 1),

el ) me ()

and a,s,t are continuous parameters satisfying: 0 < a < 1, |s|] < 2, t € R. Notice that, in the Fourier
domain, 1,4 (£) = a®/* e 2™t (¢ B, A,). The following construction adapts several ideas from H. Smith
[18].

where
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Definition 4.11. We say that a Schwartz function ¢ has k vanishing moments in the x1 direction if ¢ can
be expressed as

¢(x) = 0y, 9(x)

for some other Schwartz function (;NS

Observe that if ¢ has a certain number of vanishing moments in the z; direction, then (ﬁ({) = (2772'51)’“&(5),
and, thus, 5(0,52) = 0. This shows that é(f) is concentrated along the £; axis way from the origin. As a
consequence, gi;(ngAa) is concentrated in elongated regions, symmetric with respect to the origin, along the
direction &, = s&;. These regions become increasingly elongated as a — 0.

Let p(z) be a Schwartz function with & vanishing moments in the z; direction. That is

p(z) = 0%, b(x),

where ¢ is another Schwartz function. We assume that QAS(:I:L 0) #0.

We use the notation
Ha(@) = a2 (AT @) = a2 p(a ar, 0= %)

and

as(@) = a2 (A7 BY %) = pa(@s — swa,w9) = a¥2p(a” (a1 — swa) a2

Since (&) = (2mi&1 )k p(€), it follows that

f1a(€) = [1(€A,) = fila&y, a'/?&) = (2mia&)F p(agy, a'/?E),

$2)

and
flas(€) = [i(EBsA,) = fi(aér, a'/?(€a — s&1)) = (2mia&y)F ¢(aky, a/? (& — s&1)).
Let

2 1
5. da
p©= [ [ sl s,
—2Jo a
and I" be the region in the frequency plane:
< 1} .
Lemma 4.12. For each £ €T and k > /2, we have that
L da &2 B—2k
[ ater s <cge (1+525)
a<l a |§|

3

b= {(51,52) eR?: |G| > 1,

Proof. Since ¢ is a Schwartz function, for any N > 0 we have:

[dai,vag)| < On (1+alal+ vVale) ™

This implies that
N — —N/2
1 (©))” < Cx a&* (1 +ale)™ (1+alé)?) 2.

Using the last inequality and the change of variables u = a ||, it follows that

B~ 2 da I 2k—8 —N < £2|2)_N/2 da
/a<1a (&7 — < Onl¢] L<1(a§) (1+alg]) 1+a|£\7|§| "
- s 2% N |f€2|2)N/2 du
Cn [¢] /ugmu (1+u) <1+u£| —. (4.51)
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Using the change of variables v = u ‘flzr’ for &, # 0, we have

By (o2 30 8 ( |5|>2k_6 ( |5|) - N2 W
/a<1 0 Cn [ [J<§22 e b €2/ (1+v) v

2%k—3
< ol (idp) [ 0" o

< Cle? ( d >2kﬁ (4.52)
- &2[? ’

where, in the last inequality, we have used k > (3/2 and N large. We still have to consider the case £ = 0.
However, it is easy to see from (4.51) that, for all £ € T,

IN

d
/<1a_5 (@) S < Clele. (4.53)

a
Thus, the Lemma follows from (4.52) and (4.53). O
Lemma 4.13. For each { € T and k > 1(8+1/2), we have that

/ /)mﬂmwﬁﬁwsmw*@
|s|<2 Ja<1 a

where C' > 0 is independent of €.

Proof. Using Lemma 4.12, we have that

31~ da 8. da
[l = [ o)
a<1 a a<1 a

—2k
< CLB,’ (1 + €8] (KE%)Q')Q)B (4.54)
Since |s| < 2, then |€B| ~ |¢|. Also, for £ € T and |s| < 2, we have
<M&MYZ sl g —sF
|EBs| 4+ (L—56) 1+ (g—f —s)2 &
Thus, from (4.54) we have that
Agfzﬁmw@ﬂzﬁ‘<CW£ﬁ(1+M|(§—afjﬁ% (4.55)

Using (4.55) and the change of variables t = |£['/2 (% — s), it follows that for £ € T and k > (8 + 1/2):

*,3 ~ zda ﬁ 13 2 ﬂ_Qk
[ [ loras < i [ (1vld (8-5))
Is|<2 Ja<1 a s|<2
< Pl [ @) s
R
< clPFvr o
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Lemma 4.14. Assume that ¢(£1,0) # 0. Then, for each £ € T

ps(§) = C[¢1712,
where C' > 0 is independent of €.

