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Exercise 4.1: (Kronecker product)

(a) Let W,X, Y, Z be matrices of appropriate dimensions such that the products WX and Y Z
are defined. Show that (W ⊗ Y )(X ⊗ Z) = (WX)⊗ (Y Z).

(b) Let S,G be invertible matrices. Show that also S ⊗G is invertible and that (S ⊗G)−1 =
S−1 ⊗G−1.

(c) Let A ∈ Rn,n and B ∈ Rm,m. Further, let A have the eigenvalues λ1, . . . , λn and B have
the eigenvalues µ1, . . . , µm. Show that

σ(A⊗B) = {λiµj | i = 1, . . . , n, j = 1, . . . ,m}.

Exercise 4.2: (Sylvester equation)
Let A ∈ Rn,n, B ∈ Rm,m and W ∈ Rn,m. Show that the Sylvester equation AX +XB = W has
a solution X if and only if the matrices

M1 =

[
A W
0 −B

]
, M2 =

[
A 0
0 −B

]
are similar.

Exercise 4.3: (Partial Stabilization using the sign function method)
Let (A,B) ∈ Rn,n × Rn,m and assume that σ(A) = Λ− ∪ Λ+ := {λ1, . . . , λk} ∪ {λk+1, . . . , λn}
with Re(λj) < 0 for j = 1, . . . , k and Re(λj) > 0 for j = k + 1, . . . , n. Let

A = S

[
J− 0
0 J+

]
S−1, σ(J−) = Λ−, σ(J+) = Λ+,

be the Jordan canonical form of A. Then

sign(A) := S

[
−Ik 0

0 In−k

]
S−1.

(a) Show that P := 1
2(I − sign(A)) is a projector onto S− (the A-invariant subspace corre-

sponding to Λ−).

(b) Let G ∈ Rn,n, H ∈ Rm,m, W ∈ Rn,m with σ(G), σ(H) ⊂ C+ and consider the Sylvester
equation

GX +XH = W. (1)

Show that

sign

([
G W
0 −H

])
=

[
In 2X
0 −Im

]
,

whereby X is the solution of the Sylvester equation (1).


