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3. Übung Visualisierung in der Mathematik
(Quaternions)

Übungsaufgaben
Information: The course web site is http://www.math.tu-berlin.de/geometrie/Lehre/WS04/VisMath/.
All assignments will be posted there in .pdf format. You can also check the web site for con-
tact information for the teachers, and other information related to this class.
The e-mail system for turning in homework appears to work very well. See the web site for
some common errors I noted in looking over the files. Recall the directions for sending in
your assignments:

• To: gunn@math.tu-berlin.de

• Subject: Lastname-VisMathHomework

• The mail message should have no other contents than the attachment file!

Note: You are not expected to do your work in English; I am glad to read German, I only
don’t want to force you to try to read my German.

1. Aufgabe
Isom(E1). An isometry of the Euclidean line E1 can be either a translation or a reflection.
We write a translation by distance a ∈ R as Ta. That is, Ta : R → R is given by Ta(x) :=
x + a. A reflection about the point a ∈ R is written as Ra. We saw the group of all such
isometries, Isom(E1), can be written as the semi-direct product of the translation group of
the line T (E1) with Z2. That is, an isometry g can be represented as a pair (ta, s) where ta
represents a translation as described above, and s ∈ 1,−1. Then the pair (ta, s) represents
the isometry ta ◦ s, s followed by ta. We saw that g is a reflection if and only if s = −1.
The element (t0, 1) represents the identity element, the element (t0,−1) represents the re-
flection R0 : x → −x.
Answer the following questions:

1) Which reflection is represented by the pair (t2,−1)?

2) Which reflection is represented by the pair (ta,−1)?

3) Write the reflection R−1 in the semi-direct product form, i.e., in the form (ta, s) for
some a ∈ R and s ∈ 1,−1.

4) Write the general reflection Ra in a semi-direct product form.j

Note This assignment may seem trivial, but it is important to understand since analogous
results hold for higher dimensions also. That is, Isom(En) can always be decomposed as
a semi-direct product of the orientation-preserving isometries Isom+(En) o Z2 where the
latter group consists of two elements: the identity (of course!) and a reflection Rp (which
can be freely chosen). Then the result states that any orientation-reversing isometry can be
written as Rp followed by some orientation-preserving isometry. In the case of n = 1 the
only such isometries are translations but in higher dimensions rotations also play a role.

2. Aufgabe



Quaternions The complex numbers provide an additional structure on the vector space
R2. In a general vector space, we cannot multiply elements of the vector space with each
other; we can only multiply by elements of the scalar field underlying the vector space. We
can represent elements (x, y) ∈ R2 as elements x + yi ∈ C, where i2 = −1 is a root of −1.
Then we find that addition of complex numbers corresponds to vector space addition; and
complex multiplication then gives a product structure on the vector space. (x, y) ∗ (x′, y′) =
(xx′ − yy′, xy′ + x′y).
The same process can also be applied to R4 (but not to R3!). In this case the number
structure is called the quaternions. There are three new symbols (i, j, k), satisfying i2 =
j2 = k2 = −1 and ij = −ji = k, jk = −kj = i, ki = −ik = j. Then X = (t, x, y, z) ∈ R4

corresponds to the quaternion t + xi + yj + zk ∈ H (Here H stands for the quaternions, in
honor of their inventor William Rowan Hamilton (1841). Other useful definitions:

• h = t− xi− yj − zk is the conjugate of h.

• Re(q) := t ∈ R is the real part of q.

• An imaginary quaternion q has Re(q) = 0.

• Im(q) := xi + yj + zk ∈ R3 is the imaginary part of q.

1) Show that ijk = −1.

2) Show that ss ∈ R.

3) Given two quaternions h0 = t + xi + yj + zk ∈ H and h1 = t′ + x′i + y′j + z′k ∈ H,
calculate the product quaternion h0h1.

4) Define the norm of a quaternion h as follows: ||h|| =
√

ss. Show that this norm agrees
with the ordinary vector space norm in R4 given by the inner product.

5) Show that for an imaginary quaternion q = xi+yj +zk, q2 = −1, that is, q is a square
root of −1.

6) Let s = a+ bi+ cj +dk ∈ H be a unit quaternion, that is |s| = 1. Let u = xi+yj +wk
be an imaginary quaternion. Define u′ = s−1us. Show that:

– u′ is an imaginary quaternion.

– |u′| = |u|. (Hint: For an imaginary quaternion, |u|2 = −u2. Then show u′
2 = u2

by writing u′2 = (s−1us)2 and working it out.)

7) (Optional) Item 6) shows that the operation u → u′ := s−1us is a linear map on R3

which preserves lengths. Since it also fixes the origin and preserves orientation, it must
be a rotation. Figure out which rotation it is: find the axis and the angle of rotation.


