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Introduction
The Optimal transport problem was originally designed to solve building problems but
provided in its extensions, powerful probability distance measurement tools and space cur-
vature items. Here we introduce the classical optimal transport and show how it can be
used in the shape of Martingale Optimal Transport to solve a deep finance problem.

Classical and Martingale Optimal transport problems
The Monge Optimal Transportation Problem

Figure 1: (left) The original Monge problem of transporting optimally building material to building sites
–Illustration of the cost of moving building bricks.

The original classical optimal transport problem was the problem of dealing with the cost
of moving building materials to building site. It was studied by Gaspard Monge in the post
French revolution period to help rebuilding France.

The Martingale Kantorovitch formulation
Kantorovitch has made the problem probabilistic, which gives crucial linearity that makes
the existence of an optimizer much easier to prove. The martingale version is adding the
red terms.
• (Ω, E) = (Rd × Rd,B(Rd × Rd))
•X and Y the two canonical random variables Ω→ Rd, X : (x, y) 7→ x and Y : (x, y) 7→ y.
•M(µ, ν) := {P ∈ P(Ω)/P ◦ X−1 = µ,P ◦ Y −1 = ν and EP[Y |X ] = X a.s.} the set of all

martingale coupling probability laws between µ and ν.
Definition .1. The martingale optimal transport problem is:

P = sup
P∈M(µ,ν)

EP[c(X, Y )
]

The Dual Problem
The associated dual problem give a problem which unknowns are functions. This feature
makes it easier to solve numerically and gives a very rich portfolio of information about the
shape of the Martingale Optimal Transportation Problem solution.
We define the dual set:

Dmartµ,ν (c) =
{

(ϕ, ψ, h) ∈ L1(µ)× L1(ν)×L0(µ,Rd), c(X, Y )≤ϕ(X) + ψ(Y )+h(X) · (Y −X)
}

Definition .2. The dual problem is

D := inf
(ϕ,ψ,h)∈Dmartµ,ν (c)

µ(ϕ) + ν(ψ)

Remark .1. If (ϕ, ψ, h) ∈ Dmartµ,ν (c) and P ∈M(µ, ν) then

EP[c(X, Y )]≤P≤D≤P[ϕ(X) + ψ(Y )+h(X) · (Y −X)] = µ(ϕ) + ν(ψ)

Kantorovitch Duality in Classical Transport
The parallel study of these two problems is justified by the following Kantorovitch Duality
theorem:
Theorem .1 (Kantorovitch). If the cost c is lower semicontinuous and dominated by a ⊕ b ∈
L(µ)⊕ L(ν), then
• There is duality: P = D.
• There are optimizers (ϕ∗, ψ∗) ∈ Dµ,ν(c) for D and P∗ ∈ P(µ, ν) for P.
• There is a Borel support Γ ⊂ Ω such that P ∈ P(µ, ν) is concentrated on Γ if and only if it is

optimal.

Proof

EP∗[c(X, Y )− ϕ∗(X)− ψ∗(Y )] = P−D = 0 and c(X, Y )− ϕ∗(X)− ψ∗(Y ) ≥ 0
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Example of Numerical Solving
These dual functions allow to solve numerically optimal transport problems.

Figure 2: (left) Optimal Transport from a ball to an armadillo.

Duality in Martingale Optimal Transport
Absence of pointwise duality
There are counterexample in which there is a duality gap, or where there are some ”virtual”
optimizer which are not integrable.

Figure 3: The function c when y is fixed.

Counterexample 1: Duality gap
c(x, y) = 1x 6=y ; µ� Leb and ν = µ.
S = 0 but D = 1.

Counterexample 2: Optimizers not integrable
c(x, y) = 1x 6=y ; µ =

∑
i≥1 ciδi and ν =∑

i≥1 ci
δi+δi−1+δi+1

3 with the ci chosen such that
µ is a probability with a finite first moment and an infinite second moment.
Then S = D but ϕ(x) = −x2 + bx + c is not integrable.

