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a b s t r a c t

We consider online metric minimum bipartite matching problems with random arrival order and show
that the greedy algorithmassigning each request to the nearest unmatched server is n-competitive, where
n is the number of requests. This result is complemented by a lower bound exhibiting that the greedy
algorithm has a competitive ratio of at least n(ln 3−ln 2)/ln 4

≈ n0.292, even when the underlying metric
space is the real line.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

In the metric minimum online matching problem we are given
a metric space (X, d) containing a set S = {s1, . . . , sn} ⊆ X of n
servers. A set of requests R = {r1, . . . , rn} ⊆ X arrives online in a
one-by-one fashion. When a request ri arrives it has to be matched
immediately and irrevocably to a previously unmatched server
s(ri). Matching request ri to server s(ri) incurs a cost of d(ri, s(ri)),
and we are interested in minimizing the total cost

∑n
i=1 d(ri, s(ri)).

A notable special case is the online matching problem on a line
where X = R and d(x, y) = |x − y|.

Online matching problems of this kind have many applications,
e.g., when assigning cars to parking spots, advertisers to ad slots,
or skis to skiers at a rental station. As a consequence, matching
problems were among the first for which online algorithms with
provable performance guarantee were studied. An important con-
cept for measuring the quality of an algorithm is the competitive
ratio defined as the worst-case ratio of the cost of the algorithm
and the cost of an optimal algorithm that knows all requests
beforehand.When the requests arrive in an adversarial order, there
is a deterministic algorithmwith competitive ratio 2n−1 which is
best possible [8,12]. When the requests arrive in a random order,
there is a deterministic algorithmwith competitive ratio (2Hn −1)
where Hn is the n’th harmonic number. This competitive ratio is
best possible for this model [17].

The optimal online algorithms in [8,12,17] have the property
that they sometimes match requests to a distant server even
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though a closer server is still available. This is problematic for sev-
eral reasons. When the requests come from selfish players that are
interested in minimizing the cost of connecting to their matched
server, the players may simply choose the best unmatched server
(e.g., as in the parking scenario), be dissatisfied when not being
offered the best fit (e.g., in the ski rental station), or may strategi-
cally misreport their request in order to being matched to a better
server.

On the other hand,matching all requests greedily to the nearest
server avoids these issues, but leads to an exponential competitive
ratio [8,12]. The exponential lower bound on the competitive ratio
of the greedy algorithm, however, relies on the requests to arrive
in an adversarial order. It has been argued that in many scenarios
it makes sense to assume that the requests arrive in a random
order [6] and for the optimal deterministic algorithm there is
indeed an exponential gap between the optimal competitive ratios
for the adversarial and random order setting [8,12,17].

1.1. Our results

We show that for anymetric space the natural greedy algorithm
that assigns each request to the nearest unmatched server is n-
competitive in the random arrival model. This is in contrast to
a lower bound of 2n

− 1 on the competitiveness of the greedy
algorithm for adversarial orders and shows that random arrival
decreases the competitiveness of the greedy algorithm by an ex-
ponential factor. We complement our result with a lower bound
establishing that the competitive ratio of the greedy algorithm is
at least n(ln 3−ln 2)/ln 4

≈ n0.292, even on the line.
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1.2. Related work

Karp et al. [11] studied a maximum online bipartite matching
problem where the vertices on the right hand side are known
in advance while the vertices on the left hand side arrive in an
online fashion. Upon arrival of a vertex, the incident edges are
revealed and a previously unmatched vertex of the right hand
side has to be assigned immediately and irrevocably. The goal
is to maximize the number of matched vertices. In this setting
any algorithm that constructs a maximal matching is clearly 1/2-
competitive andKarp et al. showed that no deterministic algorithm
can beat this bound. They also proposed a randomized algorithm
– termed ranking algorithm – that fixes a random permutation of
the vertices on the right hand side beforehand and matches each
vertex of the left hand side after arrival to the highest ranked vertex
on the right hand side that is unmatched. They showed that this
algorithm is (1− 1/e)-competitive which is best possible. To show
this result, Karp et al. proved that the performance of the ranking
algorithm for adversarial input is equal to the performance of the
greedy algorithm in the random permutation model where in the
latter the order of arrival of the vertices of the left hand side is
chosen uniformly at random.

Khuller et al. [12] and Kalyanasundaram and Pruhs [8] con-
sidered an online bipartite matching problem with the goal to
minimize the cost of the matching. They showed that for non-
metric spaces the competitive ratio of any algorithm is unbounded.
For metric spaces, they gave an online algorithm with competi-
tive ratio of 2n − 1 which is best possible for deterministic al-
gorithms. Kalyanasundaram and Pruhs [8] also showed that the
natural greedy algorithm that matches each vertex to the closest
unmatched vertex is not better than (2n

− 1)-competitive, even on
the line. A recent algorithm by Raghvendra [17] matches the best
possible competitive ratio of 2n − 1 when the requests arrive in
an adversarial order. Interestingly, if the order is chosen randomly,
than the competitive ratio of this algorithm reduces to O(log n),
which they also show to be best possible.

