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Abstract. The construction of a cost minimal network for flows obey-
ing physical laws is an important problem for the design of electricity,
water, hydrogen, and natural gas infrastructures. We formulate this prob-
lem as a mixed-integer non-linear program with potential-based flows.
The non-convexity of the constraints stemming from the potential-based
flow model together with the binary variables indicating the decision
to build a connection make these programs challenging to solve. We
develop a novel class of valid inequalities on the fractional relaxations
of the binary variables. Further, we show that this class of inequalities
can be separated in polynomial time for solutions to a fractional relax-
ation. This makes it possible to incorporate these inequalities into a
branch-and-cut framework. The advantage of these inequalities is lastly
demonstrated in a computational study on the design of real-world gas
transport networks.

1 Introduction

The availability of networks for electricity, water, hydrogen, natural gas, and
traffic is a main driving force for human and economic development. Yet, the
installation and maintenance of these infrastructure networks requires long term
efforts and vast financial and environmental resources. Thus, for an economical
usage of resources, mathematical optimization methods are very important.

This paper studies the mathematical optimization problem of designing a
cost-minimal network that satisfies given demands. This problem—sometimes
coined the network synthesis problem—has been studied extensively for a classic
flow model [1,10,11,13,28]. In this problem, we are given an underlying multi-
graph G = (V, A) of possible network connections. Every potential arc a € A
has linear costs for installing capacities and the goal is to minimize costs such
that a given set of demands can be satisfied.

While obviously important, these models have shortcomings as a model for
the construction of physical infrastructure networks for electricity, water, hydro-
gen, and natural gas since they are based on a simplistic flow model where flow
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can be routed arbitrarily along the network as long as flow conservation con-
straints at the nodes are satisfied. In reality, physical flows such as electricity,
water, hydrogen, natural gas, and (to a lesser and not immediate extent) indi-
vidual traffic cannot be routed at will in the network, but instead is governed by
physical principles such as resistances, pipe pressures, and minimal travel times.

To address this issue, we adopt the potential-based flow model introduced by
Birkhoff and Diaz [6] and further discussed by Rockafellar [26]. In this model,
we are given a directed graph G = (V, A) where each arc is characterized by a
resistance (3, > 0 that depends on the physical properties of the connection such
as electrical resistances of wires, or the roughness of pipes. A flow is a vector
f € RA where, for an arc a, a positive flow value f, > 0 indicates a physical
(mass) flow in the direction of the orientation of the arc, and a negative flow
fa < 0 indicates a (mass) flow against the direction of the orientation of the arc.
The arc flow is governed by a vertex potential vector 7 € RY in the following
way. For each arc a = (u,v), the flow on a satisfies the equation

Ty — Ty = Ba Sign(fa)|fa|r7 (1)

where the parameter r > 0 is called the degree of the potential-based flow net-
work. We have r = 1 for DC power networks, r = 1.852 for water networks, and
r = 2 for hydrogen or natural gas networks [12]. The potential 7, on node v
corresponds to voltages in power networks, hydraulic heads in water networks,
or squared pressures in hydrogen or natural gas networks. Due to safety rea-
sons, it is assumed that the node potentials are within given bounds, i.e., that
7 €[0,7]V for a given global maximal potential value 7 > 0.

For the cost-minimal construction of potential-based flow networks, we are
given a directed multi-graph G = (V, A) that represents possible connections.
Parallel arcs can be used to allow for connections between two nodes with dif-
ferent properties like diameters, resistances and costs. We are further given a
balance vector b € RY with the property that > wev o = 0. Our goal is to
select a cost-minimal subset of arcs such that there is a potential-based flow
satisfying the given balances. That is, we are interested in solving the following
mixed-integer non-linear program (MINLP):

min Z Ca Ta (2a)

acA
s.t. Basign (fo) |fal” = xa (7y — 7y) for all @ = (u,v) € A, (2b)
S fa= D> fa=by for all v €V, (2¢)
a€s+(v) a€s—(v)
feRA ze{0,1}", (2d)
m e [0,7]". (2e)

Our Results. The MINLP (2) involves binary decision variables z € {0,1}4
that govern which arcs are constructed, and also features non-linear constraints
(2b). This makes the problem difficult to solve in practice. One key challenge
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when solving (2) in a branch-and-cut framework is to obtain good linear inequal-
ities.

