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Problem 1 5 Points
(i) Show that the limit of weak convergence of probability measures is unique.

(ii) Let p, ptq, p2, . .. be probability measures on (R, 3). Prove or find a counterexample:
iy converges weakly to pu if for all compact F' C R limsup,, ., pn(F) < p(F).

Problem 2 5 Points
Decide which of the given sequences (u,) of probability measures on (R, B) converges
weakly to a probability measure and determine its limit (if exists).

(i) ptn = = >°7, 02, with 4. being the Dirac distribution.
(ii) g, = Bin(n, 2), for some A > 0. Bin(n, p) stands for the binomial distribution.

(iii) pn = U(|—n,n]), where U([a, b]) stands for the uniform distribution.

Problem 3 5 Points
Let p,, v, be sequences of probability measures on (R, ). Assume for all n that v, < p,
with density f,. Define on the product space (Q,F) = (RN, B®N) the measures P =
Onenptn and @ = Qpenv,. Define a,, = fR V fnd .

Show that if [[°, @; > 0 then Q < P and that $2(w) = lim,—o [[[; fi(wi) P-as. for
w € ). Hint: Define &, = f,om, where 7w, : 2 — R is the projection on the nth coordinate.

Next, deduce a condition for the following example: Let 0 < p,q < 1 and p,, ~ Ber(p)
and v, ~ Ber(q). Under which condition on p and ¢ is Q < P? Extra: Let p, € (0,1)
and p, ~ Ber(p,), v, as before. Under which condition is ) < P?

Problem 4 5 Points
Let (X;) be a sequence of independent random variables (on R) with finite second moment

and >, Svar(X,) < co. Show (using the martingale convergence theorem) a strong
law of large numbers for the X;. Thus, show that + > (X; — E [X;]) — 0 a.s.



