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Problem 1 5 Points
Show that the integral for elementary functions is well defined. Take some elementary
function f : @ — R on the measure space (Q,F, ) with f = >"" a;14, = > .1", il
for some real numbers «;, 5; and measurable sets A;, B; and show that its integral does
not depend on the representation.

Problem 2 5 Points
Prove the following for functions f,, : £ — R on some measurable space (§2, F) and R
equipped with the Borel o-algebra.

(i) A set A C ) is measurable iff the indicator function of the set is measurable.

(ii) Let f; be some measurable function. Recall the definition of atoms from the first
assignment. Prove that f; is constant on each atom of F.

(iii) Let fi and fy be measurable functions. Show f; + f2 is measurable.

(iv) Let all f,, be measurable. Show inf,cy f, and sup, .y f,, are measurable.

Problem 3 5 Points
For some measure space (Q,F,u) let f, : @ — R be a sequence of functions. Show
that Fatou’s Lemma remains true if we take f, < ¢ with ¢ a non negative integrable
function, limsup instead of liminf and > instead of <. Thus it reads then: Let f, be
a sequence of measurable functions with f, < ¢ for some integrable function g. Then

[limsup,,_,. fodp > limsup,,_ [ fudu.
Find examples that it is not true if only one of the three statements is changed.

Problem 4 5 Points
Let f:]0,1)> = R with f(x,y) = \% f takes the value infinity on both axis. Show that,
still, Fubini’s theorem holds, the order of m;cegratlon does not matter. Why?

Now take g : R? — R with g(:c y) = m and check that Fubini’s theorem does not
apply and fo fo x,y)dady # fo fo x,y)dydz. Why?

Reminder: Hand in your solution in groups of two students.



