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Exercise Sheet 5
Exercise 1: Moving frames. (6 pts)
Let α : R→ R3 be the space curve α(t) := (3t− t3, 3t2, 3t+ t3).

(a) Compute the speed and the curvature κ of α to show this is a regular parametrization
with nonvanishing curvature.

(b) Compute the Frenet frame (T,N,B) (defined by T ′ = κN ) and its torsion τ of α.

(c) An adapted frame (T, U, V ) is called parallel if τU(t) = 0 for all t ∈ R. Compute a
parallel frame for α with the initial condition U(0) = N(0).

(d) Compute the corresponding κU , κV .

Exercise 2: Quaternions and Möbius Transformations. (6 pts)
The group of Möbius transformations of R̂3 := R3 ∪ {∞} is generated by reflections
across (affine) planes and inversions in spheres. Here, the inversion in the sphere

Sc,R = {x ∈ R3 : ‖x− c‖ = R}

of radius R > 0 centered at c ∈ R3 maps x ∈ R̂3 to x′ ∈ R̂3 such that:

• c 7→ ∞ and∞ 7→ c,

• x and x′ lie on the same ray emanating from c, and

• ‖x− c‖‖x′ − c‖ = R2.

R3 may be identified with the imaginary quaternions ImH.

(a) Describe reflection in a hyperplane and inversion in a sphere using quaternions.

(b) Let q1, q2, q3, q4 ∈ ImH. The quaternionic cross ratio is defined as follows:

cr(q1, q2, q3, q4) = (q1 − q2)(q2 − q3)−1(q3 − q4)(q4 − q1)−1.

Show that | cr(q1, q2, q3, q4)| is invariant with respect to Möbius transformations.

Exercise 3: Characterization of commuting rotations in R3. (4 pts)
Show that two rotations of R3 (which fix the origin and are not the identity) commute if
and only if either their axes are the same or they are 180◦ rotations around orthogonal
axes.
Due: In the tutorial on May 28, 2018.


