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Problems

(1)

Let t > 0 and for k € N consider kt jobs with i.i.d. processing times P; ~ exp(k), that is,
Pr[P; > t] = e=* (and E[P;] = 1/k), and weights w; = 1/k. Assume these jobs are scheduled
on a single machine from time 0 on. Then for all € > 0 there exists k£ large enough so that
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(From [7].)

Random variables P and @ are (stochastically) independent if Fp o (z,y) = Fp(z)-Fg(y) for all
x,y, F denoting the respective cumulative distribution functions. For discrete random variables
this is equivalent with Pr[P =p A Q = ¢] = Pr[P = p] - Pr[Q = ¢] for all p, q. It is well known
that, if P and Q are independent, then we have that Cov[P, Q] := E[P - Q] — E[P] - E[Q] = 0.
Give an example to show that the reverse in generally not true, i.e., Cov[P, Q] = 0 does not
imply independence. (Taken from some probability course.)

Consider the linear program
minz_wjxj st. a(W)> f(W) for WCJ
J

for some supermodular set function f : 27 — R (that is, f(X NY)+ f(XUY) > f(X)+ f(Y)
for all XY C J). Assume w; > -+ > w,. Show that an optimal solution is given by the
greedy solution x7 = f({1}),

v;=f({1,...,5) - f({1,...,i = 1}) forj=2,...,n.

Here, primal feasibility follows from supermodularity of f and optimality follows by giving a
dual solution that fulfills complementary slackness. (From [4].)

Comment on the following argument. Letting W; be the jobs scheduled on machine 4, we have,
using the one-machine load inequalities, for any subset of jobs W C J,
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Here S; is the start time of a job j. Taking expectations, by independence of P and P; for
j # k, and since policies are non-anticipatory, for any policy II we get
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We now use Cauchy-Schwarz which gives

> EIRES] 2 - ( S ER) -3 S ERP.
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n fact the latter is what we used in deriving the stochastic load inequalities.
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Hence,
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(From <Classified>)

Note that inequalities (1) are indeed valid for stochastic machine scheduling when processing
time distributions are NBUE. Show that inequalities (1) are not necessarily valid if processing
time distributions P; are allowed to have a coefficient of variation larger than 1. (From [10].)

As a substantial strengthening of the above claim (why is it a strengthening?), one can show
that SEPT —shortest expected processing time first— can have a performance bound as large
as Q(A'/2) for parallel machine scheduling to minimize E[Y_, C;]. To that end, take an instance
with m? deterministic jobs with processing times 1/m and m?2 /4 stochastic jobs with processing
times

1+¢ 1

p_ 0 with probability 1 — #7
! with probability =5

m

Hint: Use a Chernoff bound to show that the probability for having m/2 or more stochastic
jobs can be bounded from above by e~"/4. (From [2].)

Give an argument to show that on two identical machines, 2| | > ; w;Cj, with exponentially
distributed processing times, there always exists an optimal scheduling policy that does never
leave a machine idle (as long as there are unprocessed jobs). (From [21].)

Give a machine scheduling example to show that the expected value of an optimal stochastic
scheduling policy may also overestimate the value of a “corresponding” deterministic instance
with p; = E[P;]. (From [22].)

If we were to schedule jobs in the order of LP start times SJLP, instead of LP completion times

C’j]fp7 would we then obtain anything qualitatively different? In terms of the performance
bounds? (From [21].)

Consider a precedence constrained problem with stochastic jobs without any machine restric-
tions (think of m = n), and the objective to minimize expected makespan E[Cpax], also known
as PERT problem. Show that the problem to compute E[Ciax] is # P-hard, be reducing the
reliability problem on a transportation network to it. (From [6].)

Consider, for given C' € R™ the supermodular maximization problem

max (f(W) -y E[Pj]Cj)

wcCJ -
JjEW

with f(W) = ﬁ(ZjeWE[PjDQ + 3> .cw E[P;]%. Show that this problem can be solved (by
sorting) in O(nlogn) time. (From [111, showing that if W* is an inclusion-minimal optimal
solution, j € W* if and only if C; fulfills a simple condition.)

Consider any feasible solution C' € R™ to the linear constraints
]CEP > C
ZjewE[PJ}C] —f(W)7 W_J7
Cy¥ > E[P)], Vield,

with f(W) as above. Assume CTF < ... < CLF. Show that > k< E[P] < 2C’}P. (From [14].)
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Consider the stochastic scheduling problem P |r;|E[}>; w;C;], and assume that processing
time distributions are NBUE (so that CV[P;] = Var[P;]/E[P;]? < 1 for all jobs j). Show that
there is an LP-based (4 — )-approximation algorithm. (From [10].)

An additional problem related to this is to show that the linear program relaxation for the
problem with release dates

min Zj UIJ 3
LP
> W EBICE = ), we,
;¥ >r; +E[P)], Vijeld,

with f(W) as above can be solved in time O(n?), by showing that this can be reformulated
as a polymatroid optimization problem, too (but then with a slightly more complicated right
hand side than f — I guess this needs a hint). (From [10], respectively [5].)

Consider a discrete, integer valued random variable X. Show that
S (r+ S)PX > 0] = SE[X?].
r>0 2 2

(From [17]. This is a discrete version and special case of the (possibly well known) identity
E[X*] =« [y t* ! Pr[X > t]dt for nonnegative random variable X and a > 0. It has a simple
combinatorial proof.)

Consider a stochastic scheduling instance of P | |E[>_; C;] with m identical machines, m? jobs
with independent, identically distributed processing times

p_ 1 with probability %,
77 |0 with probability 1 — 1=<.
Show that any fixed assignment policy II has expected performance E[}, CJH] > (1—¢)im?.
(From [17].)

Give an argument to show the —somewhat surprising— fact that, for parallel machine schedul-
ing, the LP relaxation based on expected completion time variables CJLP can be stronger than
the formulation using time-indexed variables x;;;. (From [17].)
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A Chernoff Bound:

Theorem (Chernoff). Given n i.i.d. random variables X; that take values {0, 1}, with p := E[X}], then
for 0 <e <1,

PrLY "X > (1 ey < e /e

(I apologize for all errors!)