For metric spaces also randomized algorithms have been con-
sidered. In this regard, Meyerson et al. [15] and, independently,
Csaba and Pluhár [4] obtained a randomizedO(log3 n)-competitive
algorithm using randomized tree embeddings. Their approachwas
subsequently improved by Bansal et al. [3] to obtain a randomized
O(log2 n)-competitive algorithm. They also showed that there is no
randomized algorithm with a competitive ratio better than ln n.

An online problem related to the online matching problem
on the line is the so-called cow-path problem. In the cow path
problem a single server is located at point zero and needs to find
an unknown point on the line while minimizing the distance trav-
elled. For this problem, the optimal competitive ratio achievable
by deterministic algorithms is 9 and is achieved by a standard
doubling technique, see Baeza-Yates et al. [2]. For randomized
algorithms the tight competitive ratio is about 4.591, see Kao et
al. [10]. Kalyanasundaram and Pruhs [9] observed that the cow-
path problem is a special case of the online matching problem on
the line and conjectured that there is also a 9-competitive algo-
rithm for the latter problem. This conjecture was refuted by Fuchs
et al. [5] who gave a lower bound of 9.001 on the competitive ratio
of any deterministic algorithm for the onlinematching problem on
the line. Kalyanasundaram and Pruhs further conjectured that the
work function algorithm of Koutsoupias and Papadimitriou [14] is
constant competitive for online matching on the line, but Kout-
soupias and Nanavati [13] showed that it has competitive ratio
Ω(log n). Gupta and Lewi [7] gave a randomized algorithm for
online matching on the line with competitive ratio O(log n). For
deterministic algorithms, Antoniadis et al. [1] gave an algorithm
with sublinear competitive ratio. Nayyar and Raghvendra [16] gave
an algorithm with competitive ratio O(log2 n). Raghvendra [18]
provided a tight analysis of the letter algorithm showing that it has
a competitive ratio of Θ(log n).

2. Upper bound on the performance of the greedy algorithm

In the random ordermodel, the requests are revealed according
to a permutation π [n] → [n] chosen uniformly at random among
all permutations of n elements, i.e., the requests are revealed in
order rπ (1), . . . , rπ (n). We are interested particularly in the perfor-
mance of the natural greedy algorithm that assigns each request to
the nearest available server, i.e., s(ri) ∈ argmins∈S\

⋃i−1
j=1 s(rj)

d(ri, s).
We first show that the greedy algorithm has a competitive ratio

of at most n, where n is the number of requests.

Theorem 1. In the random order model the greedy algorithm has a
competitive ratio of at most n.

Proof. Let ci be the expected cost of the i’th request assigned
by the greedy algorithm, where the expectation is taken over all
permutations of requests, and let c∗

i denote the expected cost of
the same request (arriving on position i in the random order) in an
optimum solution. As each request appears in each position of the
random order with probability 1/n, we have c∗

i = OPT/n for all
requests positions i ∈ [n].

We claim that

cj ≤ c∗

j +
1

n − j + 1

j−1∑
i=1

ci +
1

n − j + 1

j−1∑
i=1

c∗

i

for all j ∈ [n].
For the proof of the claim, let j ∈ [n] be arbitrary and let us fix

the assignment of requests to servers up to request rj−1. For i ∈

[j − 1], let s(ri) denote the server assigned to request ri. Moreover,
for i ∈ [n] let s∗(ri) denote the server assigned to request ri in a
fixed optimal assignment OPT.

Consider the auxiliary directed graph G in which the set of
vertices corresponds to requests, and there is a directed edge (ri, rj)
if s(ri) = s∗(rj), i.e., request ri is assigned to the server that is
assigned to rj in OPT. (We also allow for self-loops when requests
arematched to the same server in the greedy andoptimal solution.)
When request rj arrives, G has exactly j − 1 edges, each vertex is
the endpoint of at most one edge, and there is no edge leaving the
vertex that corresponds to request rj. Conditioned on the event that
rj is not the endpoint of an edge, we have cj ≤ c∗

j as s∗(rj) has not
been assigned to a request ri, i ∈ {1, . . . , j−1}, and, thus, the cost of
matching rj is bounded by the cost inOPT. If, on the other hand, rj is
the endpoint of an edge, let P = (i1, . . . , il = rj)with l ≤ j−1be the
maximal directed path in G that ends in rj. Then, by themaximality
of P , the server s∗(ri1 ) is available and, thus, the expected cost of
the j’th request can be bounded from above by

