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Abstract. We consider a sequential quadratic programming (SQP) method for the solution of an
optimal control problem governed by a semilinear elliptic equation with nonlocal interface conditions.
These conditions arise from conductive-radiative heat transfer in non-convex domains. After stating
first- and second-order optimality conditions, we introduce the SQP algorithm that uses an active set
method to solve the linear quadratic subproblems arising in each step. The corresponding optimality
systems are discretized by linear finite elements, using a partly exact summarized midpoint rule for
the discretization of the nonlocal radiation interface conditions. The paper ends with some numerical
results demonstrating the efficiency of the proposed method.
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1. Introduction. In this paper, we continue the work presented in [15] and [14]
on an optimal control problem with nonlocal radiation interface conditions. While the
contributions in [15] and [14] focus on theoretical aspects such as first- and second-
order optimality conditions, the goal of this paper is the development of an efficient
numerical algorithm including an accurate discretization of the nonlocal radiation
interface conditions. The optimal control problem, discussed here, arises from the
sublimation growth of semiconductor single crystals by the physical vapor transport
(PVT) method. The semiconductor materials, produced with this method, such as
silicon carbide (SiC) or aluminum nitrite (AlN), are used in numerous industrial
applications, e.g. the production blue lasers. For the PVT method, polycrystalline
powder is placed under a low-pressure inert gas atmosphere at the bottom of a cavity
inside a crucible. The crucible is heated up to 2000 till 3000 K by induction. Due to
the high temperatures and the low pressure, the powder sublimates and crystallizes at
a single-crystalline seed located at the cooled top of the cavity, such that the desired
single crystal grows into the reaction chamber. See [12] for more details.

Here, we focus on the conductive-radiative heat transfer in the growth apparatus.
Therefore, we consider a simplified setup of the growth apparatus, shown in Fig. 1.1.
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Fig. 1.1. Exemplary domain for nonlocal radiative heat transfer.
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Here, Ωs denotes the domain of the solid graphite crucible, whereas Ωg is the domain
of gas phase inside. A very important determining factor for the crystal’s quality and
growth rate is the temperature gradient inside the gas phase [17]. Since we do not
consider the electromagnetic induction, we will optimize the temperature gradient in
the gas phase Ωg by directly controlling the heat source u in Ωs.

The temperature y inside the growth apparatus arises as the solution of the conduc-
tive-radiative heat transfer problem in the growth apparatus. This process is modelled
by the following semilinear PDE (see [12] for details)

−div(κs ∇y) = u in Ωs

−div(κg ∇y) = 0 in Ωg

κg

(
∂y

∂nr

)

g

− κs

(
∂y

∂nr

)

s

= qr on Γr

κs
∂y

∂n0
+ εσ |y|3y = εσ y4

0 on Γ0.

(1.1)

Here, n0 is the outward unit normal on Γ0, and nr is the unit normal on Γr facing
outward with respect to Ωs (cf. Fig. 1.1). Furthermore, ε is the emissivity, σ the
Boltzmann radiation constant, and κs, κg denote the thermal conductivities in Ωs,
Ωg, respectively. By qr we denote the additional radiative heat flux on Γr that is given
by

qr = (I − K)(I − (1 − ε)K)−1ε σ|y|3y := G σ|y|3y. (1.2)

The nonlocal operators K and G will be specified in Section 3. For an explicit de-
scription of the corresponding mathematical model, we refer to [19]. In addition to
this semilinear state equation, we consider box constraints on the control. Thus, the
optimal control problem, considered here, reads as follows:

(P)







minimize J(y, u) :=
1

2

∫

Ωg

|∇y − z|2 dx +
ν

2

∫

Ωs

u2 dx

subject to (1.1)

and ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs,

where z denotes the desired temperature gradient and ν > 0 is a Tikhonov regular-
ization parameter.

The nonlocal radiation on Γr represents the main characteristic of our problem, since
the nonlinearity in the state equation (1.1) is in general not monotone due to the
nonpositivity of G (see [19]). Therefore standard techniques for monotone nonlin-
earities cannot be applied. This complicates the analysis of the state equation (1.1),
see Tiihonen [19], [20], and Laitinen and Tiihonen [13]. Furthermore, a consistent
discretization of the nonlocal radiation operators K and G in a finite element frame-
work is challenging, since the kernel of integral operator K exhibits a weak singularity
(cf. [20]). Therefore, for the approximation of K and G, respectively, the critical part
of K is integrated exactly which is possible due to the special shape of our computa-
tional domain (see Section 7 and Appendix A). Concerning the numerical treatment of
K, our discretization slightly differs from an approach introduced by Tiihonen in [21],
where the boundary integral over Γr is completely discretized using some quadrature
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rule. For a smoother class of domains than the one considered here, Tiihonen proved
linear convergence of his finite element scheme in the H1-norm (see [21]).

The numerical analysis of semilinear elliptic optimal control problems is well investi-
gated in various articles. We only refer to Casas [5], Bonnans and Casas [4], Casas,
Tröltzsch and Unger [6], or Bonnans [3], and the references therein. However, in case
of problem (P), the standard arguments have to be modified, again due to the non
monotony of the nonlinearity. This especially concerns first-order necessary condi-
tions (see [15] and [14]). In Section 4, we will shortly sketch the arising difficulties
and how to overcome them. To solve problem (P) numerically, we use an sequen-
tial quadratic programming (SQP) method. Moreover, the linear quadratic optimal
control problems arising in each SQP step are solved by an active set method, see
for instance [1] or [2]. Throughout the paper, we will refer to the overall method as
the SQP active set algorithm. A similar method for the control of the Navier-Stokes
equation is considered by Hintermüller and Hinze in a recent paper [10]. In the field of
constrained optimal control of nonlinear PDEs, the SQP method is also investigated
by Tröltzsch and Volkwein for the Burgers equation [24] and for a general class of
semilinear PDEs in Goldberg and Tröltzsch [9], Tröltzsch [22], and Unger [25].

The paper is organized as follows: After stating the mathematical setting in Section
2, a summary of the main results concerning the semilinear state equation follows in
Section 3. Sections 4 and 5 present first- and second-order optimality conditions for
(P), whereas Sections 6 and 7 are devoted to the numerical treatment of (P). More
precisely, the SQP active set algorithm is introduced in Section 6, and Section 7 is
dedicated to the discretization of (P). The paper ends with some numerical examples
in Section 8.

2. The mathematical setting. Throughout this paper, we assume the follow-
ing conditions on the domain Ω and on the quantities and functions occurring in
(P):

Assumption 1. We assume that Ω ⊂ R3 is a bounded simply connected domain with
Lipschitz boundary Γ0. The boundary of the simply connected subdomain Ωg ⊂ Ω,
denoted by Γr, is assumed to be a closed Lipschitz surface that is piecewise C1,δ.
Notice that the distance of Γr to Γ0 is positive. Then, Ωs is defined by Ωs = Ω\Ωg.
The Boltzmann radiation constant is assumed to be positive, i.e. σ ∈ R+. For the
thermal conductivity, we assume κ ∈ L∞(Ω) with

κ(x) =

{
κs(x) in Ωs

κg(x) in Ωg

and κ(x) ≥ κmin > 0 a.e. on Ω. Furthermore, the emissivity ε ∈ L∞(Γ0 ∪ Γr) is
bounded by 1 ≥ ε ≥ εmin > 0 a.e. on Γ0 ∪ Γr.

Assumption 2. The desired temperature gradient z is given in L2(Ωg) and ν is
a positive constant. For the box constraints, we assume ua, ub ∈ L∞(Ωs) and 0 ≤
ua(x) < ub(x) a.e. in Ωs. The external temperature y0 is a function in L16(Γ0) and
fulfills y0 ≥ ϑ a.e. on Γ0 with a positive constant ϑ.

Moreover, we use the following notations:

Notation. We introduce the set of admissible controls by

Uad := {u ∈ L∞(Ωs) |ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs}.
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The identity operator in the respective function spaces is denoted by I . Moreover,
τr is the trace operator on Γr, whereas τ0 denotes the trace on Γ0. Throughout this
paper, c is a generic constant and ϕ denotes a generic function. Let W be a Banach
space with its dual space W ∗. Then, for f ∈ W and g ∈ W ∗, 〈f , g〉 denotes the
associated pairing.