Our main result is Theorem 5, which yields a family of inequalities that are
valid for all feasible solutions (7, f,z) to (2). These inequalities depend on the
global maximum pressure bound 7 in the network and take the resistances and
the degree of the network into account. We further show that these inequalities
can be separated in polynomial time, i.e., for a point (7, f,z), we can decide
in polynomial time whether all exponentially many inequalities of this type are
satisfied, or we can construct one of the inequalities from the family that is
violated by (, f, z). For the proof of the result, we reduce the problem of finding
one of the violated inequalities to the problem of finding disjoint cuts in the
network with a suitably chosen total cut value. Further using the submodularity
of the cut function, we can optimize over this set in polynomial time by using
submodular function minimization routines.

Finally, we employ these inequalities and their efficient separation in a spatial
branch-and-cut framework. Our computational results show that the inclusion
of these inequalities in the branch-and-bound process improves the overall com-
putation time.

Some of the previous literature (e.g., Thiirauf et al. [29]) deal with individual
pressure bounds

Ty € [Ty, m,] forallveV (2¢")

instead of the global pressure bound (2e). Setting 7 := max,ey T, —Min,ey 7,
it is straightforward to verify that the MINLP with global pressure bounds [0, 7]
is a relaxation of the MINLP with the individual pressure bounds (2¢’). Thus, all
valid inequalities on (m, f, x) for the relaxation remain valid for the restriction.

Related Work. Topology optimization has been independently considered for
the different applications of potential-based flows. Moreover, for physical net-
works like gas and water networks, there are mainly two different approaches.

The first approach and also the approach followed in this paper is to construct
arcs with minimum cost from a given set of possible connections. This problem
has been studied for gas networks [8,16-18,21,27], water networks [9,22], electri-
cal networks [5] and general potential-based flow networks [29]. The NP-hardness
of Problem (2) has been shown explicitly in [16] for the degree of r = 2; for elec-
trical networks (with a degree of » = 1) it follows from the NP-hardness result
of the switching problem for DC-networks shown in [20].

The second approach is to determine optimal capacities of the installed arcs
corresponding, e.g., to diameters of pipes [2-4,15,32].

2 Preliminaries

Let G = (V, A) be a directed and weakly connected graph with possibly parallel
arcs but without loops. To clarify notation, we define §*(v) C A as the set of
arcs leaving node v € V, and §~(v) C A as the set of arcs entering v. For a
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set S C V, we denote by §(S) C A the set of arcs that connect a node u € S
with a node v ¢ S in either direction.

A flow in G is a vector f € R, where negative flow over an arc indicates
a positive flow in the opposite direction. Let B := {b € RV : > _, b, = 0}
be the set of balanced vectors. We call a flow f € R a b-transhipment or the
flow induced by b with b € B if it satisfies the flow conservation constraints (2c).
For s, t € V with s # t, a b-transhipment is an (s, t)-flow of value d € R if and
only if b = d - xs+. Here, we define the vector x,: = xs — x+ € B, where Y, is
the standard unit vector in RY corresponding to component v.

We call the tuple N = (G, 3,7) with resistances 3 € R4, and degree r > 0
a potential-based flow network, or simply network. The conductance pu € R’;‘O is
defined by p, = 1//B, for a € A. A potential-based flow in a network N is a pair
(m, f) of a potential vector 7 € RY and flow vector f if (1) holds. It is an easy
observation that the potential vector is shift-invariant, i.e., for a potential-based
flow (m, f), the shifted potentials m + A1 also fulfill (1) for all A € R, where
1 € RY is the all ones vector. Thus, we will henceforth assume without loss of
generality that all potential-based flows (7, f) have their smallest node potential
normalized to 0. We call a potential-based flow (7, f) in a network N a potential-
based b-transhipment or a potential-based (s,t)-flow if f is a b-transhipment or
an (s,t)-flow in G, respectively.

