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trend and seasonal components
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Problem 1 5 Points

The Spencer 15-point filter is defined as the moving average filter with coefficients defined
by

ak = a−k, (a0, . . . , a7) :=
1

320
(74, 67, 46, 21, 3,−5,−6,−3) and ∀|i| ≥ 8 : ai = 0.

Prove that this filter does not distort a cubic trend, i.e., that for mi = c0 + c1i + c2i
2 +

c3i
3, i ∈ Z:

mi =
7∑

k=−7

akmi+k.

Problem 2 5 Points

Design your own symmetric moving average filter (i.e. do not use any that might appear
on this assignment), which eliminates seasonal components with period three and which
at the same time does not distort quadratic trend functions.

Problem 3 5 Points

Let (Yi)i∈Z be a weakly stationary process with mean zero, let a, b be constants and define
Xi = a + bi + si + Yi, where si is a seasonal component with period 12.
Recall the definition of

∇Xi := Xi −Xi−1,

set
∇12Xi := Xi −Xi−12

and prove that ∇∇12Xi is a weakly stationary process.

Problem 4 5 Points

Suppose that mi = c0 + c1i + c2i
2, i ∈ Z.



(i) Prove that for

(a−2, a−1, a0, a1, a2) :=
1

35
(−3, 12, 17, 12,−3)

and

(b−3, b−2, b−1, b0, b1, b2, b3) :=
1

21
(−2, 3, 6, 7, 6, 3,−2)

we have that

mi =
2∑

k=−2

akmi+k =
3∑

k=−3

bkmi+k.

(ii) Let Zi, i ∈ Z be a sequence of i.i.d. random variables with Z0 ∼ N (0, σ2). Define
Xi := mi + Zi and set Ui :=

∑2
k=−2 akXi+k and Vi :=

∑3
k=−3 bkXi+k fo all i ∈ Z.

(a) Find the means and variances of Ui and Vi.

(b) Find the correlations between Ui and Ui+1, resp. Vi and Vi+1.

(c) Which of the two filtered series (Ui)i∈Z and (Vi)i∈Z would you expect to be
smoother in appearance?


