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1. (Distance between subspaces)

Let S; T � C n be the nontrivial k-dimensional subspaces and let V 2 C n�n be nonsingular. Show
that

d(V �1S; V �1T ) � �(V )d(S; T ):

(3 pts.)

2. (Subspaces and matrix representations)

Let

V = R
��

0
In�m

��
; W =

�
Z1

Z2

�
; Z1 2 C

m�m; Z2 2 C
(n�m)�m;

where rank(W ) = m. Show that

R(W ) \ V = f0g () Z1 is nonsingular:

(4 pts.)

3. Let the Rayleigh quotient r(w) of the symmetric matrix A 2 Rn�n and vector w 2 Rn be de�ned
as

r(w) =
wTAw

wTw
:

Show that

grad r(w) =
2

wTw

�
Aw � r(w)w

�
:

Moreover, conclude that for v 2 Rn being an eigenvector of A

jr(w)� r(v)j = O
�
kw � vk2

�
for w ! v:

(4 pts.)

4. Let

P = I � �vvT ; � =
2

vT v
; v 2 Rn

be the Householder transformation.

(a) Show that P is symmetric and orthogonal.

(b) Show that choosing v = x+ �e1 leads to

v = x� kxke1 and Px = �kxke1:



(c) Let C = PBP 2 Rn�n, with symmetric matrix B 2 Rn�n. Show that

C = B � vqT � qvT ;

where p = �Bv; q = p� �(pT v)
2 v.

(4 pts.)

Programming assignment: PA10 (12.07.2011) (10 pts.)

1. Write the program which �nds the eigenvalues of the given real matrix using the QR algorithm

(a) without shifts,

(b) with real shifts.

Test your program for matrices

(a)

A =

�
0 1
1 0

�

without shift, with shift � = 0:1, with Wilkinson shift � = �1. What do you observe and
why?

(b)

B =

�
0 1
�1 0

�

without shift, with shift � = 0:1. What do you observe and why?

2. Write the program which reduces a given real matrix into the Hessenberg form using the House-
holder transformation. Compare your implementation with Matlab function hess. Test your
program for

A =

2
4 �149 �50 �154

537 180 546
�27 �9 �25

3
5 and B = magic(7):