Birkhoff and Diaz [6] showed that for every b € B there exists a unique
potential-based b-transhipment (7, f). This establishes the existence of a func-
tion 7V: B — RY that maps a balanced vector b € B to potentials 7V (b) € RV,
with a smallest node potential of 0, and a function f: B — R, mapping b € B
to the flow f(b) € R4, so that the pair (7 (b), V(b)) fulfills (2c) and (1). Note
that 7V (Ab) = A" (b) for all A € R; see also [12, Observation 3.1]. In the con-
text of infrastructure networks, the entry nodes TT C V and exit nodes T~ C V,
with 7T NT~ = (), are typically fixed. We refer to their union T := T+ U T~ col-
lectively as terminals. As a demand on these terminals we consider only those
that are balanced. Therefore, let

B(T)=1{beB :b,>0VveT", b,<0VoeT ,b,=0Vv¢T}.
For X C T and b € B(T'), we define b(X) =} by.

2.1 Effective Resistance and Conductance

For a potential-based flow network and two nodes s and t, the effective resis-
tance R’S\Q is the potential difference required to send one unit of flow from s
to t, i.e.,
RY, =) (o) = Y (Xs)-

We define the effective conductance between s and ¢ as Uﬁ[t = (Rﬁﬁ)*l/’". Two
potential-based flow networks N on G = (V, A) and N/ on G' = (V' A) of
degree r are called equivalent with respect to a set of terminal nodes T'C VNV’
if 7V(b) = 7' (b) for all v € T and b € B(T). The following result shows that
every two-terminal network is equivalent to a network consisting of a single arc.
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Theorem 1 ([12,19]). A network N = (G,(,r) with terminal nodes T =
{s,t} CV is equivalent to the network ((T,{(s,t)}), 5 ,r) with ﬂEb H = Rﬁft > 0.

The following lemma states another useful property of two-terminal networks.

Lemma 1 ([19, Lemma 9]). Let s, t € V be two distinct nodes in a network N
and d > 0. Let m == 71'N(d “Xsit) € RY be the induced potentials of the potential-
based (s,t)-flow of value d in N'. Then, ws > m, > 7 for allv € V. Furthermore,
7T5—7Tt:dT~RJS\’[t,

The following results show how effective resistance and conductance behave
under different network operations.

Proposition 1 ([19,24]). Let N' = (G, 8,r) be a potential-based flow network
and let s, t € V. Then, the following hold:

(i) If N is a network resulting from N by either increasing the resistance of an
arbitrary arc or by deleting an arc, then

RN, >RY, and U <U¥.

(1) If N is a network resulting from N by either decreasing the resistance of
an arbitrary arc or by contracting two nodes, then

NII N Nl/ N
Rs,t S Rs,t and Us,t > Us,t'

2.2 Graph Cuts

In this paper, we present valid inequalities for (2), which are based on cuts inside
the network. A cut in a graph G is a partition of the node set V into two disjoint
subsets S C V and V' \ S C V. We call the arc set 6(S) C A the set of arcs
crossing cut S. A cut Sisan (X, Y)-cut f X CSand Y CV\S. If X = {s}
and Y = {t}, we change the notation slightly and call it an (s, ¢)-cut.

For a weighted graph G = (V, A, w) with non-negative arc weights w € R4,
we define the cut function z that maps a cut to the total weight of arcs crossing
the cut, ie., z: 2V — R>o, S — Za€5(s) W, where 2" is the power set of V.
The function z is submodular (see, e.g., [23]), that is,

2(AUB)+2(ANB) < z(A)+2(B) forall A,BCV. (3)

Submodular functions can be minimized in polynomial time; see, e.g., [23]. More
generally, a minimum of a submodular function defined on a subset X C 2V
closed under union and intersection can be computed in polynomial time.

We say that Si,..., S, € 2 are k disjoint (X,Y)-cuts if S; is an (X, Y)-cut
and 6(S;) N6(S;) = 0 for all ¢ # j. The k disjoint (X,Y)-cut problem is the
problem of finding k disjoint (X, Y')-cuts such that the sum of the weight of the
arcs crossing the cuts is minimal over all such cuts. This problem is a slight
generalization of the k disjoint (s,t)-cut problem studied in [31]. In particular,
for non-negative arc weights, it is shown in [31] that the problem has a compact
LP formulation and can thus be solved in polynomial time.



Valid Cuts for the Design of Potential-Based Flow Networks 147

3 Inequalities for Potential-Based Flows

In the following we state valid inequalities that must hold if there exists a
potential-based flow satisfying global pressure bounds. We start with an obser-
vation on rather simple networks defined on a path with parallel arcs.