3. The semilinear state equations. In this section, some results of Laitinen
and Tiihonen [13], Tiihonen [19], [20], and Meyer, Philip, and Tröltzsch [15] are
recalled. First, we define the integral operator K.

Definition 3.1. The integral operator K is given by

(K y)(x) =

∫

Γr

ω(x, z) y(z) dsz, (3.1)

where the kernel ω is defined by

ω(x, z) =







Ξ(x, z)
[nr(z) · (x − z)][nr(x) · (z − x)]

2‖z − x‖3
, for n = 2

Ξ(x, z)
[nr(z) · (x − z)][nr(x) · (z − x)]

π‖z − x‖4
, for n = 3.

(3.2)

In this definition, x, z denote two points on Γr, and nr(x) is the unit normal at x
facing outward with respect to Ωs (cf. Fig. 1.1). Moreover, Ξ is given by

Ξ(x, z) =

{
0 if xz ∩ Ωs 6= ∅,
1 if xz ∩ Ωs = ∅, (3.3)

with xz denotes the line between x and z.

In [20], it is proven that ω(x, z) has a singularity at x of type |x − z|−(1−δ) in the
two-dimensional and |x − z|−2(1−δ) in the three-dimensional case, which is, in both
cases, integrable. Based on this result, Tiihonen and Laitinen proved in [13] some
fundamental properties of K and G, in particular that G and G∗ are a bounded linear
operators from Lp(Γr) to itself for all 1 ≤ p ≤ ∞. Furthermore, using Brezis’ existence
theorem for pseudomonotone operators, Laitinen and Tiihonen derived in [13] that for
every right-hand side u ∈ H1(Ωs)

∗ and y0 ∈ L5(Γ0), the state equation (1.1) admits
unique solutions in the state space V := {v ∈ H1(Ω) | τr v ∈ L5(Γr) , τ0 v ∈ L5(Γ0)}.
By standard truncation techniques, it is shown in [15] that, if the right-hand side is
sufficiently regular, i.e. u ∈ L2(Ωs) and y0 ∈ L16(Γ0), solutions to (1.1) are bounded.
Thus, we introduce the state space V ∞ := H1(Ω) ∩ L∞(Ω). Notice that y ∈ V ∞

implies τry ∈ L∞(Γr) and τ0y ∈ L∞(Γ0) (see [15, Remark 3.5]).

4. First-order necessary optimality conditions. Before we state first-order
necessary conditions, let us first refer to the following theorem that covers the existence
of an optimal solution for (P). It is proven in [15] by rather standard arguments.

Theorem 4.1. [15, Theorem 5.2] Under the Assumptions 1 and 2, there exists an
optimal control ū ∈ L∞(Ωs) with associated state ȳ ∈ V ∞.

The key point in the proof of first-order necessary optimality conditions is to show
the differentiability of the control-to-state operator S : u 7→ y. In preparation of a
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corresponding theorem, we consider the following linear equation

−div(κ∇y) = fΩ in Ω

κs

(
∂y

∂nr

)

s

− κg

(
∂y

∂nr

)

g

= fr on Γr

κs
∂y

∂n0
+ 4 εσ|ȳ|3y = f0 on Γ0,

(4.1)

with arbitrary functions (fΩ, fr, f0) in L2(Ω)×L2(Γr)×L2(Γ0) and ȳ ∈ V ∞ with ȳ > 0
a.e. in Ω. It is easy to verify that the bilinear form associated to the left-hand side in
(4.1) is bounded and coercive in H1(Ω). Therefore, the Lax-Milgram lemma implies
that (4.1) admits solutions in H1(Ω) for every right-hand side in H1(Ω)∗. Thus,
there exist linear continuous operators BΩ : L2(Ω) → H1(Ω) Br : L2(Γr) → H1(Ω)
and B0 : L2(Γ0) → H1(Ω) such that the solution of (4.1) can be expressed as

y = BΩ fΩ + Br fr + B0 f0. (4.2)

Notice that the operators BΩ, Br, and B0 depend on ȳ. However, to improve the
readability, we simply write BΩ instead of BΩ(ȳ) (Br and B0 analogously). Next, we
consider a slightly different PDE:

−div(κ∇y) = fΩ in Ω

κs

(
∂y

∂nr

)

s

− κg

(
∂y

∂nr

)

g

+ 4 G σ|ȳ|3y = fr on Γr

κs
∂y

∂n0
+ 4 εσ|ȳ|3y = f0 on Γ0.

(4.3)

Formal integration by parts over Γr and Γ0 gives the associated variational formula-
tion:

ā[y, v] :=

∫

Ω

κ∇y · ∇v dx + 4

∫

Γr

(G σ|ȳ|3y)v ds + 4

∫

Γ0

εσ |ȳ|3y v ds

=

∫

Ω

fΩ v dx +

∫

Γr

fr v ds +

∫

Γ0

f0 v ds ∀ v ∈ H1(Ω).

(4.4)

Since G is not positive, the bilinear form ā is in general not coercive. This is also
confirmed by the following numerical example, where we evaluate

∫

Γr
G(|ȳ|3v) v ds by

numerical integration. The discrete scheme for the numerical integration is described
later on in Section 7. This investigation is realized on the domain presented in Figure
1.1, with side lengths 2 for the outer and 1 for the inner square, respectively. Fur-
thermore, ȳ and v are given by continuous piecewise linear functions that are shown
in Figure 4. Here, s denotes the curve parameter associated to Γr.
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Fig. 4.1. Example for non-coercivity

Table 4 shows the results of the numerical integration for different numbers of grid
points nr (cf. (7.1)).

Table 4.1

Results of the numerical integration depending on the mesh size for ε = 0.8.

nr 2560 5120 7860 10240
∫

Γr
G(|ȳ|3v) v ds -6.91145 -6.91152 -6.91153 -6.91153

As one can see, the results converge towards a negative number. This indicates that
the exact value is negative, too, and hence, one cannot expect the bilinear form in
(4.4) to be coercive. Thus, the Lax-Milgram lemma cannot be applied. However,
(4.3) is equivalent to

y = BΩ fΩ + Br (fr − 4 G σ|ȳ|3y) + B0 f0. (4.5)

Notice that it would be more appropriate to write G σ|τrȳ|3 τry instead of G σ|ȳ|3y in
this context. However, for the purpose of readability, in all what follows, we supress
the trace in arguments of operators with domain in L2(Γr) and L2(Γ0), respectively.
Applying the trace operator, (4.5) is transformed into

τry + 4 τr Br(G σ|ȳ|3 y) = τr(BΩ fΩ + Br fr + B0 f0). (4.6)

To show the existence of solutions of this equation and hence (4.3), we rely on the
following assumption.

Assumption 3. λ = 1 is neither an eigenvalue of

B(ȳ)( · ) := 4 τr Br(G σ|ȳ|3 · ), (4.7)

nor an eigenvalue of

B̃(ȳ)( · ) := 4 τr Br(σ|ȳ|3 G∗ · ), (4.8)

with B(ȳ) : L2(Γr) → L2(Γr) and B̃(ȳ) : L2(Γr) → L2(Γr), respectively.

Since Br : L2(Γr) → H1(Ω), we have that τr Br : L2(Γr) → H1/2(Γr). Therefore,
due to the compact embedding of L2(Γr) in H1/2(Γr), B(ȳ) : L2(Γr) → L2(Γr) is a
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compact operator. Thus, thanks to Assumption 3, the theory of Fredholm operators
ensures that (I + B(ȳ)) has a continuous inverse operator. Therefore, (4.6) admits
a solution in L2(Γr), giving the unique existence of solutions to (4.3). Moreover, by
standard truncation techniques, it is proven in [15] that for every right-hand side in
L2(Ω)×L2(Γr)×L2(Γ0) the solution of (4.3) is bounded, i.e. y ∈ V ∞. Based on these
results, one shows the Fréchet differentiability of the control-to-state operator S by
applying the implicit function theorem.

Theorem 4.2. [15, Theorem 7.1] Under Assumptions 1–3, S : L2(Ωs) → V ∞ is
twice continuously Fréchet-differenntiable at (ȳ, ū). Its first derivative, denoted by
y = S′(ū)h, h ∈ L2(Ωs), is given by

−div(κs ∇y) = h in Ωs

−div(κg ∇y) = 0 in Ωg

κs

(
∂y

∂nr

)

s

− κg

(
∂y

∂nr

)

g

+ 4 G σ|ȳ|3y = 0 on Γr

κs
∂y

∂n0
+ 4 εσ|ȳ|3y = 0 on Γ0.

