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Aufgabe 1:
Stabilitit bel zweidimensionalen, autonomen linearen Svstemen, Von welch

der Gleich
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gewichtspunkt der Systeme
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Aufgabe 2:
Seien o > 0,
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Nulllésung auf (asymptotische und expo-

um in ein System 1. Ordnung und untersuche de
nentielle) Stabilitdt in Abhiingigkeit von §.

Aufgabe 3:
Untersuche die stationdren Losungen des folgenden Differentialgleichung
tische Stabilitét:
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Aufgabe 4:
Eine Alligatorpopulation werde durch die Gleichung

;. u(u—1500)

3200

hren ist,
1, wird thr

modelliert, wobel u(t) die Grofle der F

Wird nun J Agern erlaubt, eine

durch die Gleichung

, u(w — 1500)
, 3200

beschrieben.
Finde alle Gleichgewi der Gleichung (1) in wgwm@%mwﬁﬁ des Parameters s > 0
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untersuche deren Stabilititsverhalten, Wie grofl darf
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ein, damit die Tiere nicht
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Wikl o, 0, Wy, Uz, @1, dp real, we may express x(¢) in terms of real quantities
s . only:
7. Classification of planar, autonomous systems »

{??‘ X{:i,} e Qetriito) { ({fi CO8 3{5 . fg}} — ¢lo sin 3{!’ - i{;}) Hy o~
The planar, homogeneous, autonemous systems
; . —~ {dz cos B{t — ty) + d; sin Bt — ‘i;}\) m} .
{?g‘} e A w ( : { Ly i ¢ ) @

If the imaginary part £ of A is non-vanishing, this causes the solutions to

with A a constant 2 x 2 matrix can be clagsified according to the character

of its stationary point, the origin. A similar classification is also possible for i; fﬁ;}i}j&%‘ around ﬁgﬁ.ﬁ;ﬁ’gmf ,ﬁ}f@ mg% pars o {i@%&&‘{{m;ﬁ?& Whether they &E}‘im‘%ﬁh
systems of higher order, but it does not add much extra information and the = ﬁ ﬁ“’ E’ {%}; }’3?"@ i; ?ﬂ:i fi ‘);’f or kﬁf’i} fiﬂ“ﬁimé?; &%tmmd it (& =0) for t The
clarity gets lost. It is convenient to first transform A into Jordan form (see “é SIgn 0L e 15 the classification parameter here :

Appendix O and [49]). So let S be a nonsingular matrix, such that 3 @ <0 : the origin is a stable focus. See Fig, 4f.

. 4 A gl R a >0 : the origin is an unstable focus. See Fig. 4g.

{7.2) J=8A8" G )+ the origin is a centre. See Fig. 4h.

has the Jordan block structure. The similarity transformation (7.2) preserves - The matrices A and J are connected through the transformation (7.2).
the eigenvalues. The matrix J can hav / a few typical forms. Our = )

‘i If the eigenvalues are complex, one ofien applies an alternative similarity
classification will be done accordingly. e transformation, viz. 8 := (u, lug). In that case A is similar to the real, anti-
R . . & symimetric matrix
(1) J is a diagonal matrix: F

(78)  SAS 1=

In this case A has two linearly independent eigenvectors vy and va. Following :“ ’é W) Jisa m}ﬁ'iima}imi matr
{4.4} the solutions can be written as f:j ﬁ (7.9) 5o Al }
g:;“g} X§§§ = ¢ eMli—ty) 1+ oy grali~to} vy . w:% . 0 A
o ol % with A real. The matrix A, and also J » has only one eigenvector, v say. The
We distinguish between three cases: o< solutions of the canonical form
Y
the origin is a stable node. See Fig. 4a. e : (7.10)  y=Jy
the origin is an unstable node. See Fig. 4b. o >~

soe s g e 2. £ J”w are given bye
the origin is a saddle point. See Fig, 4c. of {7.1) are given by

) N 1 i1
(711)  y(t) = eMlt-to) gy = Mt~ Bl {y; +y2 {{ ’

0 [ 1 ]!

A< 0 th in is a stable star. See Fig, 4d.

A0 o the origin is an unstable star, See Fig. de,

for arbitrary yo = (y1,42)" (cf. Appendix C). The solutions of (7.1) then are

given by
(7.12)  x(t) = 8y(t) = eMt~to) (?z + m{s}§

with pi1 a constant vector and P2(t) a linearly independent vector, whose
elements are polynomials in # of degree < 1, i.e. p2(t) is a linear function of
t. The sign of A determines the character of the system:

{ic) A;, Az are complex conjugates, say A, = A and Ay = A. Then also the
: and vy = ¥. Because the
solutions x(¢) are real, we find that the constants ¢y, ¢3 in ( 7.4} are complex
conjugates, say ¢; = ¢ and ¢; = & Equation (7.4) then reads

(7.5) x(t) = ceMt-to)y 4 peAli—to) g

= Z2Relce A <0 : the origin is a stable lmproper node. See Fig. 4i.

Introducing A >0 : the origir™ an unstable improper node. See Fig. 4j.

H{7.6) A= il Vo b iy, ¢ = dy + idy
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‘ig. 4a. Stable node. Fig. 4b. Unstable node.

Fig. 4e. Unstable star.  Fig. 4f. Stable focus.
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Fig. 4g. Unstable focus. Fig. 4h. Centre.
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Fig. 4i. Stable improper node. Fig. 4j. Unstable improper node.
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