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Problem 1 (More properties of pre-τ sigma-fields) 5 Points
Let τ and σ be stopping times with respect to the filtration F. Prove the following state-
ments:

(i) Fτ∧σ = Fτ ∩ Fσ.

(ii) For any F-adapted process (Xn)n∈N, if τ(ω) < ∞ for all ω ∈ Ω, then Xτ is Fτ -
measurable.

(iii) For n ∈ N, define F τn := Fn∧τ and F τ∞ = σ(F τn : n ∈ N). Then F τ∞ = Fτ .

Problem 2 (Absorption probabilities for simple random walk) 5 Points
Let (Sn)n∈N0 be the simple symmetric random walk on Z (i.e., jumping independently
with equal probability to any of the two nearest neighbours at any time), starting in 0.
For x ∈ Z, let τx := inf{n ∈ N : Sn = x} be the hitting time of x. Because of recurrence
(see Theorem 9.3.9), we know that τx is finite almost surely.
Now fix a, b ∈ N and put τ = τ−a ∧ τb. Prove that P(τ = τ−a) = b

a+b
.

Hint: Approximate τ with τ ∧ n for n→∞.



Problem 3 Doob-Meyer-decomposition 5 Points
Let (Xn)n∈N be an F-Submartingale. Prove that then there exist an F-previsible and
increasing process (An)n∈N and an F-martingale (Mn)n∈N, such that M1 = 0, A1 = 0
almost surely and

∀n ∈ N : Xn = Mn + An +X0 almost surely.

Problem 4 (A directed polymer in a random environment) 5 Points
Let η = (η(n, x))n∈N0,x∈Zd be a family of i.i.d. random variables such thatE[exp(λη(n, x))] <
∞ for any λ > 0, where E denotes expectation with respect to the random environment η.
Furthermore, let (Sn)n∈N0 be a simple random walk in Zd starting in 0. The random walk
and the environment are assumed independent. Define Yn :=

∑n
k=0 η(k, Sk). For a fixed

β > 0, we put Zn = E[exp(βYn)], where E is the expectation with respect to the random
walk. Consider the filtration F = (Fn)n∈N given by Fn := σ(η(k, x) | k ≤ n, x ∈ Zd).
Find a sequence (Cn)n∈N0 of positive numbers such that (Zn/Cn)n∈N0 is an (Fn)n∈N0-
martingale.
Hint: Compare to an exponential martingale.


