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Exercise Sheet 6
Exercise 1: mKdV-Flow of the Darboux Transform of the straight line (7 pts)
Consider the Darboux transform

γ(t) =

(
t− 2 tanh(t),

2

cosh(t)

)
of the straight line given by t 7→ (t, 0).

(a) Calculate the curvature κ of γ.

(b) Show that 1
2
κ2T + κ′N = T −

(
1
0

)
.

(c) Show that if γ(t, s) is the curve evolving according to the mKdV-flow

γ̇ =
1

2
κ2T + κ′N

with initial values γ(0, s) = γ(s), then

γ(t, s) = γ(s+ t)− t
(
1
0

)
.

Deduce that γ is an elastic curve.

Exercise 2: Is the helix an elastic rod? (9 pts)

(a) Consider a regular space curve of non-vanishing curvature, with its Frenet frame.

(i) Determine the angular velocity ω of the framed curve (expressed in terms of
the frame).

(ii) Consider the Euler-Lagrange equations for elastic rods. What constraints do
these conditions impose on κ and τ?

(iii) For which values of the torsion coefficient α (if any) can the framed curve be
an elastic rod?

PLEASE TURN AROUND



(b) Now consider the same curve, but with a parallel frame.

(i) Determine the angular velocity ω of the framed curve (expressed in terms of
the frame).

(ii) Consider the Euler-Lagrange equations for elastic rods. What constraints do
these conditions impose on κ1 and κ2?

(iii) For which values of the torsion coefficient α (if any) can the framed curve be
an elastic rod?

(c) Consider the helix parametrized at unit speed by γ(s) := (a cos s, a sin s, bs), where
a, b > 0 with a2 + b2 = 1. Can γ together with its Frenet frame be an elastic rod? If
so, for which values of the torsion coefficient?

Due: In the tutorial on June 4, 2018.