cj ≤ c∗

j +

ℓ∑
k=1

(cik + c∗

ik ), (1)

by the triangle inequality, see also Fig. 1.
Finally, note that for a request ri, i ∈ [j − 1], the term (ci + c∗

i )
appears in the upper bound on cj in (1) if and only if request rj is
the endpoint of the unique path that uses the edge originating in ri.
With other words, among the remaining n− j+1 requests, there is
exactly one for which the term (ci + c∗

i ) appears in the calculation
of c . As each of the remaining n − j + 1 requests is selected with
probability 1

n−j+1 , we obtain

cj ≤ c∗

j +
1

n − j + 1

j−1∑
i=1

(ci + c∗

i ), (2)

as claimed. To finish the proof, note that (2) implies
j∑

i=1

ci ≤ c∗

j +

(
1 +

1
n − j + 1

) j−1∑
i=1

ci +
1

n − j + 1

j−1∑
i=1

c∗

i
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Fig. 1. Servers available to request rj in the proof of Theorem 1. Solid lines correspond to costs that occur in the greedy solution while dotted lines correspond to costs that
occur in the optimal solution. As costs are metric, the cost d(rj, s∗(ri1 )) is bounded by the length of the path.

Fig. 2. Lower bound.

Using c∗

i = OPT/n, we obtain
j∑

i=1

ci ≤
n−j+2
n−j+1

j−1∑
i=1

ci +
( j−1
n−j+1

+ 1
)OPT

n

=
n−j+2
n−j+1

j−1∑
i=1

ci +
OPT

n − j + 1
.

Recursively, we obtain
j∑

i=1

ci ≤
n

n − j + 1
c1 +

j − 1
n − j + 1

OPT

=
1

n − j + 1
OPT +

j − 1
n − j + 1

OPT

=
j

n − j + 1
OPT.

For j = n this implies the claimed result. □

3. Lower bound on the performance of the greedy algorithm

In this section, we show that the competitive ratio of the greedy
algorithm is at least n0.292, where n is the number of requests.

Theorem 2. In the random order model the greedy algorithm has a
competitive ratio of at least n

ln 3−ln 2
ln 4 ≈ n0.292, even on the line.

Proof. Let ϵ > 0 and consider the line with k + 2 points
p0, p1, . . . , pk+1 where

pi =

{
−(1 + ϵ) if i = 0,
2i−1

− 1 else .

We then have d(p0, p1) = 1 + ϵ and d(pi, pi+1) = 2i−1 for all i > 0.
We denote by δi the number of requests at point pi and by σi the
number of servers at point pi. For an integer parameter m (which
will be optimized tom = 4 later), let

σi =

⎧⎨⎩
1 if i = 0,
0 if i = 1,
(m − 1)mi−2 else ,

δi =

⎧⎨⎩
0 if i = 0,
1 if i = 1,
(m − 1)mi−2 else .

See also Fig. 2 for an illustration.
First observe that the optimum allocation assigns the request

at p1 to the server at p0, and all other requests to a server at the

same point which yields a total cost of OPT = 1 + ε. Assume that
the requests arrive in a random order Π drawn uniformly from
all permutations. For i ∈ {1, . . . , k}, let Πi denote the order Π

restricted to the requests from points p0, p1, . . . , pi+1. Let Ei be the
event that the last request in Πi is for point pi+1. Let qi = Pr(Ei) be
the probability that Ei happens. Observe that for all i ∈ [1, k],

qi =
δi+1∑i+1
j=1 δj

=
m − 1
m

.

Denote E the event that all events (Ei)i∈[1,k] happen simultaneously.
Observe that for any pair i, j ∈ [1, k], i ̸= j, the events Ei and Ej are
independent. So the probability that E happens is

q := Pr(E) = q1 · q2 · . . . · qk =

(
m − 1
m

)k
.

A simple inductive claim shows that if E happens then the last
request in Π will be assigned to the server at p0 even though the
request is for pk+1. Thus, the expected cost for the last request in
Π is at least

q(pk+1 − p0) =

(
m − 1
m

)k (
2k

+ ε
)

>

(
2(m − 1)

m

)k
.

Since the number of requests n =
∑k+1

i=0 δk = mk we obtain
k = ln(n)/ln(m). It follows that for any integer parameter m, the
expected total cost of the greedy algorithm is at least((

2(m − 1)
m

) 1
lnm
)ln(n)

which is maximized form = 4 and yields a lower bound of((
3
2

) 1
ln(4)
)ln(n)

= n
ln

((
3
2

) 1
ln(4)

)
= n

ln(3)−ln(2)
ln(4) ≈ n0.292.

The claim follows since OPT = 1 + ε. □
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