(4.9)

Moreover, the second derivative w = S ′′(ū)[h1, h2] solves the equation

−div(κs ∇w) = 0 in Ωs

−div(κg ∇w) = 0 in Ωg

κs

(
∂w

∂nr

)

s

− κg

(
∂w

∂nr

)

g

+ 4 G σ|ȳ|3w = −12 G σ|ȳ|ȳ y1y2 on Γr

κs
∂w

∂n0
+ 4 εσ|ȳ|3w = −12 εσ|ȳ|ȳ y1y2 on Γ0

(4.10)

with yi = S′(ū)hi, i = 1, 2.

For the derivation of first-order necessary optimaliy consditions to (P), we introduce
the reduced objective functional by

j(u) := J(S(u), u) =
1

2
‖∇S(u) − z‖2

L2(Ωg) +
ν

2
‖u‖2

L2(Ωs)
. (4.11)

Furthermore, we define the set of admissible controls by

Uad := {u ∈ L2(Ω) |ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs}.
With Theorem 4.2 at hand, standard arguments give the following result.

Lemma 4.3. Under Assumptions 1–3 , j is twice continuously Fréchet differentiable
from L2(Ωs) to R. Its first derivative is given by

j′(u) h = (ν u + p , h)L2(Ωs), (4.12)

where p solves the adjoint equation

−div(κg ∇p) = −∆y + div z in Ωg

−div(κs ∇p) = 0 in Ωs

κs

(
∂p

∂nr

)

s

− κg

(
∂p

∂nr

)

g

+ 4σ |y|3G∗p = − ∂y

∂nr
+ z · nr on Γr

κs
∂p

∂n0
+ 4εσ |y|3p = 0 on Γ0.

(4.13)
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with y = S(u). For the second derivative, we obtain

j′′(ū)[h1 , h2] = (∇y1 , ∇y2)L2(Ωg) + ν(h1 , h2)L2(Ωs)

− 12
(∫

Γr

G(σ |y|y y1y2)p ds +

∫

Γ0

εσ |y|y y1 y2 p ds
)

. (4.14)

where y and p are as defined above, and yi = S′(u)hi, i = 1, 2.

Notice that the right-hand site in (4.13) is well defined, since ∆y ∈ H1(Ω)∗. The
associated variational formulation is given by

∫

Ω

κ∇p · ∇v dx + 4

∫

Γr

σ|y|3(G∗p) v ds + 4

∫

Γ0

εσ |y|3p v ds

=

∫

Ωg

(∇y − z) · ∇v dx ∀ v ∈ H1(Ω).

(4.15)

Similar to the discussion of (4.3), the Fredholm alternative implies the existence of
solutions to (4.13) and (4.15), respectively, provided that Assumption 3 holds true
(see [15, Theorem 7.2]). According to the standard optimal control theory, an optimal
solution ū of (P) must satisfy the following variational inequality

j′(ū)(u − ū) = (p + ν ū , u − ū)L2(Ωg) ≥ 0 ∀u ∈ Uad, (4.16)

where p solves the adjoint equation (4.13) with y = ȳ. A pointwise discussion of this
inequality yields

ū(x) = Pad

{

−1

ν
p(x)

}

, (4.17)

where Pad(x) denotes the pointwise projection operator on [ua(x), ub(x)].

In this way, we have derived the following theorem:

Theorem 4.4. Suppose that Assumptions 1–3 are fulfilled and ū is a locally optimal
solution of (P) with associated state ȳ. Then there exists an adjoint state p ∈ H 1(Ω)
such that the adjoint equation (4.13) and the condition (4.17) are satisfied.

5. Second-order sufficient conditions. In this section, we follow the lines of
[14], where the sufficiency of the second-order optimality conditions stated below is
shown in detail. To obtain some flexibility, these conditions give local optimality in a
Ls-neighborhood, where s is not necessarily equal to ∞, but can be chosen smaller.
We introduce the strongly active set as follows:

Definition 5.1. Let τ > 0 be given. Then the strongly active set Aτ is defined by

Aτ := {x ∈ Ω | |p(x) + ν ū(x)| ≥ τ}.

Moreover, the corresponding τ -critical cone is defined in a standard way (cf. Dontchev
et al. [8]).
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Definition 5.2. The critical cone belonging to (P) is given by

Cτ (ū) :=






u ∈ L2(Ω)

∣
∣
∣
∣
∣
∣

u(x) = 0 , a.e. in Aτ

u(x) ≥ 0 , where ū(x) = ua(x) and x /∈ Aτ

u(x) ≤ 0 , where ū(x) = ub(x) and x /∈ Aτ






. (5.1)

In the following, let q be a real number with 4/3 ≤ q ≤ 2. Then the second-order
sufficient conditions for (P) are given by

(SSC)

{

Let δ > 0 and τ > 0 exist such that

j′′(ū) u2 ≥ δ ‖u‖2
Lq(Ωs)

for all u ∈ Cτ (ū).

In [14], it is shown that condition (SSC) is indeed sufficient for local optimality. The
corresponding rather technical proof is based on techniques introduced by Casas,
Tröltzsch, and Unger in [6] and by Tröltzsch and Wachsmuth in [23]. It yields the
following result.

Theorem 5.3. [14, Theorem 5.4] Suppose that Assumptions 1–3 are fulfilled. Let
4/3 ≤ q ≤ 2 be given. Define s by

s :=

{
q/(2 − q) , for q < 2
∞ , for q = 2.

(5.2)

Moreover, let (ȳ, ū) satisfy the first-order necessary optimality conditions for problem
(P) and assume that condition (SSC) is fulfilled with some δ > 0, τ > 0. Then there
exist ε̄ > 0 and σ̄ > 0 such that

j(u) ≥ j(ū) + σ̄ ‖u − ū‖2
Lq(Ωs) (5.3)

for all u ∈ Uad with ‖u− ū‖Ls(Ωs) ≤ ε̄.

Remark 5.4. Setting q = 4/3, we obtain s = 2, and hence Theorem 5.3 gives a
L4/3-quadratic growth condition in a L2-neighborhood of ū. Choosing q = 2 and thus
s = ∞, we obtain L2-quadratic growth of j in a L∞-neighborhood of ū.

6. SQP active set algorithm. Next, we present an infinite dimensional algo-
rithm to solve the semilinear elliptic problem (P). To keep the discussion concise,
we rely on much more restrictive second-order conditions than (SSC). The stricter
conditions are given by

(S)

{

Let δ > 0 exist such that

j′′(ū) u2 ≥ δ ‖u‖2
L2(Ωs)

for all u ∈ L2(Ωs).

The SQP method is motivated by the following consideration: Let un ∈ Uad, n > 0,
be a given iterate, then an optimal descend direction v is given by a solution of

min
(un+v)∈Uad

j(un + v).

With v = u − un, this is equivalent to the following optimization problem

(Pn) min
u∈Uad

j
(
un + (u − un)

)
.
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As stated in Lemma 4.3, j is twice continuously Fréchet differentiable. Using a Taylor
expansion for j, we approximate (Pn) by the following optimal control problem

(Qn) min
u∈Uad

{
jn(u) := j′(un)(u − un) +

1

2
j′′(un)(u − un)2

}
,

where we omit j(un), since, as a constant, it does not influence the optimization. In
view of (4.11), we continue with

j′(un)(u − un) =
(
∇S(un) − z , ∇S′(un)(u − un)

)

L2(Ωg)
+ ν (un , u − un)L2(Ωs)

Next, we set yn = S(un), hence yn ∈ V ∞, and define y := S′(un)(u−un)+yn. Thanks
to the structure of S′ (cf. (4.9)), it is clear that y solves the following linearized PDE

−div(κs ∇y) = u in Ωs

−div(κg ∇y) = 0 in Ωg

κs

(
∂v

∂nr

)

s

− κg

(
∂v

∂nr

)

g

+ 4 G σ|yn|3y = 3 G σ|yn|3yn on Γr

κs
∂y

∂n0
+ 4 εσ |yn|3y = 3 εσ |yn|3yn + εσ y4

0 on Γ0.