Proof. We will only consider the case & > 0, under the assumption that ngS(L()) # 0. The situation
where & < 0 is treated in a similar way, using the assumption that ¢(—1,0) # 0.
Using the change of variables u = a £;, we have

p© = [ [ e den, vate - sa) T

B, 2k=3 ] 2 de
/| /Mslu B, v/ula (§ — )P - ds.

Since ¢(1,0) # 0, we can find a § > 0 such that ¢(w;,ws) > C > 0 for |wy — 1| < 6, |ws| < 8. Since € €T,
then & > 1 and therefore, by (4.55), we have

1
d
we) = coe [ [t as

where Es = {s : |s| < 2,|s — %\ < C(9) 51_1/2} with m(E5) > C(9) {1_1/2‘ Thus, it follows that p(§) >
Ce P frcer. O
We can show that there choices of ¢ such that, for £ € I and k& > %(5 +1/2),
Cr|€[P7% < ps(€) < Ca €712,

for Cy,Cy > 0. In fact, let

L if |t < 1/4
_EtQ
0, if [¢| > 1/4,
and define ¢(x1,x2) = ¥(x1) ¥(z2). Then it is easy to verify that
(i) ¢ € S(R?);
(ii) supp ¢ C [, 3%
(i) @(£1,0) # 0.
To verify (iii) observe that

$(1,0) = 9 (1) ¥(0)

1/4 ' 1/4
/ e 2T a(t) dt W(t)dt

1/4 ~1/4
1/4 1/4
- / cos@rt) () dt [ w(t)dt £ 0.
—1/4 —1/4

Lemma 4.15. For each { € T and k > (34 1/2), we have

[

0g pa(e)| < CleP 27,

where C' > 0 is independent of €.
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Proof. By direct calculation:

da

O, pal€) = /| . [ a i ae® o, (16ea, vale - se)?) Las

This show that Jg, ps(§) behaves essentially as ps_1/2(£) and, by Lemma 4.13,
10, ps (&) < C )77, for £ €T,
provided k > (ﬁ + 1/2). By repeating the partial integration we have that
|08, pa(&)| < ClelP~ V2 for g €T

In order to estimate the partial derivative with respect to &1, it will be useful to write the function pg(€) in
the following form. For £ > 0 (the case £ < 0 is similar), using the change of variables a&; = u, we have

ps(€) = /|<2/ P (060 1906, Va (6 — s ) = ds

= & k=0 | 1eh & o du
= & /|s<2/o (u) | (u, u 51(51 s&1)| - ds.

From the last expression a direct computation gives

e, pp(§) = 11(§) + 12(8) + I3(8),

u)2o=p %% g du
/||<2/ bt 652 — s T s

L = ¢ /<2< €)% 196, a(? 5€1))

1 L L1 d
51/|<2/ @ o, (Jétwut € f<sfl>>|2) o0, (weh & —s6) Las.

Since I1(€) = B&7 pa(€), then, by Lemma 4.13, |I;(€)] < C[¢|P~271 for € € . Also, since ¢ € S(R?), we
certainly have that I satisfies the same type of decay. Thus, it only remains to control I3. After computing
the partial derivative with respect to &; inside the integral in I3, we can write

I3(€) = I31(8) + I32(6),

where

L (€)

I3(¢)

where

3 o o ]
ot = & [ [T, (@ —sal) gutet (2 -se) Tas

1
3"
11 — % % d
ha© = & [ [Twrro, (bt el -sap) (““)) s

Using the change of variables u = a&;, we have that

d
Ioa(€) = 3 & /M/ 7 (&) 0, (10(a€, Va (& — s€))?) Va (& — &) = ds,
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which shows that I3 1(£) behaves like 3 &' ps(€) and thus |I31(¢)| < C |€]F~2~1 for € € T. Similarly, using
the change of variables u = a&;, we have that

Ty (€ / / (06072 0,, (1d(ags, Va6 — se)?) s,
|s]<2
which behaves like —é%pg({) (with k replaced by k+1/4). Thus |I5(€)| < C|¢|?~272 for € € T. Therefore,
by combining the estimated for I1(£), I2(§) and I5(£), we have that, for £ € T,

_1_1
|0, pp(&)] < C P72z,
The proof is completed by repeating the partial integration. O

We can now prove the following result, which is similar to [18, Lemma 2.11].

