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Problem 1 4 Points
Let (X,,), be a sequence of random variables in R which converges in probability to x € R.
Let ¢ : R — R be a bounded function with ¢(x) = 0 that is in z continuous. Show that
lim,, o E [¢(X,)] = 0. Does it also hold if we do not assume that ¢ is bounded?

Problem 2 4 Points
Let X be a random variable in R and f : R — R a measurable function. Show that X
and f o X are independent if and only if f o X is constant almost surely.

Problem 3 7 Points
Let (X,)n, be a sequence of random variables on R defined on the probability space
(Q, F,P). Find out whether the following events are in the terminal o-algebra defined as

M o (U, o(X0).

(i) {limpoe = 37 | X; exists}
(ii)) {X,, =0 for all n > 10}
(iii) {The series Y .°, X; converges}

(iv) {The series > .~  X; converges and the limit is greater that 1}

)
)
)
(v) {31, Xi; = 1 infinitely often}
(vi) {>°1-, X; = 0 for some n}

)

(vii) {lim,—0e £ 37, X; =0}

Problem 4 5 Points

Let (X,), be iid random variables with E [X;] = 0 and 0 < E[X?] < co. Let S, =

Y Xi. Use Kolmogorovs 0-1 law to show that lim sup,,_, ., j% = oo almost surely.

Reminder: Hand in your solution in groups of two students.