(6.1)

Formal integration by parts over Γ0 and Γr yields the associated variational formula-
tion that is given by

an[y, v] := aΩ,n[y, v] + 4 br,n[y, v] + 4 b0,n[y, v]

:=

∫

Ω

κ∇y · ∇v dx + 4

∫

Γr

(G σ|yn|3y)v ds + 4

∫

Γ0

εσ |yn|3y v ds

= 3

∫

Γr

(G σ|yn|3yn)v ds + 3

∫

Γ0

εσ |yn|3yn v ds +

∫

Ωs

u v dx +

∫

Γ0

εσ y4
0 ds

(6.2)

for all v ∈ H1(Ω). Analogously to Theorem 4.2, one shows the existence of solutions
to (6.1) and (6.2), respectively, provided that the following assumption holds true.

Assumption 4. λ = 1 is neither an eigenvalue of B(yn) nor of B̃(yn) with B and B̃
as defined in Assumption 3.

Using (4.14), jn is transformed into

jn(u) = (∇yn − z , ∇y −∇yn)L2(Ωg) + ν (un , u − un)L2(Ωs)

+
1

2
‖∇y −∇yn‖2

L2(Ωg) +
ν

2
‖u− un‖2

L2(Ωs)

− 6

∫

Γr

(
Gσ |yn|yn (y − yn)2

)
pn ds − 6

∫

Γ0

εσ |yn|yn (y − yn)2 pn ds

=: Jn(y, u),

where y and yn are defined as above and pn solves the adjoint (4.13) equation with yn

on the right-hand side. Arguing as in Section 4, Assupmtion 4 ensures the existence
of a unique solution pn ∈ H1(Ω). Therefore, (Qn) is equivalent to

(Qn)







minimize Jn(y, u)

subject to (6.1)

and ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs.
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Theorem 6.1. Suppose that Assumptions 1, 2, 4, and condition (S) are fulfilled.
Then, for every un ∈ L2(Ωs) satisfying ‖un − ū‖L2(Ωs) ≤ % with some sufficiently
small % > 0, there exists a unique solution ũ to (Qn) with associated state ỹ =
S′(un)(ũ − un) + yn.

Proof: In the following, let h ∈ L2(Ωs) be an arbitrary direction. Condition (S)
implies

j′′(un) h2 = j′′(ū) h2 +
(
j′′(un) − j′′(ū)

)
h2

≥ j′′(ū) h2 − c ‖un − ū‖L2(Ωs) ‖h‖2
L2(Ωs)

≥ (δ − c %) ‖h‖2
L2(Ωs)

,

since j is twice continuously Fréchet differentiable from L2(Ωs) to R. Thus, by choos-
ing % ≤ δ/2c, we obtain

j′′(un) h2 ≥ δ

2
‖h‖2

L2(Ωs)
. (6.3)

In view of (4.12), we obtain for the first part of jn

j′(un)(u − un) = (∇yn − z , ∇y −∇yn)L2(Ωg) + ν (un , u − un)L2(Ωs)

= (pn + ν un , u − un)L2(Ωs) ≥ c,

with a constant c > −∞, since pn is the solution of the adjoint equation (4.13) with
y = yn = S(un) and un, u ∈ Uad. Together with (6.3), this implies that jn is bounded
from below. The remaining part of the proof is along the lines of the standard theory
for linear quadratic problems. First, we consider a sequence {um}∞m=1 converging
to the infimum of jn. Due to ν/2 ‖u − un‖2

L2(Ωs)
within the objective functional jn,

we are allowed to select a weakly converging subsequence, w.l.o.g. {um} itself. The
corresponding weak limit is denoted by ũ. Since S ′(un) is linear and continuous, thus
weakly continuous, we obtain weak convergence of the states in H1(Ω) to a limit ỹ
that satisfies the state equation (6.2) together with ũ. Moreover, the coercivity of
j′′(un) by (6.3) and the linearity of the remaining part of jn imply that jn is convex
on L2(Ω). Therefore, jn is weakly lower semicontinuous giving the the optimality
of (ỹ, ũ). Furthermore, the convexity of jn implies that (ỹ, ũ) is the unique optimal
solution.

Notice that, with second-order conditions of the form (SSC), one cannot derive an
equation analogous to (6.3) that is essentially needed for the convexity and the bound-
edness of jn. Therefore, to keep the discussion concise, the restrictve second-order
conditions (S) are used here, that do not account for strongly active sets. However,
it is possible to deal with strongly active sets in an SQP framework by considering
second-order conditions of the form

{

Let δ > 0 and τ > 0 exist such that

j′′(ū) u2 ≥ δ ‖u‖2
L2(Ωs)

for all u ∈ L2(Ωs) with u(x) = 0 on Aτ .

In this case, the unique existence of solutions of the associated linearized problems
analogous to (Qn) is an immediate consequence of the convergence theory of the SQP
method that follows from the theory of Newton’s method for generalized equations.
This is in detail discussed in Unger [25] for the elliptic case and in Tröltzsch and
Goldberg [9] and Tröltzsch [22] for the parabolic case.
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In a standard way, first-order necessary optimality conditions to (Qn) are derived.
The Lagrange formalism gives the following adjoint equation to (Qn), here denoted
in the variational formulation:

a∗
n[p, v] := aΩ,n[p, v] + 4 b∗r,n[p, v] + 4 b0,n[p, v]

:=

∫

Ω

κ∇p · ∇v dx + 4

∫

Γr

σ|yn|3(G∗p) v ds + 4

∫

Γ0

εσ |yn|3p v ds

=

∫

Ωg

(∇y − z) · ∇v dx + 12

∫

Γr

(
σ|yn|yn(G∗pn)

)
(yn − y)v ds

+ 12

∫

Γ0

(εσ |yn|yn pn)(yn − y)v ds ∀ v ∈ H1(Ω),

(6.4)

where y ∈ H1(Ω) is the solution of (6.2). Under Assumption 4, it admits a unique
solution p ∈ H1(Ω). Similar to the discussion in Section 4, a pointwise evaluation of
the variational inequality to (Qn) gives the well-known projection formula

ũ(x) = Pad

{

−1

ν
p̃(x)

}

, (6.5)

where p̃ denotes the solution of (6.4) with y = ỹ. Problem (Qn) is solved by a
primal-dual active set strategy (see for instance [1] or [2]). To that end, we define

λ(x) := p̃(x) + ν ũ(x)

and introduce the active and inactive sets by

Aa := {x ∈ Ωs | ũ(x) − λ(x) < ua(x)}
Ab := {x ∈ Ωs | ũ(x) − λ(x) > ub(x)}
I := Ωs\{Aa ∪ Ab}.

(6.6)

With (6.6) at hand, one shows by standard arguments that the optimality system,
consisting of (6.2), (6.4), and (6.5), is equivalent to

an[ỹ, v] = 3

∫

Γr

(G σ|yn|3yn)v ds + 3

∫

Γ0

εσ |yn|3yn v ds

+

∫

Ωs

ũ v dx +

∫

Γ0

εσ y4
0 ds ∀ v ∈ H1(Ω)

a∗
n[p̃, v] =

∫

Ωg

(∇ỹ − z)·∇v dx + 12

∫

Γr

(
σ|yn|yn(G∗pn)

)
(yn − ỹ)v ds

+ 12

∫

Γ0

(εσ |yn|yn pn)(yn − ỹ)v ds ∀ v ∈ H1(Ω)

ũ(x) = ua(x) a.e. in Aa

ũ(x) = ub(x) a.e. in Ab

νũ(x) + p̃(x) = 0 a.e. in I,







(6.7)
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Alltogether, the SQP method with primal-dual active set strategy proceeds as follows.

Algorithm 1.

1. Choose initial value u0. Compute y0 = S(u0) and p0 as the solution of the
adjoint equation (4.13) with y0 on the right-hand side. Set n = 0.

2. Compute inhomogenities in (6.2) and (6.4) that only depend on yn and pn.

3. Primal-dual active set strategy:

(a) Define initial sets A(0)
a ⊂ Ωs and A(0)

b ⊂ Ωs with A(0)
a ∩ A(0)

b = ∅. Set

I(0)
h = Ωs\{A(0)

b ∪ A(0)
a } and i = 0.