Proposition 4.16. Let ¢ be a Schwartz obeying 1/3(:|:1, 0) # 0 and having at least one vanishing moment in
the x1 direction. Then there is a function q(§) such that the following formula holds

o0 [ ] e fiesaf

—ds=1 for§el.
a
q(&) is a smooth function satisfying |0%q(§)| < C |§|’|%‘ on T.

Proof. Observe that

I(g) - /s|<2 /a<1 ol ’ds(ngAa) s

a? = /Is<2 /Q<1 ' ’JJ(SBSAG) 2

Thus, by Lemmata 4.13 and 4.14, there are constants C7,Cs > 0 such that

da
o ds = Pl/z(f)-

Cl Sl(é-) §027 fOI'é-GF,

provided k > 1/2. Thus, for £ € T, the function

1
Q(@ = @
is well defined and smooth. Observe that
I QI(EVIZ (&) — I (€) T2
a& q(é) _ 51(5) 6521 q({) _ (f) &(f) 5@(5) (f) i=1,2

1(6)* 1(6)* ’

and so on for higher order derivatives. The estimate on [0%¢(§)| then follows by applying Lemma 4.15 with
g=1/2. O

There many choices of v satisfying the assumptions of Proposition 4.16. In the following, we will choose
1 of the form

Y1, 22) = P1(21) Y2 (T2),

where 11, and 19 are C*° functions with compact support, satisfying supp 1, supp 12 C [0,1]. In addition,
we assume that 1 has vanishing moments up to order R, that is,

/1/)1(9:)xkd1: =0, k=0,1,...,R.
R
We thus obtain the following reproducing formula.

26



Proposition 4.17. Suppose thatf vanishes outside I'. Then we have the reproducing formula

da
f r _/Rz/|<2 /<1 f7wa5t> '(/}ast( ) P det, (456)

where (¢(D)f)" (€) = q(&) f(§) and Yusi(x) = a1 (AT B (@ —1)).
Proof. Using Proposition 4.16 we have:

I I BRI ) dsar =
:/RQ /S|<2 /N (/R a(6) f(é)qﬁ(ﬁl?wldemftdg) w(Anggl(x_t))%dsdt
= Loro [ (L vt B - e ) o) debots) b s
= [Lr@eme [ ] arae [pes.a

[ f©Fmr it =f@). o

2 d
= dsdg
a

The reproducing formula (4.56) can be written as an atomic decomposition where the integral is broken
into several components associated with distinct regions. For u = (4, ¢, k), let

Qu={(a,s,t): 2720 <q < 27% 279 <5< (0+1)279, AIB~ € [ky, k1 + 1) X [ko, k2 + 1)}
Observe that the sets @, are disjoint and (> U?:_l;]lﬂ Uk koyezz @u = {(a,5,t) ra < 1,[s| < 2,t € R2}.
Then, by breaking the integral (4.56) into components arising from different cells @, we have:

29+t _1

- Z Z Z Vi (@), (4.57)

j204=—2711 (ko ko )EZ?

2 vl / DY)t (0) 5 ds, 0, ( /] / D)f ) ds dt)l/z.
Also observe that
/// —dsdt ( —1).

(@) =277 p,(ATB ™ (z+ k) = 273 p, (B A7 (z + k).

where

Define the functions a, by:

They satisfy the following properties:

Proposition 4.18. For all ji, the function o, satisfy the following properties:

(i) Compact support: supp v, C C[—1,1]%, where C is independent of j1 and f.

(i) Regularity: for each B = (81, B2), there is a constant Cg independent of u and f such that

|8,fo¢”(m)| < Cp.
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(iii) Vanishing moments along the x1 direction: for alln =0,1,..., R,

/ au(z1,x2) 2] dey = 0.
R

We will refer to the elements o, satisfying (i)-(iii) as atoms with regularity R. The corresponding
functions p,,, given by
pul@) =237 a, (B* Al — k)
will be referred to as shearlet atoms with regularity R. It is an easy exercise to verify that a shearlet atom
is also a shearlet molecule, according to Definition 4.1.

