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ABSTRACT

We study general resource allocation problems with a diseconomy
of scale. Given a finite set of commodities that request certain re-
sources, the cost of each resource grows superlinearly with the
demand for it, and our goal is to minimize the total cost of the
resources. In large systems with limited coordination, it is natural
to consider local dynamics where in each step a single commodity
switches its allocated resources whenever the new solution after
the switch has smaller total cost over all commodities. This yields a
deterministic and polynomial time algorithm with approximation
factor arbitrarily close to the locality gap, i.e., the worst case ratio of
the cost of a local optimal and a global optimal solution. For costs
that are polynomials with non-negative coefficients and maximal
degree d, we provide a locality gap for weighted problems that is
tight for all values of d. For unweighted problems, the locality gap
asymptotically matches the approximation guarantee of the cur-
rently best known centralized algorithm [Makarychev, Srividenko
FOCS14] but only requires local knowledge of the commodities.
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1 INTRODUCTION AND RELATED WORK

We consider a finite set of resources R and a finite set of com-
modities N = {1,...,n}. For each commodity i € N, we are
given (explicitly or implicitly) a set S; C 2R of feasible solutions
and a weight w; € Rx¢. The cost of each resource r is deter-
mined by a non-negative convex function ¢, : R>g — Rx¢. Given
a solution s = (sq,...,8,) with s; € §;, the cost for commod-
ity i is defined as Ci(s) := w; X e, ¢r(wr(s)), where wy(s) :=
YjeN:re s; Wy is the total weight put on resource r under solution s.
We are interested in finding solutions s that minimize the total
cost of the commodities, i.e., that minimize C(s) := X, Ci(s) =
> rer Wr(s)cr (wr(s)). We denote the space of all feasible solutions
by S = S§1XS2X- - -XSp, and an instance of a resource allocation prob-
lem by I = (S, (wi)ieN, (cr)reRr)- A resource allocation problem is
called unweighted if w; = 1 for all i € N and weighted, otherwise.
For a solution s € S and a commodity i € N, we write s = (s;,s-;)
implying thats; € S; ands_; € S1 X -+ X Sj—1 X Sj41 X -+ X Sp.

We call a solution local optimal, if its cost cannot be decreased
by reallocating a single commodity, that is, C(s) < C(s],s—;) for
alli € N and s] € S;. We are interested in the cost guarantees
achieved by local optimal solutions. These guarantees are captured
by the notion of a locality gap. For an instance I of a resource
allocation problem, the locality gap is defined as max{C(s)/C(s’) :
s,s’ € S and s is a local optimum}.

Minimization problems of this kind appear in different contexts.
In the area of energy efficient algorithms, resources model com-
puting devices that can run at different speeds. As the speed is
increased, the energy consumption increases superlinearly. Fre-
quently, it is assumed that energy consumption can be modeled by
a function C,(x) = kyx9" = xk,x97 ! of the speed x where k, > 0
and g, € (1,3] are device-specific parameters, see, e.g., Albers [3]
for a reference. In the area of traffic networks, resources correspond
to roads in a street network. The time needed to traverse a road
increases with the total traffic on the road. Popular models are the
travel time functions put forward by the US Bureau of Public Roads
(BPR) which are of the form c,(x) = k,(1 + 0.15(x/z,)*) where
kr > 0 and z, > 0 are road-specific parameters and x is the load of
the resource, see [13]. When minimizing the total congestion cost,
we are interested in minimizing the average travel time of a unit of
demand which is given by Cr(x) = xc,(x).

As a running example, it is useful to consider the most natural
case where the set of resources R corresponds to the set of edges E
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of agraph G = (V, E). Each commodity is specified by a source node
u; and a target v;. The set S; of feasible solutions of commodity i
corresponds to the set of simple (u;, v;)-paths in G. We note, how-
ever, that all our results continue to hold in a more general setting
where the set of feasible solutions S; c 2R is arbitrary. We only
need to make the minimal assumption that each commodity can
efficiently optimize over its set S; as long as the vector of feasible
solution s_; of the other commodities is fixed. In fact, we only need
to require that this optimization over S; can be done efficiently
within arbitrary precision. We assume:

(1) For every constant o > 1, every commodity i € N, there is a
polynomial algorithm (oracle) O;, o : S—; — S; that, given
a partial solution s_; € S_; as input, computes a feasible
solution s] € S; with C(s],s—;) < aming,es; C(si,s-;).

(2) A feasible solution s € S can be computed in polynomial
time.