(b) Find ũi, ỹi, and p̃i by solving (6.7).

(c) Set λi = p̃i + ν ũi and

A(i+1)
a := {x ∈ Ωs | ũi(x) − λi(x) < ua(x)}

A(i+1)
b := {x ∈ Ωs | ũi(x) − λi(x) > ub(x)}

I(i+1) := Ωs\{Ai+1
a ∪ Ai+1

b }.

(d) If A(i+1)
a = A(i)

a and A(i+1)
b = A(i)

b then STOP, else:

Update i = i + 1 and goto (b).

4. Set un+1 = ũi, yn+1 = ỹi, and pn+1 = p̃i.

5. if

δ :=
1

3

(‖un+1 − un‖L2(Ωs)

‖un‖L2(Ωs)
+

‖yn+1 − yn‖L2(Ω)

‖yn‖L2(Ω)
+

‖pn+1 − pn‖L2(Ω)

‖pn‖L2(Ω)

)

≤ tol

then STOP, else: n = n + 1, goto 2.

In [25], [9], and [22], respectively, locally quadratic convergence of (yn, un, pn) to a
locally optimal solution (ȳ, ū, p̄) of (P) in V ∞×L∞(Ωs)×H1(Ω) is shown. As already
mentioned above, the underlying analysis is based on the theory of Newton’s method
for generalized equations. Moreover, since (Qn) is a control constrained problem,
the active set strategy can be interpreted as a semismooth Newton-method that is
superlinearly converging (see e.g. [11]). For a globalization of the SQP method, we
use a projected gradient method with a line search according to the Armijo rule to
find suitable initial values for the SQP method.

7. Discretization. The following section is devoted to the discretization of the
linear PDEs in the optimality system for (Qn), given by (6.7). To be more precise,
we focus on the treatment of br,n, b∗r,n, and b0,n, i.e. the boundary integrals on Γr

and Γ0 in (6.2) and (6.4), since all other terms in both PDEs are dicretized in a
standard way using linear finite elements. The corresponding linear finite element
ansatz functions are denoted by φi, i = 1, ..., np. The integral with the prescribed
function z is approximated by third order Gauß quadrature.
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The nonlinear integrals over Γr and Γ0 are approximated by a summarized midpoint
rule. In the following, we explain the discretization of br,n as an example for the
integrals over Γr. The discretization of the integrals over Γ0 is similar, but simpler,
since they do not involve the nonlocal radiation operator. If we insert the ansatz for
y, given by

y(x) ≈
np∑

j=0

yj φj(x),

and the ansatz function φi as test function into br,n in the bilinear form an in (6.2),
we obtain the discrete version of boundary integral:

∫

Γr

(
G d(x) y(x)

)
φi(x) ds ≈

np∑

j=0

∫

Γr

(
G d(x) φj (x)

)
φi(x) ds yj =:

np∑

j=0

Bij yj .

Here, d is defined by d(x) := σ |yn(x)|3. For the numerical integration of Bij , we
divide the m intervals on Γr arising from the triangulation into ni smaller intervals
denoted by Γk, and, thus, Γr can be represented by

Γr =

nr⋃

k=1

Γk with nr := ni m. (7.1)

In all that follows, we denote the midpoint of the subinterval Γk by xk. With that
partition at hand, the midpoint rule reads as follows:

Bij =

∫

Γr

(
G d(x) φj(x)

)
φi(x) ds ≈

∑

Γk⊂Γr

φi(xk) |Γk| (G d φj)(xk). (7.2)

According to the definition of G in (1.2), we obtain

(G d φj)(xk) =
(
(I − K)(I − (1 − ε)K)−1ε d φj

︸ ︷︷ ︸

=: h

)
(xk),

(7.3)

where the integral operator K is defined by (3.1). Using again the summarized mid-
point rule, K is approximated by

(K h)(xk) ≈
∑

Γl⊂Γr

h(xl)

∫

Γl

ω(xk, z) dsz =:
∑

Γl⊂Γr

Klk h(xl),

with ω as defined in (3.2). For our numerical investigation, we again choose the
domain presented in Figure 1.1, with side lengths 2 for the outer and 1 for the inner
square, respectively. Hence, according to (3.3), the convexity of Ωg implies for the
visibility factor Ξ(x, z) ≡ 1. As already mentioned, in Section 3, the kernel ω exhibits
a singularity at z = xk. In our case, this problem only occurs in the corners of Ωg,
since the definition of ω implies ω(xk, z) = 0 for all z ∈ Γl. Therefore, a numerical
integration of

∫

Γl
ω(xk, z) dsz nearby the corners of Ωg is critical. However, in our

case, Ωg is a convex polygon, and hence we can apply Lemma A.1 for the evaluation
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of Klk (see Appendix A). Therefore, the integral Klk =
∫

Γl
ω(xk, z) dsz is exactly

integrated in our case, and we obtain

Klk =







1

2

(
tr(xk) · (xl,1 − xk)

‖xl,1 − xk‖
− tr(xk) · (xl,0 − xk)

‖xl,0 − xk‖

)

, if xk /∈ Γl

0 , if xk ∈ Γl

Here, the unit tangential vector tr(xk) is defined as in (A.2). Moreover, xl,0 and xl,1

are the end points of the interval Γl ordered as required in Lemma A.1.

Lemma 7.1. Assume that the emissivity is bounded from below by εmin > 0. Then
the matrix J := I − (1 − ε)K is invertible.

Proof: By construction we have that Kij = 0 if xj ∈ Γi. Therefore, Kii = 0 and thus
Jii = 1 hold true for all 1 ≤ i ≤ nr. Moreover, it is easy to see that, in our case,
ω(x, z) ≥ 0 for all x, z ∈ Γr. Hence, we obtain Kij ≥ 0 for all 1 ≤ i, j ≤ nr. Together
with ε(x) ≤ 1 a.e. on Γr and Kii = 0, this yields

∑

i6=j

|Jij | =
∑

i6=j

(1 − ε)Kij ≤ (1 − εmin)

nr∑

i=1

∫

Γi

ω(xj , z) dsz = (1 − εmin)

∫

Γr

ω(xj , z) dsz.

From [13, Lemma 1], it is known that K 1 = 1 and hence
∫

Γr
ω(xj , z) dsz = 1. There-

fore, the assumption on the emissivity implies
∑

i6=j

|Jij | ≤ 1 − εmin < 1 = Jii.

In view of (I − (1 − ε)K)h = εσ d φj , Lemma 7.1 allows us to continue with

h = (I − (1 − ε)K)−1 ε D φj (7.4)

where φj and h are vectors of the values of φj and h, respectively, at the midpoints

xk, i.e. φj :=
(
φj(xk)

)nr

k=1
and h =

(
h(xk)

)nr

k=1
. Moreover, I denotes the nr × nr

identity matrix and D is defined by D := diag
(
d(xk)

)nr

k=1
. The inverse of I− (1− ε)K

is calculated with the help of a Lapack LU decomposition. With (7.3) and (7.4) at
hand, the nonlocal radiation operator is approximated by

(
(G d φj)(xk)

)nr

k=1
≈ (I − K)(I − (1 − ε)K)−1 ε D φj =: G D φj . (7.5)

Next, we introduce the matrix

Φ = (φ1, φ2, ..., φnp
).

Notice that Φ ∈ Rnr×np , i.e. Φ is in general nonquadratic. Together with (7.2) and
(7.5), this definition implies

B ≈ Φ>
Mr G D Φ

with Mr := diag
(
|Γk|

)nr

k=1
. Analogously, we obtain for b∗r,n, i.e. the integral over Γr in

the bilinear form a∗
n of the adjoint equation (6.4),

∫

Γr

d(x) φi(x)
(
G∗ p(x)

)
ds =

∫

Γr

(
G d(x) φi(x)

)
p(x) ds

≈
np∑

j=0

∫

Γr

(
G d(x) φi(x)

)
φj(x) dspj =

np∑

j=0

B
>
ij pj ≈

np∑

j=0

(Φ>
D G

>
Mr Φ)ij pj , (7.6)
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with G> = (I − (1 − ε)K)−>(I − K>) and D, Mr, and Φ as defined above. On the
other hand, we have

∫

Γr

d(x) φi(x)
(
G∗ φj(x)

)
ds ≈

∑

Γk⊂Γr

φi(xk) d(xk) |Γk|(G∗ φj)(xk)

≈ (Φ>
D Mr G

∗ Φ)ij ,

where G∗ denotes a discrete version of G∗. Comparing this with (7.6), we choose

G
∗ = M

−1
r G

>
Mr,

and observe that G∗ is the adjoint of G with respect to the weighted scalar product
vT Mr w as discretization of

∫

Γr
v w ds.