Proof of Proposition 4.18.
(i) By direct computation we have

o, ) d
Qp /// D) f,Yast) 2 3 a3 Y(A, ' By (B AT (x + k) — ) —adsdt

/// D) f,thast) | det M| ~1/2 (M_l(l"—(T—k‘))@dsdt

where 7 = B; A7t = A=7B~* and

a"127%  —q71277 (s +4277)

1 _ _ . _ .
M = Aa 1Bs 1Bj>ZA T=A, 1B(8+€21 AT = .
0 a~1/22-i

Observe that, for t € Q,, then 7 € [ki,k1 + 1) X [k2, ks + 1) and, thus, suppy(M ' (z — (1 — k)) C
supp (M ~1z) + [-1,1]2. In addition, since v is compactly supported with support on the set [0, 1]?, over
the region Q,, we have that supp (M ~'z) C M [—1,1]* C [c1, ¢2) X [d1, d2), where ¢1, ¢2, dy, d2 are constants
independent of j and ¢. This shows that ., u(x) is compactly supported.

(ii) By the Cauchy—Schwarz inequality

lop(z)] < /// D)f, )| | det MI™2 ] %o st

< ol - (/// D), Yast)? "stdt>l2(///“|detM|-1Z‘;dsdt>l/2

< 5@ 1) [l

where we have used the fact that |det M|~! <1 for (a,s,t) € Q,. Estimates for the derivatives of a,, are
obtained in a similar way.
(iii) By the assumptions on 1, we have that

/¢(I1,$2)I?d~”€1:0a n:()ala"'vRa
R

and, more generally, by changing the variable 2 into y = ¢ 1 +d 22 and expanding the polynomial (y—d x5)¥,
we have:

/w(cx1+dz2,z2)x’fdx1 =0, n=0,1,...,R.
R

In particular, since M is an upper triangular matrix, the last equality implies that

/z/J 2fde; =0, n=0,1,...,R. (4.58)
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Using the Cauchy—Schwarz inequality we have that:

‘/ ay(x) 7 doy
R

! D) f,Yast)| | det M|7Y2 [ (M~ w — (7 — k) 2l dxld ds dt
o ], v /

< L (JJ] o aa) (/// e

and this expression is equal to zero for n =0,1,..., R by (4.58). O
Proof of Theorem 4.10

A
|

5 1/2
d—g ds dt) ,
a

/ w(M — k) ol day

Using the notation introduced above, we have that
pur(x) = 237 (BY A (z = k),
where k, = A= B~k and a,s(x) satisfies Proposition 4.18. By expanding the function ¢, about the point
Yur = ¢ (), we can write ¢, (z) as
Gu(®) =k + Ly (T = Yppr) + 9(& — Y )

where L, v = V¢, (y,,) and g is a C* function (with g(z) = 2%¢/(z), and ¢’ is a C* function). Thus,
with this notation:

3

T2 () = pur(8(@)) = 28" g (BY A (Lysr (2= ) + 9@ = y)))

which shows that the function TAQ) pu () is centered about the point y,, ..
Without loss of generality we can assume that y, , = 0. For simplicity let us assume for now that
L, . =1, so that

6 =70 (B -t) =2 5 )

where §,(z) = o (x + BYAY g(A=3' B=Y1)). The general case L, # I will be examined later.

By Proposition 4.18, suppa,, C C[—1,1], for some constant C' > 0. Therefore, for each j’,¢, the
support of 3, is contained on a box of side length C'. In particular, the support conditions imply that over
the support of p,s o ¢,:

o] <0277 g(a)] < C27%, |97g(x)] < C, 277, for |y =1, [97g(x)| < O, for |y| > 1.
This implies that, over the support of p,s o ¢,, (in particular, for |z| < C), for each v:
IBY A7 97g(A~' B~ 2)|| < C,.
This observation together with part (ii) of Proposition 4.18 implies that
|07 By (z)| < Cy.
We will now examine the frequency decay of p,s o ¢,,. Using the change of variables x = ¢;1(y) (hence:

—dy
dx = 7. ))I) we have that

(o 0 )6 = / e (f(z)) da

. d
_ ot we, oy W
/e o ) T )

/ Se () pw (y) dy, (4.59)
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_mieg e
where Se(y) = AR

all j/,¢'. Thus, by the assumptions on ®, over the support of p,/(y) we have that

Recall that the function p,/(y) is supported over a compact set, uniformly for

1Se(y)l < C,
and, more generally, for all m > 0,
07" Se(y)| < Cr (1 4+ 1€])™
By expanding Se(y1,32) as a Taylor series about the point y; = 0, from the equation (4.59) we have

xS, 0
(pp o dp)" Z/ 5 .y2) (/y{c Pu'(yl,yz)dyl) dyz+//Eg(yhyz)Pu'(yhyz)dyl dy2, (4.60)

"
where Ee(y1,y2) = Se(y1,92) = > pen w y¥. By part (iii) of Proposition 4.18, we have that

/ylf/’u'(yhyz)dm =0, k=0,1,...,R.