3.1 (s,t)-Flows on Multi-paths

In this subsection, we consider a multi-graph G = (V, A) with k& 4+ 1 nodes,
V ={wvg,v1,...,vr}, where only arcs between consecutive nodes v; and v;41 are
allowed. We denote by A; the set of arcs connecting node v; 1 to v; such that
A =UF_| A;. We call such a graph multi-path of length k. Additionally, we define
a multi-path network of length k as a network with an underlying multi-path
of corresponding length. Given such a multi-path network N with conductance
vector u € R4, we introduce variables u; € RE , for the sum of the conductances

of the arcs between the nodes v;_; and v; for i = 1,...,k, so that
u; = Z L (4)
a€A;

This first lemma gives a closed form expression for the effective conductance
of multi-path network.

Lemma 2. Let N be a multi-path network of length k and degree v > 0.
The effective conductance between s = vy and t = vy is given by Ué\,[t =
(Simyw )

Proof. Tt is shown in [12, Lemmas 6 & 7] that the conductance of parallel arcs
sums up in the same way as the resistance of arcs in series. We can therefore
reduce all parallel arcs in A; to one arc a; = (v;—1,v;) with conductance w;
without changing the behavior of the potentials at s and ¢. The resistance of
these arcs is then given by 8,, = u; ". We further reduce the network to one arc
a = (s,t) with resistance 3, = Zle B, again without changing the behavior
of the potentials at s and ¢. Let N7 = (({s,t},{(s,t)}), (8a),7) be the resulting
network. Because N and N’ are equivalent with respect to the node set {s,t},
we have Rg, = s,t/ = [, according to Theorem 1. Using the definition of the
effective conductance, we obtain

1
7 = (i Be) T = (i)Y

N _
Us,t -

O

We proceed to use this closed formula to obtain a lower bound on the effective
conductance of a network that supports an (s, t)-flow of value d.

Lemma 3. Let N be a multi-path network of degree r > 0 and length k, let
s =wg and t = vy. Let (m, ) be a potential-based (s,t)-flow of value d > 0. If
7 € [0,7]V, then Uﬁé > &%-
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Proof. Because (7, f) is the potential-based flow in N induced by b = d - x5+, it
follows from Lemma 1 that

Mg — Tt = ﬂ'sN(d “Xs,t) — wi\[(d “Xspt) = drRs,ta
which is equivalent to /7, — ¢ - USA’/t = d. Since T > ms — 7, we obtain
VUL, = /g — 7 UN, = d.
O

In the following we state an inequality for potential-based (s,t)-flows with
global pressure bounds [0, 7] which is linear in the conductance u. Intuitively, it
states that the average flow that can be sent from node v; to node v;41, when
giving these nodes a potential difference of 7/k, must be at least the value of a
maximum potential-based (s, t)-flow; see Fig. 1 for an example.

»Q 3
S MET
+ OO

Fig. 1. Assuming p = 1, we can send a flow of 3{/7/2 over A1, and 2{/7/2 over As.
Thus, by Lemma 2 a feasible potential-based (s, t)-flow in the depicted network has at

most a value of 5/2 /7 /2.

Theorem 2. Let N be a multi-path network of length k and degree v > 0, let
s =wg and t = vi. Let (m, ) be a potential-based (s,t)-flow of value d > 0. If
7 €[0,7]V, then

9D IR
k\r/E i=1a€A; e = \7/%
Proof. For the proof we use Lemma 3 and claim that

k
S = U 5)

i=1 a€A;

Note that (5) is by Eqgs. (4) and Lemma 2 equivalent to

1 & k ~1/r
ﬁguz@u) . (6)

We show that (6) holds by applying the inequality of arithmetic and geometric

mean twice, once for uq, ..., u; and once for u; ", ... ,u,;r, so that
1/r 1/k 1/k\ 1/7
k k - k k -
(Zi:1 ui) (Zi:l u; r) >k ( i Uz) <k( iz v T) )
1/k

= k\T/E(Hle Wi (u;r)l/r) = kVk.
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3.2 General (s,t)-Flows
For (s,t)-flows in general networks, Lemma 2 extends in the following way.

