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Homework 4

Problem 1 (3 Points)
Let α be a unit-speed space curve with nonvanishing curvature. As shown in lecture, the
Taylor expansion of α to third order around p = α(0), expressed in terms of the Frenet
frame {T,N,B} at that point, is
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where of course κ, τ and κ′ are all (like T,N,B) evaluated at s = 0. (Note that s is not
the arclength parameter for the new curve β.)
Consider the projection of this Taylor expansion β to the normal, rectifying and ocsula-
ting planes at p. Assuming the torsion is nonzero, sketch these three plane curves.

Problem 2 (2+2 Points)
Let α be a space curve with an arbitrary regular parametrization. Show that

(a) its curvature is given by

κ(t) =
||α̇× α̈||
||α̇||3

(b) its torsion is given by

τ(t) =
det(α̇, α̈,

...
α)

||α̇× α̈||2
.

Why can this formula for the torsion only be applied for nonvanishing curvature?

Problem 3 (1+2+1+1 Points)
Let α : R→ R3 be the space curve α(t) := (3t− t3, 3t2, 3t+ t3).

(a) Compute the speed and the curvature κ of α to show this is a regular parametrization
with nonvanishing curvature.

(b) Compute the Frenet frame {T,N,B} and the torsion τ of α.

(c) Compute the parallel frame {T, U, V } along α with initial condition U(0) = N(0)
at α(0) = (0, 0, 0).

(d) Compute the corresponding curvatures κU and κV .



Problem 4 (1+2+1 Points)
A space curve α is called a generalized helix (Deutsch: verallgemeinerte Helix oder
Böschungslinie) if its tangent vector T makes constant angle θ ∈ [0, π/2] with some
fixed direction vector v ∈ S2 (that is, 〈v, T 〉 ≡ cos θ).

(a) What curves are generalized helices in the “trivial” cases θ = 0 and θ = π/2?

(b) Assuming that α has nonvanishing curvature, show that it is a generalized helix if
and only if τ

κ
is constant.

(c) Give a nontrivial example of a generalized helix (that is, with non-constant curvature
and torsion).

Homework due at the beginning of lecture on Monday 18 May.