In fact p, (y) = 234" o, (BY AV (y—k,)) and the upper triangular matrix B¢ A7" does not affect the vanishing
moments. Next observe that, on the support of p, (where |y;| < 272"):

|Ee(y1,92)| < Cn (1+ [€)N 272N,

Thus, using these observations, from (4.60) we have:

|(pur © BN ()] < O (1 + €N 272 V237 975" < Oy 2739 272N (14 [¢)V, (4.61)

Thus, we have shown that, for L, ,, = I, the operator T,SZ) maps the atom p, into another atom of same

regularity having the same scale and orientation. Its original location k&,  has been changed to y,, /.

Let us examine now what happens when L,, , is included in the computation. In this case (still assuming
Yuw = 0) we have that

pu (Du(2)) = my (Ly ),

where
3

my(@) =28 ay (BYAT (@4 §(2)) s 3l@) = gLy k).
Observe that L;l is uniformly bounded by (3.9). Therefore it follows from the estimates deduced above in
the case L, , = I that m, is also a shearlet atom.

Thus, the operator T,SZ) maps the atom p,, centered at (k,, &, ) in the phase space into another atom
of same regularity centered at (v, 7, &y Ly,u). This induces the bijective index mapping h,, on M

T2 o (@) = p (6()) = pr, (@) O

Remark 4.1. Recall the canonical transformation associated with the phase ®(x, &) of the Fourier Integral
Operator T

Using the notation introduced above, let ¢, () = Ve ®(x,€,) and ¢, (yu,w) = k. Since ®(z,§) is homoge-
neous of degree one in &, then

O(z,8) = EVed(z,8)
and

®(x,8) =& VaVed(x, ).
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Using these observations and the definition of L, ,» we have that

Ve@(kw &) = u(yup) =k,
vrq)(ku’vgu) = 5# vrvéq)(ku/vfu) = g# Lwﬂ’
This shows that the action of the operator T;SQ) on the phase space coordinates of the shearlet atom p,
corresponds in fact to the canonical transformation:
(ks &) = (Y Eu Lyt )

That is, the index mapping h, on M is a bijective mapping induced by the canonical transformation. As
shown by H. Smith in [18, Lemma 2.2], this map preserves the parabolic pseudo-distance.

Also observe that the dependence of ¢, upon 1 is not essential in the proof of Theorem 4.10. The only
property that was used is that the derivatives of ¢, are bounded uniformly with respect to .

4.4 Proof of Main Theorem

We can now prove Theorem 3.1.

Let v, and 9, be two fixed shearlets. Without loss of generality, let us assume that they are both
horizontal shearlets.

By Theorem 4.2, m,, = T;Eé) ¥y, is a shearlet molecule. Also observe that, using the atomic decomposi-
tion (4.57), we can expand v, as a superposition of (horizontal) shearlet atoms p,,:

wl"l = E Cu' 1 P’y
w

Cptropy = (/// | D)y tast)|? = da dsdt) 1/2. (4.62)

Therefore, using these observations and Theorem 4.10 we have that
W’m T 1/}H0> = <wlL1 ’ /12)11[/,0 wli0>
<(T(2)) ,(/J,Uzla wuo>
= Zcu i € ) P M)

where

- ZC”'7“1 (0 (72 M0 )

w
where mj, ,y is a shearlet molecule and h = h~! is the inverse of the bijective index mapping h.
Next observe that for every N > 0, there is a constant C'y such that:

e | < Onw(p, ) ™.

This follows by discretizing the integral (4.62) and noticing that, since ¢(€) and all its derivatives are bounded
(see Proposition 4.16), the argument of Proposition 4.8 can be applied to this integral.
Therefore, using Propositions 4.7 and 4.8, we have that for every N > 0, there is a constant Cy such
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that:

s Tu) | =D Ll [, (s )
l"/

< C(N Zw(.u,v.ul)iNw(ﬁﬂo(:u’,)uu‘o)iN
< On Sl (1) P (10)) ™ (g (1), 1)~
< Cy Z w(ﬁuo (Ml)a Buo (M/))_N w(ip‘uo (:u/)a ILLO)_N

7%

CNW( #o(,ufl)mu
~ Onw(pa, hye(po) Nt O
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