Theorem 3. Let N' = (G,3,r) be a potential-based flow network and let s,
t € V. If there exists a potential-based (s,t)-flow of value d > 0 in N with
potentials m € [0,7]V, then for all k disjoint (s,t)-cuts S; C --- C Sp C V it is

1 & d

— Ha 2 —=- (7)

kVE ; GE%;%) VT
Proof. By contracting the nodes in S; \ S;—1 for each i = 1,...,k + 1, where we
set Sg = () and Sy := V, we obtain a multi-path network A/’ of length k, so that
A; = 0(S;). Note that the effective resistance between s and t does not increase
in N’ by Proposition 1(ii), i.e., Rﬁ{t’ < Rﬁ\/t

Consider the potential 7/ :== 7V (d - x,.) of the potential-based (s, t)-flow of

value d in N, with a fixed potential of 0 at node ¢. Since the highest potential
is attained at s and the lowest at ¢, according to Lemma 1 it holds for every
node v; in the multi-path that

OSW:”§7T;—7r£:drR£gSdrRé\,/t:ﬂs—mgﬁ.

Applying Lemma 2 to N/’ yields the desired inequality. O

3.3 b-Transshipments

Before we state our main result, we note that every potential-based b-transship-
ment satisfying global pressure bounds yields, for any subset X C T of terminal
nodes, a valid potential-based flow with sources in X and sinks not in X.

Theorem 4. Let N = (G, 3,7) be a potential-based flow network with balance
vector b € B(T), and f a potential-based b-transshipment with corresponding
potentials m € [0,7]V. Then, for any X C T with b(X) > 0, there is a potential-
based V' -transshipment f' with corresponding potentials ©' € [0,7]V, and

{o:b,>01CT NX, {v:b,<0}CT \X, Y ¥ =>bX) (8
veTtNX

Proof. We assume w.l.o.g. that the arcs in A are oriented such that f, > 0 for
all a € A. Flow conservation implies that

> fa=b(X) foreach S CV with XNTT CSCV\ (T~ \X). (9)
a€dt(S)

If we interpret the flow value f, as a capacity of arc a € A, then (9) and the
max-flow min-cut theorem imply that there exists a feasible B—transshipment f
in G with 0 < f, < f, forall a € A and b € RV satisfying the exact same
conditions stated for b’ in (8).
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We can now interpret f as a potential-based flow with the same node poten-
tials 7 € [0,7]Y as f in network N := (G, 3,r) with increased arc resis-
tances [ > 3: simply let

- Ty — T _ Ty — Ty

Bo = ——F5— 2= — = [ for all a = (v,w) € A.
7 7 (v, w)

In the case that fa = 0 for some arc a € A, the resistance ﬁu is infinite, which is
equivalent to removing the arc from the network.

We further modify the network by adding a super-source node s with arcs
from s to all source nodes v € V with b, > 0, as well as a super-sink node ¢ with
arcs from all sink nodes v € V with b, < 0 to t. We extend potentials 7 € [0, 7]V
to potentials on V U {s,t} by setting 7s := 7 and 7 := 0. Moreover, we set the
resistances of arcs leaving s and of arcs entering ¢ in such a way that the node
potentials 7 induce an (s, t)-flow of value b(X) in the extended network, i.e.,

Ts — Ty

Bls ) = for all v € V with b, >0, and

Blogy = for all v € V with b, < 0.

If the resistance of an arc (s,v) or (v,t) is set to zero, this is equivalent to
merging node v with s or ¢, respectively, as both have the same potential. If
we now decrease the arc resistances of arcs a € A from 3, to their original
values (., then, by Prposition 1, there still exists a potential-based (s, t)-flow f’
of the same value b(X) with corresponding node potentials =/ € [0, 7]V it}
Restricting f’ to the original network, that is, deleting nodes s and ¢ together
with their incident arcs, yields the desired b’-transshipment satisfying (8). a

4 Inequalities for the Topology Optimization Problem

After having established several inequalities for potential-based flows with global
pressure bound 7, we are now returning to the topology optimization problem 2
and present our main result. Given an instance (N, 7, b, T,c) of (2), we consider
a feasible solution (m, f,x). We state a linear inequality in xz, which can then
directly be added in a spatial branch-and-bound algorithm to solve (2), see also
Sect. 5.

