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Homework Assignment 9

Homework due June 17th after the lecture.

Topics: (Conjugate) minimal surfaces, ruled surfaces, surfaces of revolution

Problem 1

Show that the only surfaces of revolution that are minimal are the plane and the catenoid. (You might want
to use your results from ex. 5.1./7.1)
(4 points)

Problem 2

Show that on a ruled surface x(u, t) = β(t) + uδ(t) with δ′(t) nonvanishing there exists a unique curve
α(t) = x(ũ(t), t) for a real function ũ with 〈δ′(t), α′(t)〉 = 0. This curve is called striction line.
(4 points)

Problem 3

Let M be a regular surface without parabolic or umbilical points. Let x : U → M be a curvature-line
parametrization. The parametrized surfaces:

y = x + ρ1N,

z = x + ρ2N,

where ρ1 =
1
k1

and ρ2 =
1
k2

are called focal surfaces of x(U) (or surfaces of centers of x(U)).

a) Show: If (k1)u and (k2)v are nowhere zero, then y and z are regular parametrized surfaces.

b) Two non-zero tangent vectors v, w ∈ Tp M are called conjugate if
〈
dNp(v), w

〉
=

〈
v, dNp(w)

〉
= 0.

Show the following: At points wehere (k1)u and (k2)v are nonvanishing, the directions on a focal
surface corresponding to the principal curvature directions on x are conjugate.

(Remark: A focal surface, say y can be constructed as follows: Consider the line of curvature x(u, c) on
x(U) for some constant c, and construct the developable surface generated by the normals of x(U) along
the curve x(U, c). The line of striction of such a developable surface lies on y(U), and as c varies, these lines
foliate y(U) just as the curves x(u, c) foliate x(U).)
(2+2 points)

Problem 4

When two differentiable functions f , g : U ∈ R2 → R satisfy the Cauchy-Riemann equations

fu = gv, fv = −gu,
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they are easily seen to be harmonic; in this situation, f and g are said to be harmonic conjugate. Let x and
y be isothermal parametrizations of minimal surfaces such that their component functions are pairwise
harmonic conjugate; then x and y are called conjugate minimal surfaces. Show that

a) The helicoid and the catenoid are conjugate minimal surfaces.

b) Given two conjugate minimal surfaces, x and y, the surface

zt = cos(t)x + sin(t)y

is again minimal for all t ∈ R.

c) All surfaces zt of this one-parameter family have the same first fundamental form. (Thus, any two
conjugate minimal surfaces can be joined through a one-parameter family of minimal surfaces, and
the first fundamental form of this family is independent of t.)

(1+2+1 points)
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