
Technische Universität Berlin WS 2012/2013
Fakultät II – Institut für Mathematik
Lecturer: Prof. Dr. W. König hand out: Wed, Jan 23rd 2013

Assistant: M. Wilke Berenguer due: Wed, Jan 30th, 2013

Assignment 13

”
Wahrscheinlichkeitstheorie 2 - Stochastic processes 1“

characteristic functions and stochastic processes

total points: 20 Points

Problem 1 (Multi-dimensional central limit theorem) 10 Points
Prove the following assertions.

(i) (Lemma 8.3.12.: characterisation of the multidimensional normal distribution) An
Rd-valued random variable X with positive definite covariance matrix Σ has the
(multidimensional) normal distribution if and only if 〈λ,X〉 has, for every λ ∈ Rd,
the (one-dimensional) normal distribution with expectation 〈λ,E[X]〉 and variance
〈λ,Σλ〉.

(ii) (Lemma 8.3.20. Cramer-Wold theorem) Let X,X1, X2, . . . be Rd-valued random
variables. Then Xn ⇒ X if and only if 〈λ,Xn〉 ⇒ 〈λ,X〉 for every λ ∈ Rd.

(iii) (Theorem 8.3.21. d-dimensional central limit theorem) Let (Xi)i∈N be a sequence of
independent, identically distributed Rd-valued random variables with expectation
zero and positive definite covariance matrix Σ ∈ Rd×d. Then 1√

n
(X1 + . . .+Xn) ⇒

N (0,Σ).

Problem 2 (Independence is preserved under taking almost sure limits) 5 Points
Let X,X1, X2, . . . and Y, Y1, Y2, . . . be random variables such that Xn and Yn are inde-
pendent for every n ∈ N and such that X, resp. Y , are the almost sure limits of (Xn)n∈N,
resp. of (Yn)n∈N. Prove that then also X and Y are independent.

Problem 3 ((In-)consistency of sequences of path measures) 5 Points

(i) (Example 10.1.7.(iii): the self-avoiding walk) For every n ∈ N0 let (X0, . . . , Xn) be
uniformly distributed on the set of all the n-step nearest-neighbour paths in Z2

starting from the origin that do not visit any point twice. Prove that this sequence
of distributions is not consistent.

(ii) (Example 10.1.7.(v)) Let (Xn)n∈N0 be a sequence of random variables, and let
(Mn)n∈N0 be a non-negative martingale with respect to the canonical filtration of
(Xn)n∈N0 such that M0 = 1 a.s.. For n ∈ N0, let Pn be the measure with density
dPn

dP = Mn. Prove that the sequence of distributions of (X0, . . . , Xn) under Pn is
consistent.