Definition 1. Let N = (G, 3,r) be a potential-based flow network. Let x €
[0, l]A be given. We call N* = (G*,3%,r) the network induced by x, where
we define the graph G* = (V, A*) with arc set A* = {a € A : x, # 0}. For
the resistance, we set BY = [B,/xq for a € A® and denote the corresponding
conductance with p”.

Note that by the definition of conductance, we obtain:

1o = x4 phg for a € A®. (10)
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Remark 1. There is a one-to-one correspondence between a feasible solution
to (2) and the potential-based flow in N*. If (w, f,z) is feasible for (2), then
(m, f*), with f* = f, for a € A, is exactly the potential-based flow induced
by b in the network A'®. Conversely, if (7, ') is a potential-based b-transhipment
in N* with = € [0,1]4, then (7, f,z), with f, = f for a € A% and f, = 0 oth-
erwise, is feasible for (2) if and only if 7, € [0, 7].

Theorem 5. Let (N,r,b,7,c) be an instance of (2). If (w, f,x) is feasible, then

1< b(X
/{3\7%2 Z Ha To 2> (T,) (11)

i=1 a€s(S;) T

for all subsets X C T and all k disjoint (XNTT, T7\X)-cuts S; C---C S C V.

Proof. Since all variables are non-negative, the inequality always holds if b(X)
is non-positive. We therefore assume, without loss of generality, that b(X) > 0.

Consider the network A/® induced by z from N (Definition 1). According
to Remark 1, (m, f) is a potential-based b-transshipment in N*, satisfying the
given pressure bounds if we ignore the flow over arcs outside the support of x.
By Theorem 4, network N'* admits a potential-based b’-transhipment with cor-
responding potentials 7/ € [0, 7]" such that all source nodes of b’ are contained
in TTNX and the sinks contained in 7~ \ X . As shown in the theorem’s proof, we
can modify the network N'® by adding a super-source s with arcs to all sources
of b and a super-sink node ¢ with arcs connecting all sinks of b to ¢.

The resistances of the arcs added can be chosen so that the potentials 7’
extend to V'U{s,t}. This can be done in such a way that they induce a potential-
based (s,t)-flow of value b(X), while still satisfying the given pressure bounds.
Note that the arcs crossing the k disjoint (s, t)-cuts Sq U {s} C --- C S, U {s}
in the modified network are exactly those crossing the (X N7+, T~ \ X)-cuts
Si,...,Sk in N*. Applying Theorem 3 together with (10) yields:

1 & d
k:{/EZ (Z uam2%7 (12)

i=1 a€5(S;)NA®

To conclude the proof, note that {/z, can be replaced by z, € {0,1}. |

Inequality (12) still holds for non-binary z € [0, 1]*. However, expression (11)
is stronger if r > 1.

Theorem 6. Inequalities of type (11) can be separated for given x € [0,1]4 in
polynomial time.

Proof. To simplify notation, we say that Si,..., S, € 2V are disjoint X -cuts for
aset X CTif Sy C--- C Sy are k disjoint (X NTF, T~ \ X)-cuts. We show
that a set X C T minimizing the following expression

1< b(X)
mz Z HaZaq — \,/% (13)

i=1 a€d(S;)
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for all k disjoint X-cuts can be found in polynomial time. We define the fam-
ily &y == {X C T : there are disjoint X-cuts Si,..., S, € 2V} for every k € IN.

In the full version of this paper, we show that X} C 27 is closed under set
union and intersection. On A}, we then define the function o},: X, — R>o which
maps X € &} to the value

X) = min oo : disjoint X-cuts Sp,...,S, CV ».
o) min{ 13 S ey ]

i=1 a€d(S;)
Claim 1. The set function o} is submodular.

Proof (of Claim 1). Let X,Y € Xy, and S5, ..., Slf and SY, ..., S,z/ the respec-
tive minimal, k disjoint X-cuts and Y-cuts. For the submodularity of o, we
first use the definition of o3 and then the submodularity of the cut function, i.e.,
Inequality (3). The final step follows from the fact that S{* USY,...,S¥ U SY
are disjoint X UY-cuts and Si* N SY,..., S5 NSY disjoint X N Y-cuts. Both
statements follow from the proof of the closedness of Xj. Formally,

oi(X) +or(Y) =

< S pamat Y uaxa>

§H
™~

=1 “aes(SX) aed(SY)
1 k
> k\/EZ( > baat+ Y ua:na)
=1 “aes(SFusy) a€s(S¥nsy)
> op(XUY)+ 0, (X NY).

