
Technische Universität Berlin Summer term 2008
Institut für Mathematik

J. Behrndt, C. Kreusler

Functional Analysis I

1st problem sheet
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Problem 1.: 4 pt.

Show that (l∞(N), ‖ · ‖∞) with ‖(tn)‖∞ := supn∈N |tn| is a Banach space.

Problem 2.: 4 pt.

Let P be the vector space of all polynomials with real coefficiants, i.e.

P :=
{

p : R → R | p(x) =
n

∑

i=0

aix
i, ai ∈ R, i = 0, . . . , n; n ∈ N

}

.

Which of the following mappings defines a norm on P?

(i) p 7→ |a0|, (ii) p 7→ |an|, (iii) p 7→ |an| + · · · + |a0|.

Problem 3.: 5 pt.

Let (X, d) be a metric space and define T as follows

T := {A ⊂ X | A is nonempty, closed and bounded}.

For ǫ > 0 and A ∈ T denote by Bǫ(A) the ǫ-neighbourhood of A, i.e.

Bǫ(A) = {x ∈ X | d(x, A) = inf
y∈A

d(x, y) < ǫ}.

Show that

dH(A1, A2) := inf{ǫ > 0 | A1 ⊂ Bǫ(A2) and A2 ⊂ Bǫ(A1)}, A1, A2 ∈ T

defines a metric on T .

Problem 4.: 7 pt.

Let A ⊂ R
n and x0 ∈ A. For λ ∈ (0, 1] define the class Cλ(A) of Hölder continuous

functions (cf. exercise) via

Cλ(A) := {f : A → R | |f |λ < ∞},

|f |λ := sup
x,y∈A,|x−y|<1

|f(x) − f(y)|

|x − y|λ
,

and the class of bounded continuous functions

Cb(A) := {f : A → R | f is continuous and ‖f‖∞ < ∞}.



(i) Let λ ∈ (0, 1] and set

M := {f ∈ Cλ(A) ∩ Cb(A) | |f |λ ≤ 1}.

(ii) Define
N := {f ∈ C(A) | f(x) ∈ [0, 1) for all x ∈ A}.

Are the sets M or N open or closed subsets of Cb(A) (equipped with the maximum
norm)?
Furthermore show Cλ(A) ⊂ Cb(A) if A is bounded.