Duality in the relaxed case
We show however that we have duality in the quasi-sure framework under technical non-
degenerescence Assumptions. (Quasi-sure means P-almost sure for any P ∈M(µ, ν)).
We define the relaxed quasi-sure dual set:

Dqsµ,ν(c) :=
{

(ϕ, ψ, h) ∈ L(µ⊕ ν)× L0(µ,Rd)/ c ≤ ϕ⊕ ψ + h⊗, M(µ, ν)-q.s.
}

In order to counter the problem on non integrability, we need to use a concept quasi-surely
convex functions C(µ, ν). These are functions which are µ-a.s. convex Px-a.s. for any
P ∈M(µ, ν) if Px is a kernel such that P(dx, dy) = µ(dx)Px(dy).
We use these functions as moderators and define

µ(ϕ)⊕ ν(ψ) := µ(ϕ + f ) + ν(ψ − f ) + ν 	 µ(f )

For some suitable f ∈ C(µ, ν). ν 	 µ is a complicated operator ”philosophically” equal to
ν − µ. Then is we define

D
qs
µ,ν(c) := inf

(ϕ,ψ,h)∈Dqsµ,ν(c)
µ(ϕ)⊕ ν(ψ)

Then under an ”almost true” technical Assumption, true in dimensions 1, dimension 2 and
when ν is obtained from a stopped elliptic diffusion from µ with µ(τ > 0) = 1, we get the
following duality theorem:

Theorem .2. Let c : Rd × Rd→ R+ be upper semianalytic. Then, under the Assumption, we have
(i) Pµ,ν(c) = D

qs
µ,ν(c);

(ii) If in addition Pµ,ν(c) <∞, then existence holds for the robust superhedging problem D
qs
µ,ν(c);

Irreducible components
What are irreducible components ?

Figure 4: (left) Two irreducible components in dimension
1 –Irreducible components in higher dimension.

One of the key elements to under-
stand why to consider the relaxed
problem instead of the pointwise
one comes from the existence of ir-
reducible components paving Rd.
We can make them appear consid-
ering the action of ν−µ on convex
functions. We have the following
existence theorem:
Theorem .3. There is a µ-a.s. unique
optimizer I : Rd → K to some set-
wise minimization problem, called ir-
reducible convex paving map. Moreover, we have the following properties:
I is Borel measurable,

{
I(x), x ∈ Rd

}
is a partition of Rd with X ∈ I(X). Furthermore, we may

find a probability measure P̂ ∈M(µ, ν) such that for any P ∈M(µ, ν),

suppPX ⊂ conv
(
supp P̂X

)
= clI(X), µ− a.s. and

Y ∈ clI(X), M(µ, ν)− q.s.

Link between Martingale Optimal Transport and the irreducible compo-
nents
This link comes from the structure ofM(µ, ν)-quasi sure sets.
Proposition .1. A Borel set N ∈ B(Ω) isM(µ, ν)−polar if and only if

N ⊂ {X ∈ Nµ} ∪ {Y ∈ Nν} ∪ {Y /∈ J(X)},

for some Nµ, Nν ∈ B(Rd) such that µ(Nµ) = ν(Nν) = 0 and I(X) ⊂ J(X) ⊂ clI(X), such that
I(X) ⊂ conv(J(X) \Nν), µ-a.s. and Y ∈ J(X),M(µ, ν)-q.s.
Which gives that the quasi-sure duality is in fact a pointwise duality on each component.
Theorem .4. If the primal problem has an optimizer P∗ ∈ M(µ, ν), then we can find a Borel set
Γ ⊂ Ω, functions ϕ : Rd −→ R, ψ : Rd −→ R and h : Rd −→ Rd and a set-valued mapping
x 7→ J(x) such that
(i) I(x) ⊂ J(x) ⊂ clI(x) for any x ∈ Rd, P∗[Γ] = 1 and Γ ⊂ {Y ∈ J(X)}.
(ii) ϕ⊕ ψ + h⊗ ∈ L0(Ω) and for any x ∈ Rd, ϕ|I(x), ψ|J(x), h|I(x) are measurable.
(iii) c ≤ ϕ⊕ ψ + h⊗ on {Y ∈ J(X)} and c = ϕ⊕ ψ + h⊗ on Γ.
(iv)

P∗[c] = Pµ,ν(c) =

∫
I(Rd)

SµI,νP
∗

I
(c)η(dI) = P∗[ϕ⊕ ψ + h⊗].

(v)
P∗I [c] = PµI,νP

∗
I

(c) = D
qs

µI,νP
∗

I

(c) = D
pw

µI,νP
∗

I

(c) = µI(ϕ)⊕ νP
∗

I (ψ), η − a.s.

Application to finance
In finance the way we find price to derivatives is putting a consistant model (martingale
and matching the vanillas) on the underlying and taking the expectation of the payoff. Here
the primal problem consists in finding the highest price for the payoff c that you can get,
considering any model. The Dual problem finds the cheapest perfect superhedging of the
payoff c that you can get. The duality result has a powerful philosophical interpretation,
which is that pricing with models makes sense because it is strongly linked by duality to
the possible superhedging and underhedging.