Clearly, when the sets S; corresponds to the set of paths in
a network, this assumption is satisfied as shortest paths can be
computed efficiently.

Currently, the approximation algorithm with the best perfor-
mance guarantee for this problem is due to Makarychev and Sviri-
denko [9]. They propose a convex programming relaxation of the
problem and show that for monomials with degree d, the integrality
gap is equal to the (d + 1)-st Bell number By, ;. Using a random-
ized rounding technique, this yields a randomized algorithm with
approximation guarantee By, + € for any € > 0 which can be
shown to be of order [O (d/ log d))]d+l, see [5]. However, the lin-
ear programming approach of Makarychev and Sviridenko has the
disadvantage that it requires a large amount of central coordina-
tion as the convex program has to be solved by a single central
authority and the routing decisions of the commodities are based
on the solution of the linear programming relaxation. This may be
infeasible to implement in large systems without a central authority
that is able to collect the data and solve the program. In fact, when
optimizing large decentralized networks such as the Internet with
respect to the energy consumption or the total delay, such a central
authority is usually absent.

For the optimization of such decentralized systems, it is natural
to consider improvement dynamics where the system starts in an
arbitrary state s and at each step one commodity chooses another
path if it decreases their share of the cost, i.e., commodity i switches
from path P to path Q if

D erw(s) > D er(wrls) + wi),
reP\Q reQ\P

where w; (s) denotes the load of resource r in state s. The stable
points of these dynamics are the Nash equilibria of the underlying
congestion game. There is a vast amount of literature quantify-
ing the price of anarchy of congestion games, i.e., determining
the worst case ratio of the total cost in a Nash equilibrium and
the total cost of an optimal solution. Most relevant to our work,
Aland et al. [2] showed that the price of anarchy for both weighted
and unweighted congestion games with polynomial travel time
functions ¢, with maximal degree d (that correspond to polyno-
mial total cost functions C, with maximum degree d + 1) is of
order [O(d/ log d)]4+i. Unfortunately, this result does not yield an
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efficient distributed approximation algorithm since for weighted
commodities, the improvement dynamics may cycle (cf. Harks et
al. [8]) and Nash equilibria may even be fully absent (cf. Harks and
Klimm [7]). For unweighted commodities the improvement dynam-
ics are guaranteed to converge by a potential function argument due
to Rosenthal [11], but the convergence may take a number of steps
that is exponential in the size of the underlying network, see Ack-
ermann et al. [1]. These issues make these dynamics unfavorable
in practice.

In order to obtain polynomial convergence for the unweighted
case, Awerbuch et al. [4] studied an approximate version of the
improvement dynamics where each commodity only switches if the
potential function drops by a factor of 1+ 6. They showed that after
a polynomial sequence of §-best replies, a solution is reached which
is an (5/2 + O(J))-approximation to the minimal congestion cost in
the case of linear cost functions. For polynomial cost functions with
maximum degree d and positive coefficients, their approach yields
a (@4 4 O(d))-approximation. The technique of Awerbuch et
al. however, relies on the existence of a potential function and thus,
cannot be applied to resource allocation problems with weighted
commodities and non-linear cost functions.

To overcome this issue, we study a different improvement dy-
namics where the system again starts in an arbitrary state s, but
all commodities take the impact of their path choices on the other
commodities into account. More formally, we require that commod-
ity i switches from path P to path Q if this switch decreases the
overall cost of the solution, i.e.,

> (wrts)er (wr ) = (wr(s) = wi)er (wr(s) - wi))

reP\Q

> () i) (e (9) 4 i) = wi(s)er (wr(9)) )
reQ\P

This approach has the advantage that the total cost of the current
solution is monotonically decreasing in each step, which implies
that the dynamics reach a local optimum after a finite number of
steps. In contrast to the long history of papers quantifying the
efficiency of Nash equilibria, much less is known regarding the
efficiency of local optimal solutions. This is the main issue addressed
in this paper.

By analyzing the locality gap of the local optimal solutions, we
provide the first non-trivial analysis of a local search algorithm that
is guaranteed to converge both for the weighted and unweighted
case of the problem.

2 OUR RESULTS AND TECHNIQUES

We study local improvement dynamics for general resource alloca-
tion problems with convex costs. In particular, we are interested
in quantifying the locality gap. We assume that the cost functions
cr(x) are polynomials with non-negative coefficients and maximal
degree d, ie. cr(x) = Yjey a;xj with J c [0,d], a; > 0 for all
j € Jand all r € R. This imposes a total cost of xc,(x) on resource
r under load x.!

