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Task 4:

1.) By assumption there exist constants o, 8; > 0 such that
|f(i)(t)‘ < e P,

for all t > 0. We distinguish two cases. First assume that Re (a) > 0. Define

To 1= —f e~ f(s)ds
0
> 0by1and fis

Note that xp is well defined, since in this case e™®*® is bounded for all s >
exponentially decaying and infinitely often differentiable. With the variation-of-constants formula
and zg as an initial condition we obtain that

t
() = e”’txg—l-e‘”/ e **f(s)ds
0

= e* (— /Ooo e_”’f(s)ds-l—/ote"“f(s)ds)

= 5 ft e " f(s)ds

/ " e f(s)ds

< eRe(a}t /00 ‘ 7a..9f | )| ds
i

oo
< eRe(“)t/ e~ Rel@sggePosds
¢

is a solution of z = ax + f. We have

[2(t)] = |e*]

_ aoeRe(a}t /OO e~ (Re(a)+Bo)s 44
t

1

— Re(a)t { __ +  _—(Re(a)+pHo)s

e ( Re (a) + fo
_ @0 eRe(a)t ,—(Re(a)+80)t

Re (a) + Bo

o —Bot __. —dot

——_— =: e

Re () + o e

R
~—

by setting g := ﬁm and &g := fy. Using & = ax + f repeatedly, we see that

9 (t) = a'z(t) + Zajf(" -9

Using the vector space structure of C}, this shows that all derivatives of z are also bounded by an
exponential function, which implies = € Ci.
If Re (a) < 0 then multiple solutions exist. We choose zq := 0 and observe that in this case

z(t) = fo e f(s)ds,

is a solution of & = az + f. W.l.o.g. we assume that Sy < —Re(a) (otherwise chose fp smaller,



which is still appropriate). Then £y + Re (a) < 0 and we have

t
J
t
f eRe(a)(tfs)aoe‘—ﬁos ds
0

|z(2)]

IA

e“(tAS)f(s)| ds

IA

13
— OfgeRe(a)t/ e—s(Re(a)+,@g)d8
0

. p eRe(a)t (Es(Re(a}+ﬁo) t)
Re(a) + Bo 0
_ ap Re(a)t ( —t(Re(a)+80o)
= ——— ¢ e -1
Re (a) + fo )
&%) ( —Bot _ Re(a)t) . ( —dot Re(a)t) —dpt
—_—— € = c € < € H
Re(a) + fo ks =

for all t > 0. As before we deduce that then all derivatives of y are also bounded by an exponential
function, since y solves # = az + f, and thus y € C}.

2.} Using the Jordan canonical form of A the problem decomposes into a finite number of
subproblems of which each has the form

71 a 1 Y1 fi
Y2 Yo fa
= PR I I
2 o1 : :

Yn, al LYn: Fria

with n; € N. Starting from the last variable and last equation one can use 1.) to show that there
exists a yn, € C} such that the last equation is fulfilled. Using the fact that C} is a vector space
we see that y,, + fn,—1 € C}r. Thus, using 1.) again, we find that there exists a yn,—1 € C} such
that also the second last equation is fulfilled. Proceeding this way we obtain the claim for the
subproblem and thus also for an arbitrary matrix A.

3.) We distinguish two cases. For the first case assume that d = ¢ € C\ {0} is a non-zero
constant. In this case we set z 1= %b and obtain the assertion immediately. For the second case let
d(X) = Ei’io a;\* with K € N and di # 0. This means that we are looking for a solution z € CL
of the differential equation Zio a;x(t) = b(t). Reducing this higher order, scalar differential
equation to a first order, matrix differential equation (as done in basic courses about ODEs), and
applying 2.) we immediately obtain the result.

4.) Let a Smith-form of P be given by P = SDT where S € C[AJP? and T € C[A]?9 are
unimodular and D € C[A]?? is diagonal of the form

with dy,...,d, € C[\]\ {0}. Set b:= S~! (&) b. Then we see that b € CY is itself exponentially
decaying. For i = 1,...,p denote the elements of b by b; and construct z; € C} with 3.) as
exponentially decaying solutions of the scalar equations d; () z; = b;. Define & € C{ through

B[y v oy O O]T

and notice that this implies D (£) # = b. Thus, setting z := T~ (£) & € C] proves the claim.
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