All other integrals over Γr in (6.2) and (6.4), have the same structure as the ones de-
scribed above, except

∫

Γr
(σ|yn|yn(G∗pn))y v ds. With d = σ|yn|yn, this is discretized

by

∫

Γr

(
d(G∗pn)

)
y φi ds ≈

np∑

j=0

∫

Γr

(
d(G∗pn)

)
φj φi dsyj

≈
np∑

j=0

∑

Γk⊂Γr

φi(xk) d(xk)|Γk| (G∗pn)(xk)
︸ ︷︷ ︸

=: a(xk)

φj(xk).

Similar to above, we obtain

a(xk) ≈
(
D Mr G

∗ Φpn

)

k
=

(
D G

>
Mr Φpn

)

k
,

since pn, as the current iterate of the SQP method, is also discretized by linear ansatz
functions, and hence, the interpolation of pn onto the intervals Γk, k = 1, ..., nr on Γr

is equivalent to Φpn.

With this discretization at hand, the optimality system (6.7) is approximated by a
linear system of equation of the size 3 np × 3 np for the unknowns ũ, ỹ, and p̃. This
system is solved numerically using the direct sparse LU factorization included in the
UMFPACK library (see [7] and the references therein).

8. Numerical examples. The starting point of this section is an example that
is already discussed in [15]. However, here, we present some additional results that
highlight substantial characteristics of nonlocal radiative heat transfer in the context
of optimal control. For the numerical investigations, we use the domain introduced
above. Moreover, the material parameters are fixed at avarge values of the realistic
distributions given in [16]. The specific values are given in Table 8.1.

Table 8.1

Matrial parameters for the numerical tests

κg

(
W

mK

)
κs

(
W

mK

)
ε σ

(
W

m2K4

)

0.08 24.0 0.65 5.6696 · 10−8
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Furthermore, the external temperature y0 is assumed to be constant and equal to 293.0
K. Throughout the following numerical tests, the desired temperature gradient (in K

m )
is given by z ≡ (0,−20)T , and we took ua ≡ 125000, and ub ≡ 750000 for the control
constraints (in W

m3 ). Due to the comparatively large values of the control, one has to
deal with rather small Tikhonov regularization parameters to control the influence of
the cost term within the objective functional. Hence, we choose ν = 5 · 10−10 for the
first computation. However, later on, this is decreased to ν = 5 · 10−11.

Before, we present the numerical results, let us shortly describe the used mesh. It
consists of 98340 points and 196358 triangles. Due to the nonlocal radiation boundary
condition, it is refined four times on the inner boundary Γr as shown in Figure 8.1, such
that we obtain m = 3049 points on Γr. With ni = 4, this results in nr = m ni = 12196
intervals for the numerical integration of the boundary integrals described in Section
7. Furthermore, since the corners of Γr are non convex with respect to the outer
domain Ωs (see Figure 1.1), the mesh is additionally refined eight times in each of
these corners up to a mesh size of approximately 10−5 in a radius of 10−4 around the
corners. This is illustrated in Figure 8.1 where each white framed box indicates the
area that is show in the subsequent figure.

0 0.5 1 1.5 2
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Fig. 8.1. Mesh refinement on Γr and in the nonconvex corners.

To illustrate the convergence behavior of the SQP active set algorithm, several char-
acteristic data are recorded during the iteration. First, the decrease of the objective
functional is shown. Moreover, we present the residuals in the discrete versions of the
state equation and the adjoint equation, respectively, and the error in the gradient
equation in each iteration step. The residual in the discretized state equation is given
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by the following quantity:

ry :=

np∑

i=1

∣
∣
∣ah[yn, φi] −

∫

Ωs

un φi dx −
∫

Γ0

εσ y4
0 φi ds

∣
∣
∣, (8.1)

where, as before, the subscript n denotes the actual SQP iterate that is also discretized
by linear finite element ansatz functions. Moreover, ah is the discretization of the left-
hand side in the variational formulation of the state equation given by

∫

Ω

κ∇yn · ∇v dx +

∫

Γr

(G σ|yn|3yn)v ds +

∫

Γ0

εσ |yn|3yn v ds.

Here, the integral over Γr is discretized as described in Section 7, i.e.

(∫

Γr

(G σ|yn|3yn)φi ds
)np

i=1
≈ Φ>

Mr G D Φyn

with D = diag
(
σ|yn(xk)|3

)nr

k=1
and yn(xk) = (Φyn)k. Notice that the last integral in

(8.1) can be evaluated exactly in our case since y0 is constant. In view of (4.15), the
residual for the discrete adjoint equation is defined by

rp :=

np∑

i=1

∣
∣
∣a∗

n,h[pn, φi] −
∫

Ωg

(∇yn − z) · ∇φi dx
∣
∣
∣,

where a∗
n,h denotes the discretized version of the bilinear form of the adjoint equation

in (4.15) which is clearly equal to a∗
n and is consequently discretized as described in

Section 7. Since z is constant in our case,
∫

Ωg
z ·∇φi dx can also be computed exactly.

The relative error in the gradient equation, i.e. the projection formula (4.17), is given
by

ropt :=

∥
∥un −Pad

{
− 1

ν pn

}∥
∥

L2(Ωs)

‖un‖L2(Ωs)
.

Furthermore, at the end of each iteration, we compute three other quantities that can
be interpreted as indicators for the error in the optimality system for (P) consisting
of the state equation (1.1), the adjoint equation (4.13), and the gradient equation in
form of (4.17). To that end, we introduce

ey :=
‖ŷ − yn‖L2(Ω)

‖yn‖L2(Ω)
with ŷ := Sh(un)

as an indicator for the relative error in the state equation. Here, Sh denotes the dis-
crete solution operator of (1.1). It is realized numerically using a continuous Newton’s
method. It turns out that the linear PDE that has to be solved in each iteration step
of Newton’s method has the same structure as (6.1) and (6.2), respectively. Hence,
it is discretized as described in Section 7. Due to the nonlocal radiation, the arising
linear system of equations is not symmetric and solved with the help of the GMRES



SQP ACTIVE SET METHOD 19

code included in the SPARSKIT library (cf. [18]). Here, an incomplete LU decompo-
sition of the stiffness matrix was used for preconditioning. With ŷ = Sh(un) at hand,
the indicator for the relative error in the adjoint equation is computed by

ep :=
‖p̂ − pn‖L2(Ω)

‖pn‖L2(Ω)
with p̂ = Ŝ′∗

h ŵ,

where Ŝ′∗
h denotes the discrete solution operator to (4.13) with y = ŷ. Moreover, ŵ is

defined by

〈ŵ , v〉 =

∫

Ωg

(∇ŷ − z) · ∇v dx

and can be evaluated exactly, since ŷ = Sh(un) is discretized with linear finite elements
and z is constant in our case. As already mentioned above, the bilinear form associated
to the adjoint equation is discretized, as depicted in Section 7. The arising linear
system of equations for p̂ is again solved with the SPARSKIT GMRES code. Finally,
similarly to ropt, we introduce the following quantity as an indicator for the relative
error in the projection formula (4.17)

eu =
‖û− un‖L2(Ω)

‖un‖L2(Ω)
with û = Pad

{
− 1

ν
p̂
}
.

Notice that we use the same numerical solvers for the semilinear state equation and
the adjoint equation in the projected gradient method for the initial value search.

In the sections below, we present the result of a numerical test carried out with the
setting mentioned above. Afterwards, the numerical solution is compared with two
other tests, first without radiation on Γr and second with a lower Tikhonov parameter
ν.

8.1. Example 1. For the given setting, we obtain the numerical solution that
is shown in Figures 8.2–8.5. In the pictures, the numerical solutions are denoted by
the subscript h.

x x1

uh

2

Fig. 8.2. Control uh.

x x1

h

2

p

Fig. 8.3. Adjoint state ph.
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x x1

h

2

y

Fig. 8.4. State yh.
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Fig. 8.5. Isotherms in the gas phase Ωg.