IThis is the standard form for the total cost in the congestion game literature. The
speed scaling literature usually writes the total cost of a resource as x4 for some
q > 1. Clearly, both forms are equivalent up to a shift in the exponent.
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Our general algorithm is based on local search. The local search
starts in an arbitrary solution s € S. In each iteration, the oracles
D; o are called to find a commodity that has an alternative solution
s; € S; such that (1+8)C(s],s—;) < C(s) for some sufficiently small
6 > 0. When no such commodity is found, the algorithm stops and
returns the solution.

Orlin et al. [10] showed that every local search problem admits
a PTAS in the sense that an (1 + §)-approximate local optimal
solution can be computed in polynomial time via approximate local
improvements steps. In order to determine how well local optimal
solutions approximate the global minimum, we use the notion of
smoothness used by Chen et al. [6] to analyze the price of anarchy
of altruistic versions of unweighted congestion games with linear
costs. It builds upon a similar notion of (4, y)-smoothness due to
Roughgarden [12].

For unweighted resource allocation problems, we show that the
locality gap is of order [O(d/ log d)]et,

THEOREM 2.1. For every unweighted resource allocation problem
with polynomial cost functions with non-negative coefficients and

maximal degree d the following hold for some & € O((2d/ log d)d+1y;:

(1) The locality gap is a.
(2) Foranye > 0 there is a polynomial time a + € -approximation
algorithm for the minimization of the total costs.

For concrete values of d, we can evaluate the locality gap explic-
itly.

THEOREM 2.2. For any € > 0 there is a polynomial time ag + €-
approximation for every unweighted resource allocation problem with
polynomial cost functions with maximal degree d and non-negative
coefficients, where a1 = 3, ag = 13, a3 = 61, ag = 391, and a5 =
2,157.

For the case of linear cost functions, it has been shown by Chen
et al. [6] that the bound on the locality gap of 3 is tight. We provide
a lower bound on the locality gap for general polynomials with
maximum degree d.

THEOREM 2.3. There is an unweighted resource allocation problem
d+1
147

with monomial costs with degree d and locality gap I_k)g(% -
For weighted resource allocation problems, we obtain a locality
gap for all values of d.

THEOREM 2.4. For every weighted resource allocation problem with
polynomial costs with non-negative coefficients and maximal degree d,

the following hold fora = 1/( “N2—-1)%*1 € O(((d+ 1)/ log 2)d+1):
(1) The locality gap is at most a.

(2) Foranye > 0, there is a polynomial time a+€-approximation
algorithm for the minimization of the total costs.

Specifically, the locality gap is 3 + 2V2 ~ 5.829 for d = 1 and the
locality gap is 15V2 + 12V4 + 19 ~ 56.948 for d = 2.
This locality gap is tight.

THEOREM 2.5. There is a resource allocation problem with mono-
mial costs with degree d and locality gap arbitrarily close to

( 4 1)—(d+1) c O((%)dﬂ).
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Further, the problem is APX-hard.

THEOREM 2.6. For all « < 1.02, there is no polynomial time a-
approximation algorithm for unweighted resource allocation problems
with linear cost functions, unless P = NP.

We can thus conclude: by considering approximate improve-
ment dynamics where commodities switch to another path only
when the total cost is decreased by at least a factor of 1 + §, where
d > 0 is arbitrary, the dynamics are guaranteed to converge to
an approximate local optimal solution in a polynomial number of
steps. We show that by sacrificing an additional factor of 1 + §,
all locality gaps above yield a deterministic, combinatorial and dis-
tributed algorithm for the minimization of the total cost with the
corresponding approximation guarantee. For weighted resource
allocation problems, this yields the first deterministic algorithm,
the first combinatorial algorithm, and the first distributed algo-
rithm with non-trivial approximation guarantee as the algorithm
of Makarychev and Srividenko relies on the centralized solution of
a linear program and the randomized rounding of its solution.

For unweighted problems with linear cost, our asymptotic ap-
proximation guarantee of [O(d/log d)]4*! is a slight improvement
over the asymptotic behavior of the algorithm by Awerbuch et al.
whose asymptotic behavior is of order d4=°()_Our calculation of
the concrete approximation guarantees for maximum degree up to
ten suggests that our approximation is in fact better than the one
by Awerbuch et al. for all d > 9. The approximation guarantee of
[O(d/logd )]+ asymptotically matches the currently best known
guarantee of Makarychev and Srividenko, but in contrast to the
their algorithm, our algorithm is deterministic, can be implemented
in a distributed fashion, and does not rely on the approximate
solution of a convex program.
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