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Problem 1 5 Points

Let P be the transition matrix for a reversible Markov chain with finite state space E.
Prove that all eigenvalues of the matrix P̃ given by

P̃ =
1

2
P +

1

2
I

(where I is the identity matrix) are non-negative.
Hint: Prove first, that P has only real eigenvalues.
[Remark: P̃ is the transition matrix for the lazy version of the Markov chain.]

Problem 2 5 Points

Let (Xn)n∈N0 be an irreducible Markov chain with transition matrix P and finite state
space E. In addition, consider f : E → C.
Calculate Ex[f(Xn)] (for x ∈ E and n ∈ N0) and use this to prove that any function f
that is harmonic w.r.t. P must be constant, i.e.

Pf = f ⇒ ∃c ∈ C : ∀i ∈ E : f(i) = c.

Problem 3 5 Points

Prove Lemma 2.10.2 iii) from the lecture.
Hint: Use your result from problem 2 for the geometric multiplicity first and then consider
the Jordan decomposition of P .

Problem 4 The choice of the update function matters 5 Points

Consider the Markov chain (Xn)n∈N0 with state space E = {0, 1} and transition matrix

p =

(
1/2 1/2
1/2 1/2

)
.



Furthermore, consider the Propp-Wilson algorithm for this chain run with Nk = 2k−1.
and two possible update functions φ1 and φ2 given by

φ1(i, u) :=

{
0, if u ∈ [0, 1/2],

1, if u ∈ ]1/2, 1],
for i ∈ {0, 1}

as well as

φ2(0, u) :=

{
0, if u ∈ [0, 1/2],

1, if u ∈ ]1/2, 1],
φ2(1, u) :=

{
1, if u ∈ [0, 1/2],

0, if u ∈ ]1/2, 1].

Show that the choice of φ1 as update function implies that the algorithm terminates (with
probability 1) immediately after having run the chains from time −N1 = −1 whereas with
φ2 the algorithm never terminates.

Problem 5 The Propp-Wilson algorithm 10 Points
The points of this exercise formally belong to assignment 9. This problem is due on
January 6th 2011!

(i) Implement the Propp-Wilson algorithm for the Markov chain given in problem 3,
assignment 1 using independent updating of the states as update function.

(ii) Implement the (incorrect) forward version of the Propp-Wilson algorithm for the
Markov chain given in problem 3, assignment 1 using independent updating of the
states as update function.

(iii) Run both versions 100 times, compare your results with the invariant distribution
of the Markov chain and comment on this.