Figure 8.5 illustrates that there are significant differences of the optimal temperature
distribution from the desired one. First the isothermes at the upper edge of Γr are
not horizontal as required. In addition to that, with a value of about 17 K, the
temperature difference between lower and upper egde of Γr is smaller than the desired
20 K. Furthermore, the control possesses some peaks in the corners of Γr. As the
computational mesh is refined in these corners several times, this does not seem to
be a numerical effect. Table 8.2 illustrates the convergence behavior of the overall
method, i.e. including the projected gradient method, by showing the decrease of
the objective functional. Here, the rows above the double line refer to the projected
gradient method, whereas the rows below correspond to the SQP active set algorithm.
Notice that the initial value for the projected gradient method is given by u0 ≡
ua + 0.3(ub − ua) = 312500. The corresponding state is computed with Newton’s
method as described above. The initial value of the objective functional amounts
4.921569e+02.

Table 8.2

Convergence history for the first example.

it J(y, u) 1/2‖∇y − z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)

1 2.261592e+02 1.551524e+02 7.100687e+01
2 1.754913e+02 1.052975e+02 7.019378e+01
3 1.461291e+02 7.696015e+01 6.916894e+01
4 1.268671e+02 5.873924e+01 6.812786e+01
5 1.136532e+02 4.654510e+01 6.710807e+01
6 1.043283e+02 3.820065e+01 6.612768e+01
7 9.754344e+01 3.235032e+01 6.519312e+01
8 9.241677e+01 2.811423e+01 6.430253e+01
9 8.840054e+01 2.494841e+01 6.345213e+01

1 3.576389e+01 1.106707e+01 2.469682e+01
2 3.735623e+01 9.940953e+00 2.741527e+01
3 3.743465e+01 9.845256e+00 2.758939e+01
4 3.743563e+01 9.844839e+00 2.759079e+01
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As one can see, the objective functional is heavily decreased after the first SQP it-
eration. Hence, as expected, the SQP method causes a speed up of the convergence
rate. Table 8.3 shows the residuals, explained above, for this test case. Moreover, δ
is the avarage difference between two iterates that was used for the stopping criterion
(see Section 6), and #itAS denote the number of active set iterations needed in the
respective SQP step.

Table 8.3

Residuals for the first example.

itSQP ropt ry rp δ #itAS

1 1.589331e-04 5.482575e+04 4.737234e+00 5.220376e-01 9
2 1.414200e-04 6.502728e+02 2.171805e-01 1.737493e-01 9
3 6.143822e-05 1.328521e+00 1.284949e-03 1.263109e-02 2
4 1.034504e-16 1.706435e-04 1.361016e-04 8.339519e-05 1

The relative errors in the optimality system at the end of the iteration are listed in
Table 8.4.

Table 8.4

Errors for the first example.

eu ey ep

1.871817e-05 3.475214e-11 8.845293e-05

As explained above, we use the projected gradient method for the globalization of
the SQP method. To show the capability of this approach, a second computation
with the same setting is made, except the initial value that is this time given by
u0 ≡ ua + 0.8(ub − ua) = 625000. Table 8.5 illustrates that in both cases the same
discrete optimum is achieved. Here, the subscript 0.3 refers to the solution with the
smaller initial value, whereas 0.8 corresponds to the solution with the larger one.

Table 8.5

Comparison of solutions with different initial values.

‖u0.3 − u0.8‖L2(Ωs)

‖u0.3‖L2(Ωs)

‖y0.3 − y0.8‖L2(Ωs)

‖y0.3‖L2(Ω)

‖p0.3 − p0.8‖L2(Ωs)

‖p0.3‖L2(Ω)

3.487588e-05 6.218094e-06 1.069079e-04

8.2. Example 2. To demonstrate the influence of the nonlocal radiation on Γr,
we now set ε|Γr

= 0. Hence, the interface condition on Γr is equivalent to

κg

(
∂y

∂nr

)

g

− κs

(
∂y

∂nr

)

s

= 0 on Γr, (8.2)

and all integrals over Γr in the variational formulations of the respective PDEs vanish.
The physical meaning of (8.2) is the continuity of the normal heat flux on Γr. Notice
that, on Γ0, the emissivity is kept at 0.8. The corresponding numerical solution is
plotted in Figures 8.6–8.9.
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hu

x2 1x

Fig. 8.6. Control uh for ε|Γr
= 0.

h

x2 1x

p

Fig. 8.7. Adjoint state ph for ε|Γr
= 0.

h

x2

y

1x

Fig. 8.8. State yh for ε|Γr
= 0.
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Fig. 8.9. Isotherms in the gas phase Ωg

for ε|Γr
= 0.

Table 8.6

Convergence history for the second example.

it J(y, u) 1/2‖∇y − z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)

1 1.490288e+04 1.481115e+04 9.173619e+01
19 1.020851e+03 9.251696e+02 9.568096e+01

1 9.823424e+01 2.771518e-02 9.820653e+01
2 2.115733e+01 5.352483e-03 2.115198e+01
3 1.416047e+01 1.341036e-02 1.414706e+01
4 1.418358e+01 2.119156e-02 1.416238e+01
5 1.418514e+01 2.144337e-02 1.416370e+01
6 1.418514e+01 2.144668e-02 1.416370e+01
7 1.418515e+01 2.144024e-02 1.416370e+01
8 1.418514e+01 2.144514e-02 1.416370e+01
9 1.418514e+01 2.144634e-02 1.416370e+01
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First, we observe that the numerical solution differs significantly from the one for ε =
0.8 shown above. This indicates that it is indeed essential to account for radiation at
this temperature level. In contrast to the results of Section 8.1, the difference between
the optimal temperature distribution and the desired gradient is comparatively small.
This is also confirmed by the Table 8.6, in particular by the third column, i.e. the
values of 1/2‖∇y − z‖2

L2(Ωg).

Notice that the difference in the values of the objective functional between the last
projected gradient iteration and the first SQP step is even larger than in the first
example. Moreover, we observe that the projected gradient method took 19 iterations
to find an appropriate initial value. For lack of space, only the first and the last
interation are listed in Table 8.6. In addition to that, also the SQP algorithm converges
more slowly and in avarage more active set iterations are needed than in the first
example, as Table 8.7 demonstrates.

Table 8.7

Residuals for the second example.

itSQP ropt ry rp δ #itAS

1 6.312025e-08 4.492778e+03 1.115695e+00 5.678788e-01 45
2 9.292909e-06 9.878379e+04 2.483003e-01 5.419677e-01 13
3 1.460824e-05 1.979200e+04 3.898660e-02 9.871592e-01 14
4 1.523589e-08 4.001972e+02 1.430243e-03 3.732820e-01 7
5 4.097114e-07 1.972830e-01 6.144579e-05 4.653599e-03 2
6 8.876577e-17 3.419224e-05 8.094413e-05 1.310908e-04 1
7 3.058806e-16 6.033589e-05 8.884676e-05 4.754761e-04 1
8 3.620855e-17 2.886753e-05 1.144260e-05 1.656183e-04 1
9 9.094179e-17 2.397091e-05 3.672017e-05 4.463665e-05 1

Table 8.8 shows the relative errors at the end of the iteration in this example. As one
can see, the accuracy is similar to the first example (cf. Table 8.4).

Table 8.8

Errors for the second example.

eu ey ep

3.059852e-05 2.572896e-11 2.144628e-04

Beside the mentioned differences to the first example, the optimal control again ex-
hibits the characteristics peaks in the corners of Γr. This orservation indicates that
this effect is not primary caused by the nonlocal radiation.

8.3. Example 3. In the last example, the influence of the Tikhonov parameter ν
is studied. To that end, we choose the values of the first example for all parameters and
set ν = 10−10, and afterwards ν = 5 ·10−11. Each time, the result of the computation
with larger ν was used as initial value. The optimal values of the objective functional
are shown in Table 8.9. Here, #itSQP denotes the number of SQP iterations.
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Table 8.9

Objective functional for different values of ν.