Claim 2. The set function oy can be evaluated in polynomial time.

Proof (of Claim 2). We show that we can decide if X € X and, if this is
the case, also evaluate o (X) in polynomial time. We consider the underlying
undirected graph G = (V, E,w) of the given network N with edge weights given
by we = pexe > 0. We then add nodes s and ¢ and connect s to all nodes
in XNT™" and ¢ to all nodes in T~ \ X where we set the weight of all these edges
to infinity. We solve the k disjoint (s, t)-cut problem by solving an LP formulation
stated in the full version of this paper to obtain the value kv/k o (X). <

Note that b as a function on 27 is modular. This implies together with Claim 1
that the function gi: Xy — Rso, X — 04(X) — b(X)//7 is submodular. Thus,
the expression (13) can be minimized by computing the minimum of g5 for
every k € N. There exists at most |[V| — 1 disjoint (X N7, 7~ \ X)-cuts. O
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5 Computational Results

We performed computational experiments with the derived inequalities on gas
networks with r = 2, concentrating on the single source, single sink case. The
code was implemented in C and uses SCIP 9.1.1 [7], which performs linear pro-
gramming based spatial branch-and-bound. We use CPLEX 12.10 to solve the
LPs and IPOPT 3.14.17 [30] for the NLPs. We include the acyclicity constraints
from [14]. The computations were obtained single-threaded in exclusive mode on
a Linux cluster with Intel Xeon E5-1620 CPUs running at 3.5 Ghz with 32 GB
memory. Our results are shown in Table 1; TL refers to reaching the time limit
of 8h.

Table 1. Computational results with (11) for the (s, t)-case

instance (11)/@ [time (s)|# nodes|gap % k
PaTn27 yes (70 |0.7 1 0 26
PaTH27 no |70 |21789 |2056431|0 —
PaTH27 yes |100/TL 13218238.6 |26
PaTH27 no (100|TL 837490 40.9 |-
PaTH27 yes |200/6758  |1701253|0 26
PaTH27 no |200/TL 1700438 /0.45 |-
PATHb52 yes (98 0.1 1 0 51
PATH5H2 no (98 |TL 539108 |94 —
GasLiB40 yes (10018 453 0 12
GAsLIB40 no |100|17 854 0 —
GASLIB40LARGE[yes (10019735 2058996 |0 12
GASLIB40LARGEno 1001280 8484 0 -
GaAsLiB134 yes [70 |TL 469862 |41.5 |40
GasLiB134 no (70 |TL 386046 (114.7 -

We tested the impact of the inequality (11) on several instances with dif-
ferent parameters for the maximum pressure and the cut depth with the (s,t)-
balance d being fixed. We created path instances PATH27 and PATH52 consist-
ing of 27 and 52 nodes respectively. Between each pair of nodes there are three
different pipe options to be built. Furthermore, we introduced a super source
and sink to GASLIB40 and GASLIB134 to use them for our tests. Moreover,
GASLIB40LARGE contains more diameter options, whereas for GASLIB40 only
the original arcs can be built. We considered the GasLib instances as passive
instances by deleting active elements, like valves and switches, and by consid-
ering compressors as normal pipes. The costs ¢ € RQO depend on the diameter
and length of the arc and are computed according to Reu8 et al. [25].
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The results align with the structure of the inequalities, meaning that (11) is
especially strong if the length k of the disjoint cuts and the balance d are high
as well as the maximum pressure 7 is low. We found that the maximum possible
value for k performed best on path instances, which is why we do not include
results with lower k. On the other instances, usually a higher k performed better.
For PATH27 and PATH52 with the tested settings, the inequality describes the
integral hull resulting in the instances being solved at the root node. Overall, we
conclude that the addition of the inequalities boosts performance. It is especially
helpful on the large GASL1B134 and PATH52, where the gap is huge without it.
Note that for GASLIB40LARGE the version with the inequalities performs worse
because an optimal solution is found very late. In future experiments, we will
investigate the behavior of primal heuristics and adapting k to the instance.
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