ν J(y, u) 1/2‖∇y − z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)
#itSQP

5e-10 3.743563e+01 9.844839e+00 2.759079e+01 4
1e-10 1.286689e+01 5.682817e+00 7.184076e+00 4
5e-11 9.123665e+00 5.210145e+00 3.913520e+00 3

For ν = 5 · 10−11, the value of J is not longer dominated by the Tikhonov part.
However, as Figure 8.13 illustrates, the optimal state is still distinct from the desired
one.

x2 1x

hu

Fig. 8.10. Control uh for ν = 5 · 10−11.

h

x2 1x

p

Fig. 8.11. Adjoint state ph for ν = 5 · 10−11.
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y

1x

Fig. 8.12. State yh for ν = 5 · 10−11.
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Fig. 8.13. Isotherms in the gas phase Ωg

for ν = 5 · 10−11.

Clearly, since the reglarization paramter is smaller than in the first example, we expect
the optimal control to be more irregular. As Figure 8.10 shows, this is indeed the
case, especially in the corners of Γr. Table 8.10 again shows the relative errors.

Table 8.10

Errors for the third example.

eu ey ep

2.715416e-04 3.960569e-12 7.569732e-05
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Appendix A. In the following, we present a rather technical proof for the inte-
gration formula that is used to evaluate the matrix K arising from the discretization
of the nonlocal radiation operator K (cf. Section 7).

Lemma A.1. Assume that Ωg is a polygon in R2 with boundary Γr and that the unit
normal vector on Γr, denoted by nr, is facing into the interior of Ωg. Let a and b be
two points located on the same edge of Γr and Γab be defined by

Γab = {z ∈ R
2 | z = a + s(b − a) , 0 ≤ s ≤ 1},

i.e. the line between a and b. Moreover, we assume that Ξ(x, z) = 1 for all z ∈ Γab,
and that a and b are ordered such that the othogonal complement of b − a given by

(b − a)⊥ :=

(
−(b2 − a2)

b1 − a1

)

(A.1)

is orientated in the direction of nr, i.e. into the interior of Ωg. Furthermore, let S
denote the set of cornerpoints of Γr. Then, for every point x ∈ Γr\S, the following
equation holds true

∫

Γab

ω(x, z) dsz =







1

2

(
tr(x) · (b − x)

‖b − x‖ − tr(x) · (a − x)

‖a − x‖

)

, if x /∈ Γab

0 , if x ∈ int Γab,

where tr(x) is defined by

tr(x) := nr(x)⊥ =

(
−nr,2(x)

nr,1(x)

)

. (A.2)

Proof: Let us first consider the case x /∈ Γab. We start with the definition of ω in R2

ω(x, z) =
[nr(z) · (x − z)][nr(x) · (z − x)]

2‖z − x‖3
=:

N

2 D
. (A.3)

Notice that x /∈ S implies that nr(x) is well defined. Due to z ∈ Γab, it can be
expressed by z = a + s(b − a) , 0 ≤ s ≤ 1. Due to nr(z) · (b − a) = 0, the numerator
in (A.3) is equivalent to

N =
[
nr(z) · (x − a)

][
nr(x) · (b − a)

]
s +

[
nr(z) · (x − a)

][
nr(x) · (a − x)

]

=: c1s + c2.

For the denominator, we obtain

D =
[
(b − a)2 s2 + 2(a − x) · (b − a) s + (x − a)2

]3/2

=: (k1 s2 + k2 s + k3)
3/2.
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We continue with

∫

Γab

ω(x, z) dsz =

1∫

0

c1s + c2

2(k1 s2 + k2 s + k3)3/2
‖b− a‖ ds

=
‖b − a‖

2

(

c1

1∫

0

s

(k1 s2 + k2 s + k3)3/2
ds

+ c2

1∫

0

1

(k1 s2 + k2 s + k3)3/2
ds

)

=:
‖b − a‖

2
(c1 I1 + c2 I2). (A.4)

Integration via substitution yields for the first integral

I1 =

[

− 2 (k2 s + 2 k3)

4ϑ
√

k1 s2 + k2 s + k3

]1

0

=
(x − a)2

ϑ ‖a − x‖ − (a − x) · (b − x)

ϑ ‖b − x‖

where ϑ is defined by

ϑ := (b − a)2(x − a)2 −
[
(b − a) · (a − x)

]2

By straight forward computation, it follows that

ϑ =
[
(b1 − a1)(x2 − a2) − (b2 − a2)(x1 − a1)

]2
= ‖b − a‖2

[
nr(z) · (x − a)

]2
,

since, by assumption, the the unit normal on Γab is equivalent to nr(z) = ‖b−a‖−1 (b−
a)⊥. For the second integral, one finds

I2 =

[
2 (2 k1 s + k2)

4ϑ
√

k1 s2 + k2 s + k3

]1

0

= − (b − a) · (a − x)

ϑ ‖a − x‖ +
(b − a) · (b − x)

ϑ ‖b − x‖

with ϑ as defined above. Hence, we obtain for the sum in (A.4)

c1 I1 + c2 I2 =
1

‖b − a‖2 nr(z) · (x − a)

{

S1

‖b− x‖ − S2

‖a − x‖

}

. (A.5)

with

S1 :=
[
nr(x) · (a − x)

][
(b − a) · (b − x)

]
−

[
nr(x) · (b − a)

][
(a − x) · (b − x)

]

and

S2 :=
[
nr(x) · (a − x)

][
(b − a) · (a − x)

]
−

[
nr(x) · (b − a)

]
(x − a)2

Using the definition of tr in (A.2), S1 is transformed into

S1 =
[
nr,2(x)(b1 − x1) − nr,1(x)(b2 − x2)

][
(a2 − x2)(b1 − a1) − (a1 − x1)(b2 − a2)

]

= ‖b − a‖
[
tr(x) · (b − x)

][
nr(z) · (x − a)

]
.
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Analogously, we find for S2

S2 = ‖b − a‖
[
tr(x) · (a − x)

][
nr(z) · (x − a)

]
. (A.6)

Inserting (A.6), (A.6), and (A.5) in (A.4) finally yields
∫

Γab

ω(x, z) dsz =
‖b − a‖

2
(c1 I1 + c2 I2)

=
1

2

(
tr(x) · (b − x)

‖b − x‖ − tr(x) · (a − x)

‖a − x‖

)

.

On the other hand, if x ∈ int Γab, then we have nr(z) · (z−x) = 0 for all z ∈ Γab, and
hence, ω(x, z) = 0 for every z ∈ Γab with z 6= x. Therefore, a partition of the integral
into one over a neighborhood N(x) of x and one over Γab\N(x) and passing to the
limit finally yield the assertion.
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[6] E. Casas, F. Tröltzsch, and A. Unger, Second order sufficient optimality conditions for a

nonlinear elliptic control problem J. for Analysis and its Applications 15 (1996), pp. 687–
707.

[7] T. A. Davis, Algorithm 832: UMFPACK - an unsymmetric-pattern multifrontal method with

a column pre-ordering strategy, ACM Trans. Math. Software, 30 (2004), pp. 196–199.
[8] A. L. Dontchev, W. W. Hager, A. B. Poore, and B. Yang, Optimality, stability, and

convergence in optimal control, Appl. Math. Optim., 31 (1995), pp. 297–326.
[9] H. Goldberg and F. Tröltzsch, On a Lagrange-Newton method for a nonlinear parabolic

boundary control problem, Optimization Methods and Software, 8 (1998), pp. 225-247.
[10] H. Hintermüller and M. Hinze, A SQP-semi-smooth Newton-type algorithm applied to con-

trol of the instationary Navier-Stokes system subject to control constraints, submitted to
SIAM J. Optimization.

[11] M. Hintermüller, K. Ito, and K. Kunisch, The primal-dual active set method as a semi-

smooth Newton method, to appear in SIAM J. Control Opt.
[12] O. Klein, P. Philip, and J. Sprekels, Modeling and simulation of sublimation growth of SiC

bulk single crystals, Interfaces and Free Boundaries, 6 (2004), pp. 295–314.
[13] M. Laitinen and T. Tiihonen, Conductive-radiative heat transfer in grey materials, Quart.

Appl. Math., 59 (2001), pp. 737–768.
[14] C. Meyer, Second-order Sufficient Optimality Conditions for a Semilinear Optimal Control

Problem with Nonlocal Radiation Interface Conditions, submitted to ESAIM: Control,
Optimisation and Calculus of Variations.
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